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ABSTRACT

We conducthydrodynamicaMOND simulationsof isolateddiscgalaxiesover the stellarmassrangeM /M = 10—10'! using
the adaptivemeshre nementcodePHANTOM OF RAMSES (POR), an adaptatiorof the RAMSES codewith a Milgromian gravity
solver.The scalelengthsandgasfractionsarebasedn observedyalaxies andthe simulationsarerun for 5 Gyr. The mainaim
is to seewhethertheexistingsub-gridphysicsprescriptiongor starformationandstellarfeedbackeproduceheobservednain
sequencandreasonablymatchthe Kennicutt—Schmidtelation,which captureshow the local and global starformationrates
relateto otherproperties Starformationin the modelsstartssoonafter initialization and continuesasthe modelsevolve. The
initialized galaxiesindeedevolveto a statewhich is on the observedmain sequencendthe Kennicutt—Schmidtelation. The
availableformulationof sub-gridphysicsis thereforeadequatendleadsto galaxiesthatlargely behavdike observedyalaxies,
grow in radius,andhawe at rotationcurves— provided we useMilgromian gravitation.Furthermorethe strengthof the bars
tendsto beinverselycorrelatedvith thestellarmassof thegalaxy,whereashebarlengthstronglycorrelatesvith thestellarmass.
Irrespectiveof themassthebarpatternspeedstaysconstantvith time, indicatingthatdynamicalfriction doesnotaffectthe bar
dynamics.Themodelsdemonstrat®enzo’srule andform structuresat largeradii, muchasin realgalaxiesIn this framework,
baryonicphysicsis thussuf ciently understoodo not posemajoruncertaintiesn our modellingof globalgalaxyproperties.

Key words: gravitation— hydrodynamics methodsnumerical galaxies:general- galaxies:star formation— galaxies:struc-
ture.

thedistortionof space—timéself (Einstein1916), causingleviations

1 INTRODUCTION from Newtoniangravity in the strong eld regimethatexplaine.g.

Galaxiesare rathersimple systemsg(Disney et al. 2008 that obey
well-de ned scaling relations (Sanders1990. Theseinclude the
massdiscrepancy—acceleratiaelation/radialacceleratiorrelation
(McGaugh,Lelli & Schomber2016 Lelli etal. 2017, the Faber—
Jacksomrelation(Faber& Jacksorl976 McGaugh2004 Lelli etal.
2017, the baryonic Tully—Fisherrelation (BTFR; Tully & Fisher
1977 McGaughet al. 2000 McGaugh2012, the main sequence
(MS) of galaxies(Speaglest al. 2014, andthe Kennicutt—Schmidt
(KS) relation (Schmidt 1959 Kennicutt 1998. The formation of
starsin the galaxy and their feedbackon the gas needto be
treatechumericallywith sub-gridphysicsalgorithmsgiventhatthese
processesicton scales 1 pc, muchbelow the typical numerical
resolutionof around10-100pc. However, it is gravitationwhich
governshowthestar-forminggassettledoformagalaxy.Thiscreates
a problembecausearavitationis the leastunderstoodf the funda-
mentalforces.Basedon Solarsystemdataandthe work of Newton
(1687, gravity wasinterpretedto be a geometriceffect causedoy

E-mail: tnsrikanth1998@gmail.cor(STN); pkroupa@uni-bonn.déPK);
indranilbanik1992 @gmail.coifiB)

the orbit of Mercury. More recently, Verlinde (2011) suggested
gravitationto be an entropicforce which arisesfrom differencesn
theinformationcontentof spacewhile Stadtler,Kroupa& Schmid
(2021 suggesyravitationto bea consequencef thewavenatureof
matterGiventhelackof adeepphysicalunderstandingf gravitation
andits relationto the quantummechanicapropertieof space—time
and matter, it is perhapsnot surprisingthat signi cant deviations
from thenon-relativisticNewtonianformulationarisein therotation
curves(RCs)of galaxies(Faber& Gallagherl979 andreferences
therein).After all, this at RC problemariseson muchlargerscales
(andwithin amuchweakergravitationalaccelerationeld) thanthe
Solarsystenscaleghatyieldedtheempiricalconstraintaisedin the
formulationof GeneralRelativity morethana centuryago.

1.1 Milgromian dynamics(MOND)

A modernnon-relativistictheory of gravitation was proposedby
Bekenstein& Milgrom (1984 following Milgrom (19833, who
notedthat deviationsfrom Newtoniandynamicsappearonly when
the Newtoniangravitationalaccelerationg, a, 3.9 pcMyr>2
(Begeman Broeils & Sandersl991 Gentile, Famaey& de Blok
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Star-formingmain-sequencgalaxiesin MOND

2011). Galaxiesvery often fall in this regime. Their RCs can be
matchedratherwell if the gravitationalaccelerationg = 8,0,
which leadsto at RCsbecausey thendeclinesonly inverselywith
distance Anotherimmediatepredictionis thatall galaxiesmustbe
ontheBTFR (Milgrom 19831, i.e. thattheRC of anisolatedgalaxy
with baryonicmassVl, mustbecomeasymptoticallyat atthelevel

Ve = GMbaD va , (1)

whereMy, is thetotal baryonicmassof the galaxy.MOND usesonly
the observeddistribution of baryonsto computethe gravitational
potential. This procedureworks quite well (Kroupa et al. 2018
Sander2019. Indeed, MOND successfullypredictedtight scaling
relationsthat were subsequentlyobserved(Famaey& McGaugh
2012 Lelli etal. 2017).

Due to the acceleration-dependeugravity law in MOND, the
centralsurfacedensity isanimportantquantity. TheverticalNew-
toniangravity at the centreof a thin discgalaxyis g,, = 2G o.
Low surfacebrightnesgjalaxieLSBs)have ¢ .,where . is
thecritical surfacedensityin MOND.

a 52

T 137M pc?. (2)

Galaxieswith alower centralsurfacedensityshowanon-Newtonian
behaviour(g > g,). MOND hasbeensuccessfuln explainingthe
dynamicof galaxiesn thisregime(McGaugh2020. Thisis alsotrue
for the caseof AGC 114905 ,which wasclaimedto be problematic
(ManceraPifaet al. 2022 — butit canbe reconciledwith MOND

if theinclinationhasbeenoverestimateda ratherplausiblescenario
(Baniketal. 2022h).

Although MOND was originally phrasedas a unique relation
betweeng andg,, it wasobviousfrom the startthat this canonly
hold in sphericalsymmetry. That is why Bekenstein& Milgrom
(1984 formulateda generalizecclassicalLagrangianand derived
a Milgromian versionof the Poissonequationthat supersedetghe
usual linear Poissonequation.This approachusesan aquadratic
Lagrangian(AQUAL; Bekenstein& Milgrom 1984). The other
available approachfor sucha generalizationof the classicalLa-
grangianand Poissonequationsusesan auxiliary eld sourcedby
the baryonic matter. This is called the quasi-linearformulation of
MOND (QUMOND; Milgrom 2010).

Both formalismshave beenimplementednumerically: Tiret &
Combes (20083 developedan N-body solver for the AQUAL
formulationto studytheevolutionof spiralgalaxiesusingpurestellar
discs.Gasdynamicswvaslaterincludedusingasticky particlescheme
(Tiret & Combes2008h. rRayMOND (Candlish,Smith & Fellhauer
2015 is anotherN-body and hydrodynamicssolverthat can solve
boththe AQUAL andQUMOND formulationsof MOND. Thereare
multiple N-body solversthat havebeenusedto investigatediverse
scenariodn MOND (Brada& Milgrom 1999 200Q Londrillo &
Nipoti 2009 Angus,Diaferio & Kroupa2011 Wu & Kroupa2013.
Among these,a highly ef cient publicly availablealgorithm has
beendevelopedto handleonly the less computationallyintensive
QUMOND approachThis is the PHANTOM OF RAMSES (POR) solver
developedn Bonn (LughausenFamaey& Kroupa2015 Nagesh
et al. 2021), which we usein this study. It is a modi cation of
the adaptivemeshre nement(AMR) codeRAMSES (Teyssier2002
that is widely usedto simulateastrophysicalproblemsassuming
Newtoniangravity. Importantlyfor ourwork, only thegravity solver
is modi ed in POR — the non-gravitationabaryonicphysicsis not
modi ed. PORhasbeenappliedto modelinteractingsystemdike the
Antennae(Renaud,Famag & Kroupa 2016, the Sagittariustidal
streamaroundthe Milky Way (MW; Thomasetal. 2017), tidal tails
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of openstarclusterdn theSolarneighbourhoo@Kroupaetal. 2022,
the tidal stability of dwarf galaxiesin the FornaxCluster(Asencio
et al. 2022, the shell galaxy NGC 474 (B'lek et al. 2022, and
theLocal Groupsatelliteplaneswhichin MOND condenseaut of
tidal debrisexpelledby apastMW-M31 encounte(B’lek etal. 2018
Baniketal. 20229. porRhasalsobeenusedto simulatetheformation
of galaxieswith theresultthatrotatinggascloudsnaturallycollapse
into exponentiatliscgalaxiegWittenburg Kroupa& Famag 2020.
Non-rotatingcloudson the otherhandform elliptical galaxiesonthe
observedshorttime-scalegEapperetal. 2022).
Forin-depthreviews of MOND, we referthereaderto Famaey&
McGaugh(2012 andBanik & Zhao (2022, while Merritt (2020
discusseshe philosophicalaspect®f the missinggravity problem.

1.2 Star formation

Starsform in molecularclouds(MCs) containingmostly molecular
hydrogen(H,). The overall star formation rate (SFR) of a galaxy
is mainly dependenbn its ability to form MCs, which havea wide
rangeof masssize,anddensity.MCs aresuf ciently denseregions
of the interstellarmedium(ISM) of a galaxyto containsubregions
that may collapseundertheir own gravity, which is possibleif the
cloud massMoug €Xceedghe thermalJeansnassM; (Jeansl902).
OnceMgoug > My, the gascloud collapsesand condenseso form
stars.Processebke magneticelds andturbulenceregulatethe star-
forming ef ciency by acting againstthis collapse.But the most
importantmechanisnthatregulatesollapseis self-regulation(Yan,
Kroupa& Jerabkova2023: when starsform in MCs, protostellar
winds and massive OB stars destroy the clouds via ionization,
heatingby ultraviolet photons,stellar winds, and supernovablast
waves.Althoughtheseprocessesanquenchstarformationlocally,
the shockwavescan compresgyasin anothercloud, inducing star
formation globally. Theseprocesseplay an important role that
regulatesgalaxy formation and evolution. The interplay of only a
few obsenable parameterdike luminosity, stellar mass,and gas
surfacedensity 4 leadsto the emergencef sometight empirical
relationssuchastheMS (whichrelategsheSFRtothestellarmasM ;
Speagleetal. 2014 andtheKS relation(whichrelateshegassurface
density 4 to the SFRsurfacedensity srr; Kennicutt1998. The
semi-analyticstudy of Zonooziet al. (2021 providesa theoretical
comparisorbetweenthe KS law andthe galaxy MS in Newtonian
andMilgromian gravity basedntheassumptionthatcloudsconvert
a xed proportionof their massto starsperfree-fall time.

1.3 Aim

The main aim of this article is to investigatehow well the existing
numericalimplementatiorof starformationandfeedbackavailable
in POR (asincorporatedin the 2015 versionof RAMSES Teyssier
2002 allowsthereproductiorof realgalaxiesby numericalmodels.
The intent is to computemodel galaxiesusing the availablesub-
grid physicsand then test how well they resemblereal galaxies
with different levels of sophisticationof the sub-grid physics.
Additionally, a study of the barsformedin thesesimulationswill
also be performedto checkif MOND might alleviate signi cant
tensionwiththe colddarkmatter{ CDM; EfstathiouSutherland
& Maddox 1990 Ostriker & Steinhardt1995 standardmodel of
cosmology(Rosharetal. 20218.

The article is structuredas follows: Section 2 gives a brief
introductionto the numericalmethods.The set-upof the models
is describedn Section3. Their resultsare presentec&nddiscussed
in Sectiond. We concludein Section5.
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5130 S.T.Nageshetal.

2 NUMERICAL METHODS

POR is a patchto the publicly available code RAMSES (Teyssier
2002, a grid-basedcode that usesthe AMR technique.RAMSES
also has a hydrodynamicalsolver, enabling simulationswith gas
and star formation. POR is a patchto the 2015 versionof RAMSES
that was addedby Liighausenet al. (2015 in order to solve a
numericalimplementationof QUMOND (Milgrom 2010, whose
eld equationfor thepotential is

2 [S g= S - Oy 3)

where g is the true gravity, g,, is the Newtoniangravity, and
is an interpolation function betweenthe Newtonianand MOND
regimessuchthatg = g, in sphericasymmetryWe usethesimple
interpolatingunction(Famag & Binney2005 asthisseemso work
well with recentobservationgGentile et al. 2011; locco, Pato &
Bertone2015 Banik & Zhao2018 Chae Bernardi& Sheth2018.

1 1+aO

2 4 g,

(4)

with g, being calculatedfrom the baryon density , using the
standard?oissorequation

gy = S4G . (5)

Throughouthiswork, we usethenotationthatv | v|for anyvector
v, with N subscriptgdenotingNewtonianquantities.

Theporpackagés publicly availablet alongwith apublishediser
manualto setupisolatedandinteractingdiscgalaxysimulationsand
a brief review of all hithertoperformedresearctwith POR (Nagesh
etal. 2021).

2.1 Star formation recipe

ActivatingtheporpatchchangeshePoissorsolverfrom Newtonian
to MONDian, but the hydrodynamicalsolver used remainsthe

default one that is availablein the 2015 version of RAMSES. It

usesa second-ordeGodunovschemewith a Riemannsolver for

the conserative EulerequationgTeyssier2002 Rasera& Teyssier
2006. As explainedn section3.1 of Dubois& Teyssier(2008 and
section2.1 of Wittenburgetal. (2020, gasin eachcell is converted
to stellarparticlessuchthatthe SFRdensity

SFR — Flf > 0, (6)

where isthemeangasvolumedensityin thecell, ¢ isthedensity
thresholdfor starformation,andt is the starformationtime-scale,
whichis proportionalto thelocal free-fall time t;.

§12 37

t = tx . , g = 3G (7)
Thejusti cation to usethe Newtonianfree-fall time hereis that, in
therelevantregime,it is essentiallyidenticalto the MONDian one
(see g. 8 of Zonooziet al. 2021). Hencethe computationof this
guantitywasnot modi ed in the POR versionof the RAMSES code.
We referthe readerto their studyfor a detailedanalyticdiscussion
of free-falltimesin MOND andwhatthisimpliesfor the SFR.

In RAMSES a cell is readyto form starsif > . The number
of formed stellar particlesis N, which is drawn from a Poisson
distribution with meanN. This correspondgo equation(12) of

Lhttps:/bitbucket.orgdrikanthTN/bonnPoR/src/master/
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Dubois& Teyssiern(2008, but we reproducethis herewith slightly
differentnotationastheir versioncontainsa typo (missingpowerof
N). The Poissorprobability distributionfunction

N

Z|

oxp SN, N = sdxdt

PN) = ! m

®

P4

ThemearvalueN dependenthelocal SFRdensity ¢ (equatiors),
thetime-stepdt, the volumed®x of the gascell, andthemassm =

od®x of the newly formed stellarparticles,usingan instantaneous
recyclingschemeo accountor supernova¢SNe)andstellarwinds
(Section2.2). At eachtime-stepRAMSESchecksf > g andif so,
it usesthe Poissordistribution(equation8) to determinehow many
stellarparticlesshouldbeformed.As aresult,thepossibilityremains
thatN = O randomlyevenif > o andthusN > 0.

Sincethemassof a newly formedparticledepend®nthevolume

of the correspondinggascell andthis decreasesasthe re nement
level increasesstar formation in the simulation dependson the
resolution.If the cell sizeis large, it takesa signi cant amount
of time for thedensityto exceedhethreshold o, which causestar
formationto be modelledby a few rarely formed but individually
massivestarparticles.In the caseof higherresolution the cellsare
smallerandthe star particlesthat form in thesecells havea lower
mass.A higherresolutionsimulationis alsobetterableto resolve
density contrastsmaking it more likely to havecells where >

o. This causeghe densityof gasto exceed ¢ in lesstime, thus
forming moreparticlesandincreasinghe SFR.Thereforethemass
of the formed stellar particlesand how many there are dependon
thespatialresolutionof thecode. Theamountof gasconsumedrom
a gascell to makea stellar particleis also dependenbn the star-
forming ef ciency. In addition,RAMSES hasa safetycatchsuchthat
atmost90 percentof thegasin acell is consumedy starformation
(Dubois& Teyssier2008 Wittenburgetal. 2020).

2.2 Feedbackprescription

Feedbackfrom SNe is one of the key phenomenahat impacts
starformationin a galaxy. The thermalandkinetic energyfrom a
supernoaaffectsthelSM throughsmall-scaleffectdike turbulence,
thermalinstability, and metal enrichment.Theseprocessesffect
subsequenstar formation. RAMSES handlesthe supernovamass
removalby assumingthat eachtime a stellar particle of massm
is createdthe massremoved from thegascellism (1 + ), with

snaccountingor theextramassof the stellarparticlethatgoesinto
SNe.This massof valuem (1 + ) is removed from the gascell
immediatelyandm g, is releasedackinto theISM sometime tge
afterthe formationof the particle (Dubois& Teyssier2008. In our
models, sp = 0.1andtse = 10 Myr, which arethe defaultvalues.
This correspondso aninvariantinitial massfunction (IMF) for the
long-lived stellarparticle of massm , with a fraction s, beinglost
in massfrom the birth stellarpopulationthroughSNethatdetonate
overacharacteristitime-scalesne Wittenburgetal. (2020 provide
abrief comparisorof differentstarformationprescriptionsvailable
in POR andtheir effectson disc galaxy formationfrom monolithic
collapseof a rotatinggascloud evolvedin MOND (an application
to the formationof ellipticals canbe foundin Eappenet al. 2022).
rAMSES offersthreedifferenttypesof feedbackprescriptionavhich
can be classi ed as simple, intermediate and complex. Theseare
brie y describedelow.
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2.2.1 Simplefeedback

In this case all the energyfrom SNeis depositecasthermalenergy
into theISM. Whenthegasdensity > o, acertainfractionof the
gasis convertednto stellarparticlegSection2.1), with theremaining
gashandledby a polytropic equationof statewhich forcesthe gas
temperaturd to satisfy
051

T To — , 9)

0
with equality arising if < . Here, Ty is the averagelSM
temperatur@nd  is the polytropicindex, which we taketo be 5/3
asappropriatefor a monoatomicgas(seesection3.2 of Dubois &
Teyssie008. Sincethecharacteristitime-scaldor radiativelosses
in star-formingregionsis shorterthanthe numericaltime-step the
thermalenergyjust radiatesawaybeforehavinga signi cant effect
onthelocal ISM (Dubois& Teyssier2008.

2.2.2 Intermediatdeedback

The intermediatgcomplexity) feedbackprescriptionallows oneto
specify the fraction of SNe energyto be releasednto the ISM as
kinetic energywith aradialenergyinjectionscalerg,. Thisinjection
scaleis calledthe supernovéubbleradius.For everystellarparticle
createdthereis a correspondindlastwave that carriessupernova
ejectaand gasout to the blast radius, with a velocity computed
usingthelocal Sedovsphericablastwavesolution.SNethenrelease
energy,mass,momentumand metallicity into the respectivecells.
The remainingthermal energyis accountedfor in the polytropic
equatiorof state(equatiord). By default,the2015versionof RAMSES
usesa 100 per centkinetic energyfeedbackiraction andcalculates
the maximum radius of supernovaejectausing the length of the
cell underconsiderationPurethermalfeedbackcanbe activatedby
settingthekinetic feedbacKractionto zero.

2.2.3 Compl feedbak

The complexfeedbackprescriptioninvolving radiative transferis
RAMSESRT (Rosdahlet al. 2013, which is availablein RAMSES In
this case RAMSES computegadiativecoolingandheatingprocesses
separatelywithouttheneedto changehecompletenydrodynamical
solver.This is becausehe thermochemistrynainly dependson the
gasdensity,temperaturemetallicity, and ionization state— but by
default,collisionalionizationequilibrium(CIE) isassumedgnabling
ionizationstatego becalculatedisingtemperaturanddensityalone.
Thus,thecodedoesnot tracktheionizationstates.

In the caseof our models the coolingfunctionis computedusing
look-uptablesfrom the Sutherland® Dopita (1993 coolingmodel
in the temperatureand metallicity plane,while tablesfrom Courty
& Alimi (2004 are usedfor different cooling/heatingprocesses.
Theheatingtermmainly includesphotoionizationwhile thecooling
term includesrecombinationgcollisional excitationand ionization,
ComptonscatteringandbremsstrahlungAll theseprocessearenot
computedn detailasthe codeassume€£IE andcalculatesooling,
heating,andionization ratesusing temperatureand density alone.
The temperatureand energydensity are updatedat the end along
with the EulerequationgWittenburget al. 2020.

RAMSESRT (unlike RAMSES) usesa rst-order Godunovscheme
to solvethe Euler equationsRAMSESRT handlesradiativetransfer
differently to RAMSES Thecodekeepstrackof ionizationstateshat
are computedcarefully keepingtrack of photons,collisions, and
mostimportantlyanon-equilibriumthermochemistryRosdahktal.
2013 Wittenburgetal. 2020.
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We do not run modelswith the complexfeedbackprescriptionas
it is computationallyexpensie. Not running this prescriptionalso
helpsto emphasiz¢hatMilgromian discgalaxymodelsdo notneed
complexfeedbackprescriptiongo behavdike realgalaxies.

3 MODELS AND SET-UP

Our aim hereis not to perform galaxy formation simulationsbut
to setup alreadyformed rotating disc galaxieswith realistic mass
distributionsand gasfractions. The aim is to checkif the models
develop star formation activity comparableto that of observed
galaxies® If this occurs, then the existing sub-grid algorithms
describedabove would be adequatén the context of MOND.

3.1 Initial conditions

Wepresentve modelsof discgalaxiesvith M /M intherangel0'—
10! andgasfractionsasdictatedoy observationgLelli, McGaugh&
Schomber2016. The modelshavetwo maincomponentsaninner
stellardisc with a radial scalelengthRy andan outergasdisc with
radial scalelengthRy, which we setto 2.5Rq for reasonsliscussed
below.

3.1.1 Calculationof the stellar and gasdiscscalelengths

The independenparameterof our modelsis the stellar massM .
This is usedto calculatethe luminosity L3 at 3.6um with an
assumednass-to-lightratio of 0.5 Solar units at this mid-infrared
wavelength(Lelli etal. 2016 SchombertMcGaugh& Lelli 2022).
L3 sisthenusedo calculatehegasmasdVy = 1.33My; (toaccount
for primordialhelium)usingequation(4) of Lelli etal. (2016:

|0910MHI = 0-54|0910|-3.6 + 3.90, (10)

where massesand luminositiesare in Solar units and disc scale
lengthsare in kpc, a conventionusedthroughoutthis work. The
so-obtainedVly is usedto calculatethe radiusR; at which the gas
surfacedensityis 1M pc>? by invertingequation(3) of Lelli etal.
(2016, which gives

|Oglo (MH| ) g 7.20
1.87

Note that the signin front of the 7.20 wasincorrectin Lelli et al.
(2016, a mistakewhich hasbeenrecti ed above. The stellarRy is
alsofoundfrom thegasmassby combiningequationg3) and(6) of
Lelli etal. (2016, whichyields

log;oRd = 0.62log;oMy; S 5.40.

log,o Ry = (11)

(12)

We now havethestellarRy, butwe still do notknowthe exponential
scalelength Ry of the gascomponentWe thereforeguessthis and
substitutethe guesdnto the gassurfacedensitypro le
Mg .
= exp SR/R
g 2R, p 9

(13)

Sincewe alreadyknowthat 4 shouldbe1M pc>2 attheradiusR
= Ry, we cancon rm whetherour guessor Ry is correct.We usea
Newton—Raphsoprocedureo vary Ry in orderto ensurehesurface
densityreacheghe desiredlevel at the radiusR;. In this way, we
foundthata very goodapproximatioris

Ry = 25Ry. (14)

2Moviesshowingtheevolutionof themodelsareavailablehere:https://www.
youtube.com/playlis?list= PL2mtDSIH4RQhLvF2cxuOl172XLQFggCsh0
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Table 1. Parametersalculatedusingthe SPARCscalingrelationsandthe Newton—Raphsomethod(Section3.1.1) for the galaxy
models,namedaccordingto their initial stellar massin Solar units. Mt = M+ Mg is the total baryonicmassof the model
with stellarmassM andgasfraction fy. The stellardisc exponentialscalelengthis Ry (equation12), Ry is the radiusat which

g= 1M pc>2, while Ry is the exponentialgasdisc scalelength. The lastcolumnis the ratio betweerthe initial centralsurface

densityandthe MOND critical surfacedensity(equation2).

Model name Mot (M ) M (M) fy Ra (kpc) Ry (kpc) Ry (kpc) Ref ol
le7 1.02x 10° 1.0 x 10 90.2percent 0.28 2.20 0.72 0.68 0.34
1e8 3.44x 108 1.0x 10° 71.0percent 0.62 4.28 1.56 1.29 0.50
1e9 2.11x 10° 1.0x 10° 52.6percent 1.35 8.33 3.38 2.42 1.28
1e10 1.38x 100 1.0x 10% 27.8percent 2.92 16.21 7.36 4.13 3.74
lell 1.13x 10" 1.0x 101 11.8percent 6.33 3152 15.82 7.45 9.21
Theinitial conditionsobtainedin this mannerarelistedin Table1, 0.25
which showsthe fraction of the total massin stars(fs) andin gas
(fy). We usetheseto de ne the effective radiusRes of a simulated 0.241
galaxyby taking a weightedmeanof its initial stellarandgasdisc 0231
scalelengths o
=8
Ret  Rafs+ Ryfg. (15) 5 022
‘§0.21
3.1.2 Settingup a discin Milgromian gravity 0.204
We set up the galaxy simulationsusing a versionof DISK INITIAL 0.19
CONDITIONS ENVIRONMENT (DICE; Perretet al. 2014 adaptedto ’
MOND gravity (asdiscussedn more detail in Banik et al. 2020. 0.18

Themodi ed versionis publicly available! We adaptedhetemplate
for theMW asthatis alreadystructurallymostsimilarto themodels
we wish to considerIn particular,our modelshaveaninner stellar
disc and an outer gasdisc, as explainedabove.To ensurea stable
disc, it mustnot be completelydynamically cold. The minimum
velocity dispersionis setby the Toomrecondition (Toomre1964),

whosegeneralizatiorio MOND wasgivenin equation(7) of Banik
et al. (2020 basedon earlier analytic results(Banik, Milgrom &

Zhao2018. In DICE, we seta oor of 1.250nthe MOND Toomre
parameterfTheimplementatiorof theaforementionednhodi cations
hasbeendiscussedxtensiwely in section2 of Banik etal. (2020.

In thebicE hydrodynamicatemplatefor the MW, it is possibleto
specifythegasfractionin thediscandits temperatureThetemplate
is structuredsuchthat the required parametergor the inner and
outercomponentganbe setindependentlyWe obtainthe required
parameterdrom Table 1 and adopta uniform initial temperature
of T = 25000 K (25 kK) for all the models. This is not the
absolutaemperature- it is actuallyameasuref the 1D gasvelocity
dispersion g4, which DICE calculategBanik etal. 2020 using

kT
pmp
wherek is the Boltzmannconstant,T is the temperaturef the gas,

W = 7/4is themeanmoleculaiweightof thegas,andm, is themass
of aproton.Thus,our modelsall have 4= 10.9kms>? initially.

g = (16)

3.2 Simulation set-up

TheDICE outputswvereprovidedasinputsfor POR whichaddsthegas
usingthecondinit  routine(TeyssierChapon& Bournaud2010
basedon the parameterspeci ed in the namelist le. Initially, all
modelshave2.0 x 10° particles.All the modelswere setup using
aradialdoubleexponentiapro le (onefor the starsandonefor the
gas)in which bothstellarandgasdiscsaremodelledasexponential.
Thethicknessof thediscis modelledusingasect pro le, whichis
detailedin section2.3.10f Banik etal. (2020 for thegascomponent
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Figure 1. Therotationalperiodt,o (equationl?) atthe effective radiusRes
(equationl5), shownasa function of theinitial total baryonicmassMyq; of
eachmodel.

wherethethicknesschangesvith radius.Theinitial gastemperature
T2ISM= Tgas= 25kK, thoughthegascansubsequentlgool down
to a minimum temperatureof T2_star = 10 kK asthe calculation
proceedsWe adopta starformationef ciency of 2 percent(Dubois
& Teyssier2008. The numberdensity thresholdn, = 0.1 cm®3
translateso adensitythresholdbf o 0.1H cm3, whichis adapted
from Dubois& Teyssie(2008. Everytimethegasdensityor particle
numbemensityexceedshisthresholdthegridisre ned,i.e.thecells
in this grid splitinto 22 child cellsin 3D.

All of the presentednodelsusethe intermediatefeedbackpre-
scription in which SNe provide feedbackwith a kinetic energy
fraction of 50 per centat the supernovabubbleradiusrs, = 150 pc
(Dubois& Teyssier2008. Thesmallestallowedcell is smallerthan
the diameterof the supernovabubble, while the Jeanslength is
resolvedinto at leastfour cells. Without resolvingthe Jeandength,
the gasin a collapsingregionmight fragmentarti cially (Truelove
etal. 1998. We run our highestmassmodelwith oneextralevel of
re nementto demonstrat@umericalconvergencéAppendixD).

The galaxy models are advancedfor 5 Gyr with an output
frequencyintervalof 100Myr.2 Therotationalperiodat anyradiusr
is calculatedusing

2r
ve(r)’

wherev(r) isthecircularvelocityasreturneddy DICE. Therotational
period of eachmodel at its effective radius differs little between

trot (r) = (17)

3The outputsare sometimesnot exactly 100 Myr apart, but the temporal
deviationsaresmall.
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Table 2. The box size and highestspatialresolutionof eachmodel. Since
resultsare convergedfor model 1e11,we assumethat we have suf cient 2.5
resolutionfor the othermodels(AppendixD).
Model Box size Highestspatial 2.0
name (kpc) resolution(pc) E
167 100 97.65 15
le8 160 156.25 =
1e9 300 146.64 x
le10 350 170.89 = 1.0
lell 400 195.31

. . . 0.5+
models(Fig. 1). Assumingthatt,,y 225 Myr, the modelgalaxies
complete 22revolutionsduringthe5 Gyr simulations.

Theminimumnumberof re nementlevelsis levelmin= 7, while 0.0 y T T T y
themaximumis levelmax= 10for modelsle7andle8andlevelmax 0 1000 2000 3000 4000 5000
= 11 for modelsl1e9, 1e10,and 1ell.The cell sizein the best- Time (Myr)
resohedregionsis determineddy levelmax(Table2), while thecell
sizein theleastresolvedregionsis setby levelmin Sinceour main Figure 2. SFRasafunctionof timein modellell.
interesisthesub-gridphysicsof starformationin POR all parameters
arekept constantetweenour modelsexceptthe total mass stellar
andgasdisc scalelength, box length,and gasfraction. The larger 1
levelmaxin the highermassmodelsis requiredbecauseheir larger
sizemeansa higherresolutionis neededo reachthe samehighest 0
spatialresolutionin pc.

=1
Z
3.3 Data extraction and barycentre adjustment 2@ Y
The mass,position, velocity, accelerationand birth time of each E
particleareextractedisingthe EXTRACT_PORsoftware. Thegasdata 3
are extractedusing RDRAMSES which treatsgascells as particles 3
at their cell centresand prints out the results.EXTRACT_POR and §° —4 4
RDRAMSESarepublicly availablet

After extractingthe particle and gas data for all the models, =57, ; :
the barycentreposition R and velocity V are calculatedat every
snapshot. 5% 7 8 9 10 11

1 Np Ng

R= Mp,iMpi * Mgilgi (18)
Mp + Mg i=1 i=1
1 Np Ng

V= Mp,i Vpi + MgiVgi (19)
Mp + Mg i=1 i=1

whereM,, (My) is the total massof stellar (gas)particles,N, (Ng)
is the numberof stellar(gas)particles,rp; (rg,) is the positionof
a stellar (gas)particlelabelledby the indexi, andvy; (vg,) is the
velocity of astellar(gas)particle.In theanalysegpresentedhext,the
barycentregositionandvelocityaresubtractedor thesnapshotinder
considerationThis correctsfor barycentredrift due to numerical
effects,thoughwe notethatthedrift is smallfor theisolatedmodels
consideredhere(seefootnotel4 to Banik etal. 2020.

4 RESULTS

4.1 The MS of galaxies

To analysethe SFR,oneof the mostimportantvariablesis the birth
time of eachparticle.All particlespresentnitially havea negative
timestamp (birth time) set by EXTRACT_POR for safety reasons.
Particlesformedduring the simulationhavetheir birth time written
outin Myr. The SFRandstarformationhistory (SFH)arecalculated
by looping over all particlesandbinningthemin time accordingto

logio My (Mo)

Figure 3. ThegalaxyMS, relatingM andtheglobalSFR.Thegreercircles
areobservedjalaxiesn theLocal CosmologicaMolume (Karachentseetal.
2013, while thered(blue)pointsshowourmodelswith intermediatésimple)
feedbackThe SFRis theaveragevertheperiod1-4.5Gyr. Thedashedine
(equation20) is the MS from Speagleetal. (2014, with theshadednagenta
bandshowinga scatterof + 0.3 dex.

theirtimestampwhile skippingtheinitial setof particlesThemasses
of all particlesformedwithin any temporalbin aresummedup and
divided by its durationto getthe SFR,which is thenplottedat the
centreof the correspondingnterval. The SFH obtainedin this way
for modellellis shownin Fig. 2, while the SFHsof theothermodels
areshownin AppendixA. Weonly consideidataafterapproximately
four revolutions,which correspondg¢o 900 Myr. This allows the
modelsto reachdynamicalequilibrium, reducingnumericaleffects.
For analysegelatedto starformation, we considerthe dataup to
4.5Gyr asthe SFRreachezerofor somemodelsafterthis.

Fig. 3 showsthe averageSFR over the period 1-4.5Gyr as a
function of the averageM . We also show observedvalues for
galaxieswithin 11 Mpc (the Local CosmologicalVolume) based
on KarachentseWlakarov& Kaisina(2013. Thebestt totheMS
in alargersampleis givenby equation(28) of Speaglestal. (2014
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which, neglectinguncertaintiesis

log,, SFR= (0.84S 0.026t) log,,
S (6.51S5 0.11t) , (20)

wheretheSFRisinM yr! andtistheageof theuniversen Gyr. We
showthis asthedashedlackline in Fig. 3, with theshadednagenta
region showing a scatterof + 0.3 dex basedon the uncertainties
quotedin theabove coef cientsin Speaglestal. (2014).

All ve modelsarerun with the intermediatefeedbackprescrip-
tion, while three models(1e7, 1e9, and 1ell)are also run with
simple feedbackin which thereis no kinetic feedbackfrom SNe
(Section2.2.]). Theresultsof theseeight simulationsare shownin
Fig. 3, wherethe modelswith intermediate(simple) feedbackare
plottedasred squaregbluecircles).lt is immediatelyapparenthat
thetype of feedbackhaslittle effectonthe SFR,suggestinghatthe
overall evolution of the galaxy modelsis not very sensitiveto the
sub-gridphysics.

It hasbeenshownthatgalaxiesn theLocal CosmologicaVolume
havea nearly constantSFH (Kroupaet al. 2020. Our modelsare
isolatedand so do not accretegas from their surroundings.This
preventsour modelgalaxiesfrom remainingon the MS throughout
their evolution. To checkwhethergalaxieswould be on the MS in
MOND afteraHubbletime, it is necessarjo conductacosmological
MOND simulationthatincludesgashydrodynamicswork which is
currentlyin progresgWittenburgetal., in preparation).

4.2 Gasdepletiontime-scale

Thegasdepletiontime-scale ¢ measureshetime takenby agalaxy

to exhaustits gas contentMy given the current SFR (P amm-

Altenburg& Kroupa2009. We employtwo methodsto determine
g- In the rst methodwe nd

Mg

IR (21)

91 =
whereMy istheneutralgasmassatthedesiredimeandM istheSFR
then.Sincethegassupplygetsexhaustedh a nite time,wecalculate
thequantitiesentering g 1 usingthe averageof the snapshot# the
period1-4.5Gyr. Theideais to estimatewhatthe SFRwould be if
a galaxyhadthe observedmassdistributionandgasfraction, not to
checkwhethetthatis feasiblein MOND in the rst place—addressing
thelatterwould requirea cosmologicakimulation.

Theabove methodis quitesensitieto uctuationsin the SFR,an
issuethatwe attemptto addresswvith our secondmethodto nd .
The gasmasswithin a cylindrical radiusof 10R¢ is plotted asa
function of time (Fig. 4). After aninitial ‘settling down’ phasethat
lasts 1 Gyr, thegasmassstartsto decreaseoughly exponentially.
We performa linear regressiorbetweentime andthe logarithm of
thegasmassovertheperiod1-4.5Gyr andtake ¢ , to betheinverse
of theslope.

Fig. 5 showshegasdepletiortimesobtainedusingthesemethods,
with g1 ( g2) valuesshownusingred crossegdots). The smaller
greenstarsshowobservationatesults(P amm-Altenburg& Kroupa
2009. It is clearthatboth 41 and ¢, arecomparableto those
of observedgalaxies.It shouldbe notedthat thesevaluesof gas
depletiontime-scalesnherently assumean invariant galaxy-wide
IMF. Thisis atpresennotatangibleproposition(Kroupaetal. 2013
Jaabkowa et al. 2018 Kroupa& Jerabkova2021; Yan, Jeabkowa
& Kroupa2021). The calculationby P amm-Altenburg& Kroupa
(2009 usingtheintegratedyalacticMF (IGIMF; Kroupa& Weidner
2003 Weidner& Kroupa2006 theorypredicts ¢ 3 Gyr for all
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Figure 4. Gasmassin thediscregion(outto 10 Ref) asafunctionof time.
Theblue,greenmagentaprange andredcurvescorrespondo modelslell,
1e10,1e9,1e8,and1e7,respectively.
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Figure 5. Gasdepletiontime g asa functionof gasmass.The greendots
are observeddatafrom P amm-Altenburg& Kroupa (2009 assumingan
invariantIMF, while theredcrossegdots)showsimulated ¢ 1 ( g 2) values
(seethetext).

late-typegalaxieq g. 6 of P amm-Altenburg& Kroupa2009. Note
thatthegreenpointsin Fig. 5 arenot correctedor the|GIMF effect.

4.3 The KS relation

TheKS law is anempiricalrelationbetweerthe SFRsurfacedensity
srr and the gas surfacedensity 4 for disc galaxies(Schmidt
1958 Kennicutt1998. The KS diagramis usedto investigatedisc-
averagedsFRsandgasdensitieslt hasalsobeenshownthatthe KS
relationcanbe appliedto sub-kpc-scalstar-formingregionswithin
galaxies(Bigiel etal. 2008. Here,we investigatewhetherdifferent
regionsof the modelsagreewith the KS relation. For the models,
srrand ¢ arecalculatedby binningin cylindrical polar radius.
Theseannulabinshaveaconstantidth R, whichwesetto 10x
the highestspatialresolution.The binsgo out to a maximumradius
of Rmax = 5Res for the correspondingnodel. The numberof radial
binsfor eachmodelisthenRna/ R.We nd theSFRin eachannulus
over thetime interval 1-4.5Gyr. This SFRis divided by the areaof
thebin, which gives sgr. Similarly, by calculatingthe massof gas
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Figure 6. TheKS diagramrelatingthe surfacedensitiesof gasandof starformation.Left Differentannuliin the models.Blue, green,magentaprange and
red correspondo modelslell,1e10,1e9,1e8,and1le7,respectiely. Right Obsened late-typegalaxies(red)andLSBs (blue), takenfrom Shietal. (2017).

Thedashedlueline (equation22) is takenfrom Kennicutt(1998.

particlesin eachbin anddividing this by the areaof thebin, we can
obtain 4. An exampleof thisanalysisis shownin AppendixE.

srrand 4 areplottedin Fig. 6, wheremodelsare shownin
the left panel. The right panel showsobservedlate-type galaxies
and LSBs takenfrom Shi et al. (2011). To representhe observed
galaxieswe useequation(28) in Kennicutt(1998, with a scattefin
theoriginal dataof 0.49dex.

srr = 25x 10°10 14 (22)

where 4isin M pc®2 and gerisin M pc>2yrSt, with un-
certaintiesomitted for clarity. Fig. 6 showsdifferent star-forming
regionswithin each model galaxy, giving a better idea of their
contributionto theglobalSFR.Somesimulatedegiondall ontheKS
relation,somearewithin the rangeof the data,andsomearebelow
it. Notice how most regionsare compatiblewith the KS relation
for modelslelOandlell.Star-formingregionsin the lower mass
modelsaretypically below the KS relation. This follows the trend
in observedLSBs, which are also slightly below the MS relation

(Fig. 3).

4.4 Renzo’srule

SinceMilgromian galaxiesare purely baryonic,the distribution of
baryonsdictatesthe gravitational eld bothlocally andglobally. A
majorimplicationis thatfeaturesn the baryonicsurfacedensity
shouldre ect on the dynamicsof the galaxy. Renzo’srule is the
observationthat any featurein the luminosity pro le of a galaxy
hasanimprint onthe RC, andvice versa(Sancisi2004). While this
makessensdn Newtoniangravity at high surfacebrightnesswvhere
the baryonsdominatethe gravitationalpotential,Renzo'srule has
beenobservedn galaxiesndependentlyf their surfacebrightness,
including in LSBs whereconventionallythe RC is mostly not due

to thebaryonsThisis discussednh Famag & McGaugh(2012 and
referencesherein.

We computedRCs for our models at two different times in
their evolution. The circularvelocity v, = St - g, wherer is the
positionof aparticleandg is its accelerationThev, estimategrom
different particleswereaveragedn eachannulus.Fig. 8 showsthe
RCsof all the modelsout to 10 effective radii at 3 and5 Gyr. The
surfacedensity pro les at thesetimes are shownin Fig. 7. These
pro les arenot completelysmooth.Local star-forminggasclumps
in the disc gravitationallyperturbthe stellar particlesaroundthem,
sothelocalizedgravitational eld superimposegself onthe global
galacticgravitational eld. Theeffectis seenaskinks andbumpsin
theRCs(Fig. 8), muchasin reallow-massgalaxies- althougha bit
morepronouncederethanin mostobservednassivediscs.

4.5 Vertical velocity dispersion

Theverticalvelocity dispersion , canbeusedasa measuref how
dynamicallyhotthediscis. We nd themass-weighted , of all the
stellarparticlesusingequation(22) of Banik etal. (2020.*

2
i M i Vzi

) g2 &
imi  mivy; S

2 -
;=

” : (23)
im °3 i m%

wherei is the particleindex, m ; is the massof particlei, andits
vertical velocity relative to that of the barycentres v, . Oncewe
havefound ; in thisway, we divide it by the asymptoticrotational
velocity v, of the correspondingnodel (equation 1) in orderto

4We alsotried not mass-weightinghe particles.Both techniquegyive very
similar results.
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Figure 7. Thetotal surfacedensityof all our modelsafter3 Gyr (left) and5 Gyr (right), asindicatedin thelegend.
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Figure 8. Therotationcurveof everymodelat 3 Gyr (left) and5 Gyr (right). The samecolourschemes usedasin Fig. 7 to showthedifferentmodels.

obtainadimensionlessneasuref how dynamicallyhotthediscis.
This calculationwasrepeatedor different snapshotsand different
annuli.Theresultsareshownin Fig. 9 at1 Gyr (shortlyafterthedisc
settlesdown)andat5 Gyr, whenthe simulationends.The majority
of thediscshavearatio ,/v, 0.2, implying thatthestellardiscs
remaindynamicallycold throughoutheir evolution.

Thegasis adiffusecomponenthatgetsredistributedy feedback
from SNe.To geta sensibleestimateof the gasdisc thicknesswe
hadto restrictattentionto gascellswithin somemaximumdistance
in theverticaldirection.We tried a cut-off of somerationalmultiple
of Reff, butthechoiceof cut-off seemdo biastheresult.Wetherefore
showthe edge-onview of the gasto showits thicknessaswell as
thatof the stellarcomponentlt is evidentfrom AppendixC thatthe
gasmostlyliesin athin discandthatstarsform within it.

Newly formed starsare expectedo be dynamicallycolderthan
the generalstellar populationdue to their recentformation out of
thedissipativegascomponentFig. 10shows , of theparticlesthat
formedduring the simulation.In the rst Gyr, mostparticlesform

5Note thatthe calculationneedsto include both particlesthatwereinitially
presen@andthosethatform duringthe simulation.

MNRAS 519,5128-514§2023)

within the planeof thedisc. By the endof the simulation,the newly
formedparticleshavea higher . Thisis dueto secularheatingof

the stellarcomponenby uctuations in the gravitationalpotential.
Part of the reasonis also that the gasgetsheatedby SNe, which
thickensthe gasdiscandslightly affectsthein-planestarformation
processNote alsothat for this reason,in the lower massmodels,
the newly formed starsform in a thicker and dynamically hotter
statethanin modelslelOandlell.In the lowestmassmodel, ,

of the newly formed starsactuallyincreasesvith radiusdueto the
shallowgravitationalpotentialof the outerdiscsin suchmodelsand
their fragility to SNeheating.Face-onandedge-orviews of all the
modelsareshownin AppendixC, whereit canneverthelesbe seen
thatstarformationlargely occursin thediscplane.

4.6 Outer disc streams

Massivemodelslike 1e10andlelldevelopstructuresn theirdiscs
at large radii (Fig. 11). Thesestructureshave self-sustainingstar
formationactivity. Fig. C5 showsthatsuchoverdenseegionshawe
youngerstarsthanthetypical disc,thusleadingoneto interpretthem
asdistinctnon-discentities.
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Figure 11. Gasdistributionof modellelOat 4560 Myr. Notice the clump
towardsthetop left which appeardike a satellite,eventhoughthesimulation
is of anisolateddiscgalaxy.

Observationallysomestructuresn theMW discarecandidate$o
haveformeddueto pastmergersof dwarf satellitegalaxieswith the
MW, thoughmanyrecentstudiestendto showthatthesearemostly
madeof stellarpopulationscharacteristiof the outerdiscitself (e.qg.
Laporteetal. 2020 andreferencetherein).In thecaseof ourmodels,
thesestructuresareinitially partof the outerdisc,from wherethey
orbit outwardsto largeradii andlater turn aroundand mergewith
the disc. Our modelsthusdemonstrat¢hatsuchstructuresiaturally
arisein MOND without any externalperturbation thusraisingthe
possibility that observedsimilar structuresarounddisc galaxiesare
partsof their outerdisc ratherthanexternalobjects,ascanbe seen
in themovies.

4.7 Bar analysis

In this section we studythe propertiesof the centralgalacticbarin
modelslell,1e10,and 1€9.The lower massmodelsle8andle7
arenotconsiderederedueto theirmoreturbulentbehaviourwhich
reducegthe reliability of the results.We quantify the bar in terms
of its length,strength and patternspeedat differenttimes.We then
usethis informationto reportthe R parameterequation28) and

MNRAS 519,5128-514§2023)

€202 YdIeN g uo 1asn SYND Aq 8555689/82TS/v/6TS/301e/Seluw/wod dno ojwapese//:sdny woly papeojumod



5138 S.T.Nageshetal.

0.7F e M, =1lell Mg
e M, =1lel0 My
06r o o M, =1e9 M,
£050 1 %e°
%DO 4-'_._..‘,.04:_._'_..’_!.4,4___ looee b ]
% Areg o« e , 1 .o'oO""'o“ooo.“....“
503 Seetes TR%ctapgtes o, 00
jan} ° 0 *Te
0.2F——mmm el Se___ 0 _ o |
0.1F

15 20 25 30 35 40 45 50
Time (Gyr)

Figure 12. Bar strengthin model 1e11 (blue), 1e10 (green), and 1e9
(magenta) All modelsshow a similar time evolution. Bar strengthsin the
range0.2—-0.4areweak,while values 0.4 constitutestrongbars.

comparets distributionto observationsindto cosmological CDM
simulations.The proceduredescribedn this sectionis very similar
to thatappliedin Rosharetal. (2021h.

4.7.1 Bar strength

To quantifythestrengthof thebar,we considetheazimuthaFourier
expansionof the stellar surfacedensity, which is generallywhat
observersiseto analysebars.Thediscis dividedinto annuliwith a
xed width of r = 0.5kpc. To con ne the calculationsto the bar
region,we considerthediscoutto R= 10kpc. In eachannulusthe
Fouriercoef cientsarecalculatedas
N

am (R) mgcos(m ), m= 1,2, .., (24)
1

MR)
1 N

bm (R) mgsin(m ), m=1,2,.., (25)

MR) -y
wherethe annuluscontainsN particles.The massof particlek is my
andthecorrespondin@zimuthalangleis . Themeanradiusof the
annulusis R andthe stellarmasswithin it is M(R).

We thenfocusonthecasem = 2 and nd

A2(R) a2 (R)> + b (R). (26)

Themaximumvalueover differentannuli,AJ®, is de ned asthebar
amplitude Thisde nition is commonin theliterature(e.g.Guoetal.
2019 Rosas-Guearaet al. 2020. Accordingto this criterion, the
galacticbarscanbe classi ed asweakbarswith 0.2 AJ® < 0.4
and strongbarswith A7®  0.4. Fig. 12 illustratesthe evolution
of the bar strengthin modelslell (blue), 1e10(green),and 1e9
(magenta)Fromthis gure, it is apparenthatin all threemodels,
thestrengtiof thebarshowsaratherstrongdecrease thebeginning
stage®f theevolutionbeforeshiftingto amoresteadytrendafterthe
systemreachesa morestablestate.Theinitial decreasés expected
sincethe strengthof them = 2 modeis affectedby the existenceof
spiral armsin the system,which are stronginitially but disappear
aftersomeevolutionof the disc. Furthermoreafterthe discreaches
the more stablestate,the bar strengthshowsa dependencen the
massof the system.Although all three modelsare mainly in the
weakregime,model 1le9showsa higherstrengthand evolvesnear
theedgeof the strongbarregime ,while modellellhastheweakest
bar.Thisis broadlyconsistentwith thefactthatthebarfractiontends
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Figure 13. BarlengthusingFourieramplitudedecompositiorfequatior27)
for modelslell(blue),1e10(green),andle9(magenta).

to be smallerfor galaxieswith a higher stellar mass(seethe S*'G
observationsn Erwin 2018.

An importantaspectof our resultsis that barsform naturally
in MOND even when it predicts a signi cant enhancemento
Newtoniangravity at all radii (McGaugh& de Blok 19983. This
is becauseall Milgromian galaxiesare self-gravitating.However,
thisis notthecasein CDM for agalaxydominatedy astabilizing
dark halo (McGaugh& de Blok 1998h. As a result, these'sub-
maximaldiscs’ are expectedo only very rarely havea strongbar,
asshownrecentlywith TNG50 (Kash , Roshan& Famag 2023.
Thoseauthorsshowedthat this resultis in contradictionwith the
observedact that barsin sub-maximaldiscsare quite commonin
the SPARCsample gventhoughthis selectsagainsbarredgalaxies.
While somebarsmightbetriggeredexternally,environmentaéffects
shouldalreadybeincludedin acosmologicakimulation.

4.7.2 Bar length

A commonmethodto estimateéhebarlengthalsousesheazimuthal
Fourier decompositionof the surfacedensity in different annuli
(Ohta,Hamabe& WakamatsuL99Q Aguerrietal. 2000 Guoetal.
2019. Thisis knownto give anappropriatesstimateof thebarlength
in simulationgAthanassoul& Misiriotis 2002. In thismethod the
bar lengthis de ned asthe outer radiusat which the ratio of the
surfacedensitiesin the bar (A,) andinter-bar(Ap) regionssatis es
therelation

A sgs Ao A

Aip Aib  max Aib  min
whereA, = Ag+ Ap+ Ag+ A, A = Ag S Ag+ Ay S Ag, andAy,

is the Fourier strengthof azimuthalmodem, which we nd using

equation26 (in thissystemA,  1).

Applying this procedureFig. 13 showsthe barlengthfor model
lell(blue),1e10(green)andle9(magenta)This gure showsthat
the barlengthis positively correlatedwith the massof the system.
All threemodelsfollow a similar andalmoststeadyevolutionover
time.

It shouldbe mentionedhatKim etal. (2021) study379observed
galaxieswith redshiftz in therange0.2< z  0.835and masses
10< log;o(M /M ) < 11.4.Theyreportthatthe barlengthstrongly
dependsn the galaxy mass(they rise together) Furthermorethey
outline that the bar length showsno signi cant changeover this
redshiftrange.They concludethat little or no evolutionin the bar

: 27)
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