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Abstract The scaling behavior of rainfall has been extensively studied both in terms of event
magnitudes and in terms of spatial extents of the events. Diﬀerent heavy-tailed distributions have been
proposed as candidates for both instances, but statistically rigorous treatments are rare. Here we combine
the domains of event magnitudes and event area sizes by a spatiotemporal integration of 3-hourly rain
rates corresponding to extreme events derived from the quasi-global high-resolution rainfall product
Tropical Rainfall Measuring Mission 3B42. A maximum likelihood evaluation reveals that the distribution of
spatiotemporally integrated extreme rainfall cluster sizes over the oceans is best described by a truncated
power law, calling into question previous statements about scale-free distributions. The observed subpower
law behavior of the distribution’s tail is evaluated with a simple generative model, which indicates that the
exponential truncation of an otherwise scale-free spatiotemporal cluster size distribution over the oceans
could be explained by the existence of land masses on the globe.

1. Introduction
The spatial and temporal scaling behavior of convection and rainfall has attracted considerable attention in
the physical and atmospheric sciences during the past decades. The spatial size distributions of single rainfall
events and clouds have been thoroughly analyzed on the basis of various data sets (without considering
temporal extents of the events), and these distributions are mostly assumed to be best approximated by a
lognormal distribution [e.g., López, 1977; Houze and Cheng, 1977; Cheng and Houze, 1979; Williams and Houze,
1987]. However, recent studies [Mapes and Houze, 1993; Nesbitt et al., 2006] have called this into question, and
a power law-type behavior has been proposed as an alternative [e.g., Cahalan and Joseph, 1989; Neggers et al.,
2003]. Similarly, the scaling properties of rainfall event magnitudes without considering spatial and temporal
extents of the events have been studied extensively [e.g., Papalexiou and Koutsoyiannis, 2013; Serinaldi and
Kilsby, 2014], and the number of rainfall events as a function of the event magnitude has been found to exhibit
a scale-free range over several orders of magnitude, hinting at similarities to nonequilibrium relaxation processes such as earthquakes or avalanches [Peters et al., 2002; Dickman, 2003; Peters et al., 2010]. Indeed, strong
empirical evidence has been reported that rainfall might be a real-world example of self-organized criticality
[Andrade et al., 1998; Peters and Neelin, 2006, 2009].
However, existing studies investigating the spatial and temporal scaling behavior of rainfall do not perform
statistically rigorous comparisons of the proposed power law to alternative heavy-tailed distributions, which
may attain shapes that are very hard to distinguish from a true power law [Clauset et al., 2009; Virkar and
Clauset, 2014]. Whether the relative event magnitude or area size frequencies actually follow a power law
distribution has therefore not been rigorously assessed to date. In fact, both the area size and the magnitude
distributions have been suggested to exhibit tails which decay faster than that of a power law distribution
ﬁtted to the observed values [Peters et al., 2012]. Additionally, the scaling characteristics of rainfall have been
investigated either in the spatial domain or in the magnitude domain. For instance, Peters et al. [2012] analyzed
the frequency distribution of instantaneous rainfall rates integrated over the spatial extents of the corresponding rainfall cluster—deﬁned there as the set of connected pixels experiencing signiﬁcant rainfall—but only
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for single time slices, thus excluding the temporal extents of the events. Also for this quantity, the tail of the
frequency distribution decays faster than that of a corresponding power law distribution [Peters et al., 2012].
Here we analyze the frequency distribution of the total water volume precipitated in spatiotemporally
extended extreme rainfall events. The distributional characteristics of the spatiotemporally integrated water
volumes, i.e., the total cluster sizes, have previously been proposed to follow a scale-free distribution even if
this does not hold true for neither the area size, the single-site event magnitudes, nor the spatially integrated
event magnitudes [Peters et al., 2012]. We use the satellite-derived, gauge-calibrated rainfall data set Tropical
Rainfall Measuring Mission (TRMM) 3B42 (V7), available at 3-hourly temporal resolution on a regular 0.25∘ grid
covering Earth’s surface from 50∘ N to 50∘ S and study the spatiotemporal cluster sizes with respect to possible diﬀerences over the global oceans and land masses. This is further motivated by the fact that the largest
rainfall events at the Earth’s surface are thunderstorms in the form of mesoscale convective systems and
hurricanes (typhoons over the NW Paciﬁc) [Maddox, 1980; Goldenberg, 2001; Zipser et al., 2006], which are—in
addition to their spatial sizes—characterized by their outstanding temporal persistence.
We use maximum likelihood estimation (MLE) and maximum likelihood ratio (MLR) comparison tests between
several plausible heavy-tailed candidate distributions and ﬁnd that the total cluster size distributions over the
oceans (land masses) are best described by an exponentially truncated power law (stretched exponential)
although they appear to be scale-free over several orders of magnitude. With the help of a simple generative
model, we propose the existence of land masses as a possible explanation of the subpower law behavior of
these distributions.

2. Data
We employ the Tropical Rainfall Measuring Mission (TRMM) 3B42 V7 dataset [Huﬀman et al., 2007], with
3-hourly temporal resolution for the time period from 1998 to 2014. The data set is spatially gridded at a resolution of 0.25∘ × 0.25∘ ranging from 50∘ S to 50∘ N. Each of the N = 46.752 ⋅ 1440 ⋅ 400 ≈ 2.69 ⋅ 1010 data point
consists of the time of the measurement ti , the geographical location given by a tuple of coordinates (loni , lati ),
and the average rainfall rate during a 3 h time window ri .
We extract extreme rainfall events from the data by considering only those measurements above the 90th
percentile of so-called wet times (deﬁned as data points with rainfall rates r ≥ 0.1 mm/h). This wet-time threshold is employed to assure that only data points with signiﬁcant rainfall are used to compute the distributional
characteristics we are interested in here [e.g., Huﬀman et al., 2007; Scheel et al., 2011; Chen et al., 2013; Zulkaﬂi
et al., 2014]. The 90th percentile is chosen in agreement with the deﬁnition of extreme rainfall events in the
Intergovernmental Panel on Climate Change report [Intergovernmental Panel on Climate Change, 2012] (see
Figure 1a for the threshold values at each geographical location). This results in n ≈ 2.16×108 extreme events,
which we partition into spatiotemporal clusters as described in section 3.

3. Methods
We ﬁrst specify our concept of spatiotemporal clusters and their sizes (section 3.1). Thereafter, we introduce
the diﬀerent candidate distributions and the elements of Bayesian parameter inference used to ﬁt candidate
distributions to the observed histograms of cluster sizes (section 3.2). Finally, we propose a minimal generative
model which reproduces the observed truncated power law behavior for the cluster size distribution over the
global oceans (section 3.3).
3.1. Spatiotemporal Clusters and Their Sizes
A spatiotemporal cluster of extreme rainfall is deﬁned as the union of nearest neighbors of extreme rainfall
events in the discrete space-time grid prescribed by the resolutions of the TRMM data set. In order to detect
the clusters, we ﬁrst enumerate the given longitude, latitude and time coordinates. Thereby, we can associate
every event with discrete space-time coordinates, (loni , lati , ti ) ↔ (xi , yi , ti ). Every event can have up to 26
possible neighbors (eight neighbors in the time slice of the measurement, ti , and nine neighbors in each of
the time slices ti − 1 and ti + 1). Having linked all pairs of neighboring extreme rainfall events, we ﬁnd the
clusters by identifying them as the connected components of the graph G = (V, E), where the set of nodes V
is given by the events and the set of edges E by the links between pairs of neighboring events (see Figure 1b
for an illustration of this deﬁnition and Traxl et al. [2016] for details of the graph methodology used to determine the spatiotemporal clusters). We ﬁnd a total of nC ≈ 1.42 × 107 spatiotemporal clusters. For each of these
TRAXL ET AL.
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Figure 1. Extreme rainfall thresholds and sketch of spatiotemporal cluster detection. (a) The 90th percentile threshold values (in mm/h) for each geographical
location. Only rainfall events with rainfall rates above these thresholds are considered in this study. (b) In order to partition the extreme rainfall events into
clusters, we ﬁrst enumerate the given longitude, latitude, and time coordinates, allowing us to associate every event with discrete space-time coordinates,
(loni , lati , ti ) ↔ (xi , yi , ti ). Each event can have up to 26 possible neighbors (eight neighbors in the time slice of the measurement, ti , and nine neighbors in each
of the time slices ti − 1 and ti + 1). Linking all pairs of neighboring extreme rainfall events, we ﬁnd the clusters by identifying them as the connected components
of the graph G = (V, E), where the set of nodes V is comprised of the events themselves and the set of edges E indicates whether events are neighbors on the
space-time grid. An exemplary cluster is depicted on the very right in Figure 1b.

clusters, we compute the total volume of water precipitated (of dimension: length3 ), i.e., the cluster size s of
cluster C , by
∑
s=
ai ⋅ ri ⋅ 3h,
(1)
C

where ai is the surface area of a rainfall event, given by
ai = (111km)2 ⋅ (0.25)2 ⋅ cos

(

)
2𝜋
⋅
lat
.
i
360∘

(2)

This deﬁnition of cluster size follows the deﬁnition of “event size” in Peters et al. [2012]. Note that an alternative
choice of deﬁning the size of clusters would be to simply take the number of events belonging to a cluster. In
fact, for the clusters obtained as described above, the total volume of precipitated water is highly correlated
to the number of events (rPearson = 0.98). However, we chose the total volume of water as the metric for cluster
sizes, since it is more accurate.
The set of all clusters is then partitioned into three groups: clusters that precipitated mainly above ocean,
mainly above land, and a group for the remaining clusters. For this, we ﬁrst use a land-ocean mask to classify every rainfall event as an ocean or a land event. We then decide that a cluster belongs to the ocean
(land) group if more than 90% of its constituent events are ocean (land) events, leading to nCocean ≈ 8.68 × 106
(nCland ≈ 5.20 × 106 ) clusters. The remaining cluster are attributed to the mixed group, with nCmixed ≈ 3.55 × 105
elements. Note that the results presented below are insensitive to changing this parameter, e.g., from 90%
to 100%.
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3.2. Estimation of the Distributions of Spatiotemporal Extreme Rainfall Clusters
For all clusters combined, the ocean and land groups separated, and the generative model introduced in the
next section, we ﬁt a set of candidate distributions to the cluster size distributions. These candidates include
a power law (PL), a truncated power law (TPL), a stretched exponential (SEXP), and a lognormal (LN), given by
PL: f (x) =

TPL: f (x) =

(𝛼 − 1)
xmin

(

LN: f (x) =

[
2
𝜋𝜎 2

(

erfc

)−𝛼

(3)

xmin

𝜆1−𝛼
) x −𝛼 e−𝜆x
Γ 1 − 𝛼, 𝜆xmin
(

SEXP: f (x) = 𝛽𝜆x 𝛽−1 e
√

x

lnxmin − 𝜇
√
2𝜎

(
)
𝛽
−𝜆 x 𝛽 −xmin

)]−1

(
)
(lnx − 𝜇)2
1
exp −
x
2𝜎 2

(4)

(5)

(6)

In a ﬁrst step, optimal functional forms for these distributions with respect to the observed cluster sizes are
determined by MLE [Clauset et al., 2009]: For each proposed candidate 𝜌, the likelihood of its parameters  ,
given the set of observed cluster size values  is maximized. Under the assumption of ﬂat priors P(𝜌, ), Bayes’
Theorem assures that the parameters determined via this optimization are the most likely parameters given
the observed data  :
P(𝜌, |) =

P(|𝜌, ) P(𝜌, )
,
P()

(7)

where P() is unknown and in practical terms impossible to compute. The likelihood of the parameters 
given the data  is deﬁned as  (𝜌, ) ≡ P(|𝜌, ), and assuming that P(𝜌, ) is noninformative (i.e., a ﬂat
distribution), we have P(𝜌, |) ∝  (𝜌, ). We are thus left with the following optimization problem:
C

 ∗ = arg max  (𝜌, ) = arg max




n
∏

𝜌(si ; ) ,

(8)

i=1

where nC denotes the number of clusters and si their respective spatiotemporally integrated size. The optimal
parameters thus determined for the four candidate distributions are listed in the legends of Figures 2a–2c.
The likelihood of each candidate, evaluated with the respective MLE-optimal parameters, is then compared by
means of a MLR comparison test. The Neyman-Pearson lemma assures that this is the most eﬃcient statistical
test possible to compare between two candidate distributions [Neyman and Pearson, 1933]. Setting L (𝜌)=
max  (𝜌, ), we compute for two candidates 𝜌1 and 𝜌2 the log ratio
 (𝜌1 , 𝜌2 ) = log

L (𝜌1 )
.
L (𝜌2 )

(9)

If R (𝜌1 , 𝜌2 ) > 0 (< 0), we conclude that 𝜌1 is a more (less) likely model of the observed cluster size distribution
than 𝜌2 . A test of statistical signiﬁcance for the values of  can be derived from the central limit theorem
(see Clauset et al. [2009] for details, in particular for cases where the two distributions to be compared are
nested versions of each other).
3.3. Generative Model for Spatiotemporal Cluster Sizes
Here we introduce a generative model to test the hypothesis that the subpower law behavior of observed
spatiotemporal extreme rainfall cluster size distributions is due to the existence of land masses on Earth. The
model is motivated by the assumption of a scale-free (i.e., PL) distribution of rainfall cluster sizes, whose truncation is caused by the fact that hurricanes end prematurely as soon as they hit the coast. The model is designed
as follows: A synthetical storm with a lifetime drawn from a PL distribution is placed on a random pixel of a
cage consisting of 1000 × 1000 pixels. The temporal evolution of the storm is prescribed by randomly selecting a neighboring pixel at each time step, where the selection probabilities depend on the previous direction
of movement. Moving in the same direction as before has a higher probability (p = 0.95) than turning left
TRAXL ET AL.
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Figure 2. Histograms of the observed spatiotemporal extreme rainfall cluster sizes and the eﬀective lifetimes of the
generative model introduced in section 3.3 (circles), as well as the corresponding MLE-optimized ﬁts of the proposed
candidate distributions (lines). In all panels, blue lines indicate the optimal power law (PL) ﬁts, red lines the truncated
power law (TPL) ﬁts, cyan lines the stretched exponential (SEXP) ﬁts, and magenta lines the lognormal (LN) ﬁts. The
respective optimal parameters of the MLE ﬁts are stated in the legends. (a) Histogram of observed cluster sizes for all
clusters combined (nC ≈ 1.42 ⋅ 107 ) and MLE-ﬁtted cluster size distributions. (b) Histogram of observed cluster sizes for
the subset of ocean clusters (nCocean≈ 8.68 ⋅ 106 ) and MLE-ﬁtted cluster size distributions for this subset. (c) Histogram of
observed cluster sizes for the subset of land clusters (nCland ≈ 5.20 ⋅ 106 ), and MLE-ﬁtted cluster size distributions for this
subset. (d) Histogram of eﬀective lifetimes obtained from the generative model introduced in section 3.3 and
corresponding MLE-ﬁtted lifetime distributions. Note that the units are arbitrary in this case.

(p = 0.04) or right (p = 0.01), and the probability to move backward is zero. The storm keeps moving either until
its predetermined (PL-distributed) lifetime ends or until it hits the boundary of the cage, which immediately
ends the lifetime of the storm. With each time step, the storm grows by one unit; hence, its “size” is proportional to its lifetime. The experiment is simulated with a large number of storms (10.000), for each of which
we record its eﬀective lifetime. The resulting distribution of lifetimes is shown in Figure 2d and discussed in
section 4.
The inertia of the storm’s movement scheme imposed by the dynamic selection probabilities ensures more
realistic storm tracks: First, a storm is very unlikely to move backward (hence p= 0 for turning backward).
Table 1. MLR Test Results for the Comparisons Between All Considered Candidate Distributions (PL, TPL, SEXP, and LN)
for the Observed Cluster Size Distributions (“All” Clusters, “Ocean” Clusters, and “Land” Clusters) and the Lifetime
Distribution of the Synthetical Storm Model (“Model”)a
(
)
(
)
(
)
(
)
(
)
(
)
R 𝜌TPL , 𝜌PL
R 𝜌SEXP , 𝜌PL
R 𝜌SEXP , 𝜌TPL
R 𝜌LN , 𝜌PL
R 𝜌LN , 𝜌TPL
R 𝜌LN , 𝜌SEXP
All

14778

22252

7474

−154656

−169435

−176908

Ocean

5366

3751

−1615

−129157

−134523

−132908

Land

19865

24404

4539

−8909

−28774

−33312

Model

339

191

−148

−4038

−4377

−4229

a We recall from section 3.2 that a distribution 𝜌

1 is more (less) likely than another distribution 𝜌2 if R (𝜌1 , 𝜌2 ) > 0 (< 0).
All corresponding p values are smaller than 10−30 .
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Figure 3. Largest clusters of the land and diﬀerent ocean groups. For each panel, each colored grid cell has received at least one event above the 90th percentile
belonging to the respective cluster. The colors indicate the last time (in units of hours) a given grid cell is hit by the cluster, relative to its initiation time (see titles
of the respective panels). (a) The largest cluster that precipitated above the Atlantic ocean. (b) The largest cluster that precipitated above the Indian ocean.
(c) The largest cluster that precipitated above land. (d) The largest cluster that precipitated above the Paciﬁc ocean.

Second, the symmetry of moving left or right is broken in order to mimic the inﬂuence of the Coriolis force.
However, we found that changing the selection probabilities or removing the inertia entirely (p = 0.25 for each
direction) does not lead to qualitatively diﬀerent lifetime distributions.
The assumptions behind this generative mechanism is that large storms such as hurricanes typically initiate
over the ocean and that their lifetimes over the oceans would be PL distributed due to the abundant energy
provided by the ocean. However, most large storms eventually hit the coast, where the lack of available energy
for their persistence causes them to die out [Whitaker and Davis, 1994; Briegel and Frank, 1997; Raymond and
Sessions, 2007; Nolan et al., 2007]. The lifetimes can be approximately taken to be proportional to the sizes
of the storms in terms of total precipitated water. Therefore, this model is suitable to investigate how the
boundaries of the oceans (i.e., the coasts) would impact a cluster size distribution prescribed as a PL.

4. Results
The observed spatiotemporally integrated extreme rainfall cluster sizes for all clusters (Figure 2a) as well as
for clusters over the global oceans (Figure 2b) extend beyond 103 km3 of precipitated water. In contrast, the
cluster size distribution over the global land masses only reaches sizes up to 102 km3 (Figure 2c). Out of the
TRAXL ET AL.
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four distributions proposed as candidates for the cluster sizes (PL, TPL, SEXP, and LN), the SEXP wins the MLR
comparison test (see section 3.2) for the combination of all clusters. The TPL wins for the subset of clusters
over the oceans. Note that visually, the SEXP may appear to be the better model. This is, however, only caused
by the fact that the log-log representation of the probability density functions emphasizes the tail of distributions rather than the comparably smaller cluster sizes, which have higher probability weights by several
orders of magnitude. For clusters over the global land masses, the SEXP is again the most likely candidate
distribution. For comparison, the generative model of synthetical storms, with PL-distributed lifetimes that
are put into a cage with absorbing boundaries, leads to a TPL distribution of the eﬀective lifetimes as the most
likely candidate (Table 1).
A visual comparison of all four histograms with their respective optimal PL ﬁts (a straight line in the
log-log plots of Figure 2) may suggest a scale-free distribution at least over several orders of magnitude
(approximately: for all clusters up to 20 km3 , for ocean clusters up to 40 km3 , for land clusters up to 3 km3 , and
for the generative model up to 4000 units). However, the PL does not win the MLR comparison even when only
considering cluster sizes and lifetimes below these values. Toward larger cluster sizes, all observed histograms
clearly show dampened tails as compared to the PL, albeit to diﬀerent extents.
To get a visual impression of clusters at the tail end of the distributions, we show the time evolution of the
largest cluster observed over land, as well as the largest clusters over the Atlantic, Paciﬁc, and Indian Ocean
(Figure 3). The partitioning of extreme rainfall events into clusters of (spatiotemporally) connected neighboring pixels can lead to clusters with very clear trajectories (Figures 3a and 3c) and also to rather scattered
clusters without a clear propagation direction (Figures 3b and 3d). Amongst the largest clusters over the
oceans we found—by visual inspection—a large number of hurricanes (typhoons), such as the one over the
Atlantic (Figure 3a). The largest land cluster in the data (Figure 3c) has been recently discussed by Boers et al.
[2014, 2015] and Traxl et al. [2016].

5. Discussion
Our results indicate that none of the observed spatiotemporally integrated extreme rainfall cluster size distributions are described well by a PL. This is in contrast to propositions of scale-free distributions in the
literature [Cahalan and Joseph, 1989; Peters et al., 2002; Dickman, 2003; Neggers et al., 2003] but also corroborates earlier results obtained for cluster sizes deﬁned by either a temporal or a spatial integration of rain rates
[Peters et al., 2012]. Although the size distributions of rainfall clusters over the lands and oceans are visually
similar to the PL ﬁts over several orders of magnitude, both of them decay faster than the corresponding PL at
the tails of the distributions. The MLR test results (SEXP for all clusters combined, TPL for ocean clusters, and
SEXP for land clusters) suggest that the inﬂuence of the subsets of land and mixed clusters on the size distribution of all clusters combined leads to a SEXP also for all clusters. However, clusters larger than 102 km3 occur
almost exclusively over the oceans, and this is also the domain where the dampening of the distribution as
compared to a corresponding PL becomes most apparent (Figure 2a).
The proposed generative model (section 3.3) tries to explain the observed behavior by postulating that the
ocean cluster sizes would indeed follow a scale-free (i.e., PL) distribution on a planet without land masses and
that the exponential truncation occurs primarily due to the fact that hurricanes end prematurely as soon as
they hit the coast. Physically, this hypothesis can be motivated as follows: While the speciﬁc mechanisms of
cyclogenesis are still not entirely understood, it is clear that cyclones can only maintain themselves over the
oceans, under the conditions (among others) of suﬃciently warm sea surface temperatures and strong, moist
convection, which guarantee that enough latent heat can be released to the atmosphere to fuel the storms.
Shortly after their landfall, the cyclones die because these conditions are no longer fulﬁlled [Whitaker and
Davis, 1994; Briegel and Frank, 1997; Raymond and Sessions, 2007; Nolan et al., 2007]. In the generative model,
storms with a relatively longer lifetime have a higher probability of hitting a border of the cage at some point
in their life span, which leads to the observed truncation of the eﬀective lifetime distribution (Figure 2d). The
analogy to the ocean cluster size distribution is that it would in fact also follow a power law, if there were no
land masses on the planet. Hence, rainfall clusters could freely move, like the synthetical storms without a
cage, on this imaginary aqua planet, with their size distribution predetermined by a power law. The fact that
there are land masses on Earth would then lead to an exponential truncation of the PL distribution (Figure 2b),
as it is the case for the synthetical storms of the generative model (Figure 2d).
TRAXL ET AL.
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We note that the proposed hypotheses correspond to a very simpliﬁed view of the complex physical processes involved in the formation and maintenance of cyclones. We do not propose that the only relevant
physics behind the exponential truncation of extreme rainfall cluster size distributions are given by the stated
hypotheses. It is, however, remarkable that the generative model is—despite its simplicity—capable of reproducing the observed statistical characteristics of rainfall cluster sizes over the oceans. From a purely statistical
point of view, our hypothesis can hence not be rejected.

6. Conclusion
Based on the high-resolution TRMM 3B42 data set, we have provided statistically rigorous evidence that
the spatiotemporally integrated size distribution of extreme rainfall clusters does not—as previously
suggested—follow a power law. Instead, we ﬁnd that the size distribution of rainfall clusters over the oceans
(land masses) is best approximated by an exponentially truncated power law (stretched exponential), leading
to a stretched exponential as the most likely candidate distribution for all clusters combined (land and ocean
together). We hypothesize that the size distribution of extreme rainfall clusters over the oceans could, in
principle, follow a scale-free distribution on a planet without land masses and that the exponential truncation of the observed distribution is caused by the presence of land masses. Physically, this is motivated by the
fact that the conditions for cyclogenesis are not met over land. To test this hypothesis, we proposed a simple
generative model of synthetic storms with power law distributed lifetimes, evolving in a ﬁnite spatial area
with absorbing boundaries. This simple model reproduces the exponentially truncated power law observed
for extreme rainfall clusters over the oceans, indicating that the proposed hypothesis suﬃces to explain the
distributional characteristics discovered here.
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