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We present a rigorous justification for the applicability of the recently developed methods of generalized
autobalanced Ramsey spectroscopy (GABRS) [V. L. Yudin er al., Phys. Rev. Appl. 9, 054034 (2018)] and
combined error signal in Ramsey spectroscopy (CESRS) [V. L. Yudin et al., New J. Phys. 20, 123016 (2018)]
for resonances of coherent population trapping (CPT). A protocol of modified combined error signal for CPT
resonances is also proposed, in which two successive interrogations of atoms under different times of free
evolution are integrated in one cycle. The implementation of the GABRS and CESRS methods in a compact
atomic clock based on the CPT effect allows us to significantly suppress the light shift and its fluctuation,
which will lead to an improvement in the long-term stability and accuracy of these devices. Moreover, these
spectroscopic schemes are insensitive to various distortions of the pulse shape, relaxation processes, errors in the
generation of phase jumps, etc., which provides their high reliability and immunity to perturbations.

DOLI: 10.1103/PhysRevA.102.013511

I. INTRODUCTION

Atomic clocks are quantum devices that provide high-
precision measurements of frequency and time [1-5] for solv-
ing fundamental and applied problems. In particular, they are
used in such important areas as satellite and inertial naviga-
tion, synchronization of telecommunication networks, secure
data transfer, geodesy, verification of fundamental physical
theories, etc. [6-11].

Great successes in the development of small-size mi-
crowave atomic clocks have been achieved with the use of
coherent-population-trapping (CPT) resonances [12-16] to
stabilize the frequency of a local oscillator (LO). The ad-
vantage of such devices consists in the completely optical
scheme for the exciting of radio-frequency transition with-
out a microwave resonator. This enables one to significantly
reduce the dimension of the physical package (up to the
chip-scale) and power consumption [17-19]. The essence of
the CPT effect is the following. In the process of interaction
with a coherent two-frequency (bichromatic) field, atoms are
pumped to the so-called dark state which does not absorb
the light field. This state is formed when the difference of
optical frequencies varies near the hyperfine splitting of the
ground state, which leads to the appearance of a narrow dip
(peak) in the absorption (transmission) spectrum. The width
and the amplitude of this resonance are determined by the
pumping rate, which depends on the field intensity and atomic
relaxation parameters. The use of optical cells with a buffer
gas or an antirelaxation coating allows one to significantly
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reduce the resonance width, which is usually of the order of
0.1-1 kHz.

Spectroscopic measurements during the frequency stabi-
lization are accompanied by a perturbation of clock transition
frequency due to the ac-Stark effect. This light shift depends
on the intensity and frequency of the optical fields and is
one of the key factors limiting the metrological characteris-
tics (stability and accuracy) of atomic clocks. In the optical
frequency standards, great progress in suppressing the light
shift has occurred due to the use of Ramsey-type pulsed
spectroscopy [20]. It was initiated in Ref. [21], where the
method of hyper-Ramsey spectroscopy was proposed. This
method is based on the application of two pulses with different
durations, while the part of the second pulse has a phase
shifted by = (composite pulse). Implementation of the hyper-
Ramsey technique made it possible to achieve light shift
suppression by several orders of magnitude [22,23]. Further,
some modifications of this approach were constructed using
various other schemes to generate the error signal for the
frequency stabilization [24—28]. Recent advances in suppress-
ing light shift in optical atomic clocks are related to the
autobalanced Ramsey spectroscopy technique (ABRS) [29],
its generalization (GABRS) [30], and the protocol of com-
bined error signal in Ramsey spectroscopy (CESRS) [31].
These methods are based on the interrogation of atoms by
two Ramsey sequences with different times of free evolu-
tion (dark times). GABRS uses two feedback loops, one of
which serves to adjust the LO frequency, and the other loop
drives a concomitant well-controlled parameter associated
with Ramsey pulses. With simultaneous stabilization of the
LO frequency and the concomitant parameter, the light shift
will be suppressed (completely in the ideal case). In Ref. [29],
a stabilization scheme was proposed and implemented, where
an additional phase shift of the field during the second Ramsey

©2020 American Physical Society
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pulse was employed as the concomitant parameter. However,
in the theoretical paper [30], it was shown that there are other
alternatives for the choosing of the concomitant parameter. In
contrast to the GABRS technique, the CESRS protocol [31]
uses only one feedback loop. In this approach, the error
signal for frequency stabilization is formed by subtracting
with the corresponding calibration coefficient two ordinary
error signals for each Ramsey sequence.

The implementation of the GABRS and CESRS meth-
ods to the microwave atomic clocks based on the CPT
resonances seems attractive and very promising. For exam-
ple, in Refs. [32,33] the ABRS with a correction phase as
the concomitant parameter was realized in a CPT-based Cs
vapor-cell clock. Here, the relative long-term instability was
achieved at the level of several units of 10713, Also, GABRS
and CESRS were recently implemented in experiments with
cold Rb atoms [34,35], where the light shift was suppressed
by more than an order of magnitude. Despite the fact that
the intuitive transfer of the GABRS and CESRS methods
to the CPT spectroscopy has demonstrated their efficiency,
there was no rigorous justification for such a step. Indeed, the
theoretical analysis in the original works [30,31] was carried
out within the framework of a two-level atomic model, which
is applicable only to optical clocks. However, the physical
processes under the simultaneous resonant interaction of a
coherent polychromatic field with several transitions in a mul-
tilevel atom significantly differ from the excitation of a single
optical transition (usually ultranarrow) by a monochromatic
field. Therefore, the automatic dissemination of the GABRS
and CESRS techniques to CPT resonances is not obvious. To
justify this possibility for CPT even in the simplest case, it
is necessary to investigate a three-level A system interacting
with a coherent two-frequency field.

In this paper, we perform rigorous mathematical proof of
the applicability of GABRS and CESRS for atomic clocks
based on CPT resonance. Moreover, for GABRS, two variants
for the choosing of the concomitant parameter are analyzed:
the correction phase of the second Ramsey pulse and the
additional frequency jump during the action of both Ramsey
pulses. Also we consider a modified CESRS, in which two
successive interrogations with different times of free evolution
are combined in one cycle.

II. THEORETICAL MODEL

As a theoretical model of the atomic medium, we consider
a three-level A system (see Fig. 1) interacting with the Ram-
sey pulses of a bichromatic field (see Fig. 2):

E(t) = E, (t)efi(wltJr(ﬂ]) + Ez(t)efi(wztﬂﬂz) +ecc. (1)

The resonance of coherent population trapping is excited
under the condition that the frequency difference w; — w; is
varied near the frequency wyys of the transition between the
lower states |1) and |2) (clock states). The temporal dynamics
of the A system we describe using the formalism of the atomic
density matrix in the basis of states {|j)} (see Fig. 1):

puY ="y Impun(t)(nl. 2)

FIG. 1. Energy scheme of the three-level A system. Here w; and
w, are the frequencies of resonant optical fields; Ay, is the light
(Stark) shift of the clock transition frequency; y, and y, are the rates
of spontaneous population transfer from the upper state |3) to the
lower states |1) and |2), respectively; and I" is the decay rate of the
coherence between the states |1) and |2).

In principle, the A system can be reduced to a two-level
model (over the lower states |1) and |2)) within the framework
of perturbation theory for weak fields. However, from the
viewpoint of high-precision metrology, the use of this approx-
imation is not sufficient to estimate the light shifts, because
the question of the accuracy of the obtained results will always
remain open.

In the rotating-wave approximation, the equations for the
density matrix have the following form:

r R . P
0 p11 = 5 Tr{p} — TCpir + yip33 — i1 013 + iR p31,
3 p12 = [T —i(Br — Aw)lpi2 +iQ7p32 — i 013,
3 p21 = [T 4+ i(6r — As)]p21 — i21023 + 125 031,
r . e~
0 ppn = 5 Tr{p} — T'pxn + y2p33 — 12023 + €25 032,
3 p13 = (—Yopt — i81)p13 — i (P11 — p33) — I3 P12,
0031 = (=Vopt + i81)p31 + i1 (p11 — p33) + i 001,
8 P23 = (—Yopt — i82)p23 — I25(p22 — p33) — I} P21,
0032 = (=Yopt + i82)p32 + i22(p22 — p33) + i1 P12,
3 p33 =—(Vop+ )33 +iQ1 p13 — iQ] p31 + iQ2023 — i3 p32.

3)
Q
1,2
’ T T
— —
| | phase | |
jump
pumping ! detection
I
1 >
0 7 7 T 7, t

FIG. 2. Ramsey scheme for spectroscopy of the CPT resonances.
The first pulse pumps atoms into a dark state. The second pulse
detects the spectroscopic information.
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The notation is introduced in Eq. (3): Q) = d3 1 E e~ /h and
Q, = ds3,E>e™2 /1 are Rabi frequencies for transitions |1) <>
[3) and |2) < |3), respectively (d3; and d3; are the matrix
elements of the operator of the electrical dipole moment);
81 = w1 — w31 and 8, = wy — w3y are one-photon detunings
of laser fields; ér = w| — wy — wyys 1 two-photon (Raman)
detuning; Ay, is the light (Stark) shift of the clock transition
frequency during the Ramsey pulses; yop is the decay rate
of optical coherences (due to spontaneous decay processes,
collisions with buffer gas atoms, etc.); y; and y, are the rates
of spontaneous population transfer from state |3) to states
[1) and |2), respectively; yy, is the spontaneous decay rate
of the excited state |3) (in the case of a closed A system,
Ysp = Y1 + 12); and the constant I" models the relaxation of
atoms (for example, due to transit effects) to an equilibrium
isotropic distribution over the lower levels of the A system.

Note that the phenomenological parameter Ag, is a total
far-off-resonant light shift (of the clock transition |1) — |2)),
which arises due to interaction of all frequency components
with all off-resonant atomic levels. The possible resonant
shifts in the case of §; % 0 and/or §, # 0 are automatically
taken into account in the system of Eqgs. (3). The relaxation
rate ' is mainly determined by the transit time 7, of the
atoms through the laser beam (I ~ 7 '). Therefore, colli-
sions with the buffer gas significantly increase 7, due to the
diffusion character of the atomic motion (without destroying
the hyperfine coherence), which results in narrowing of the
dark resonance [36]. On the other hand, a buffer gas increases
considerably the optical dephasing rate yop: > ¥sp [37], while
without buffer gas yop = ¥sp/2.

The system of linear Egs. (3), can be represented in vector
form as

ap=Lp, €]

where the column vector g () is constructed from the elements
of the density matrix p(¢) as follows,

B = (011, P12, P21+ P22, P13, P315 P235 P32, P33) 5 (5)

and the matrix L (Liouvillian) [see Eq. (A1)] is determined by
the coefficients of Egs. (3).

As a spectroscopic signal, we investigate the absorbtion
during the detecting pulse (for ¢ > t,, see Fig. 2), which in
the case of an optically thin medium is proportional to

A1) = 2Im{Q1 (1) p31 (1) + 22(1) p32(1)}- (6)

The signal accumulated during the detection time t4 is calcu-
lated by integrating the expression (6) over time:

h+ty
AQSR) = / A(t) dt. @)

15}

Using the standard definition of a scalar product
EH = 5V
the expression (6) can be written as follows:
A(t) = (Q(1), Wa)GrWppin), ®)

where the vector Q(t) is defined as

Q=(0,0,0,0, —iQt,iQ,, —iQ},iQ,,0) . 9)
The vector pi, corresponds to the initial atomic state. The
operators W, = Wy, (#1, 7o) and Wy(t) = Wu(t, 1) describe the
evolution of atoms interacting with a pump pulse (fp <t < t7)
and a detecting pulse (f > 1,), respectively. The operator Gy
corresponds to the free evolution of atoms (f; <t <t =
t+T):

Gr = M7, (10)
where Liouvillian L, (A2) can be constructed from
Egs. (3)—(5) in the absence of the light field (i.e., 2} = 2, =
0 and Ay, = 0). The explicit form of the matrix Gr (A3) is
given in Appendix A.

The dark period T under real experimental conditions, as a
rule, significantly exceeds (by 2—4 orders of magnitude) the
decay times of the excited-state population and the optical
coherences; i.e., there is a relation 7 > )/O;tl, ys;'. Therefore,
in the diagonal elements of the matrix Gr [see Eq. (A3)],
we can accept e "7 ~ 0 and e 77 2 0. In this case, the
operator Gy takes the form

Gu 0 0 Guis 0 0 0 0 G
0 0 e (M+H&I 0 00 0 0 0
0 0 0 eT=T 0 0 0 0 0

Gu O 0 G 0 0 0 0 Gu

Gr~| 0 o0 0 0 000 0 0 (11)

0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0
0 0 0 0 000 0 0

Let us consider the stabilization scheme, where for generation of the error signal S.(5r) the jumps of the relative phase of
the bichromatic field (¢; — ¢,) are employed before the second Ramsey pulse. Using the formulas (7) and (8), we write the
expression for the spectroscopic signal taking into account the phase jump:

h+tg
A(Sg, a1, ) =/ (Q2(@t), Wa(t)D(ary, a2)Gr Wy pin )dt

5]

12)
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where the phase jump operator ®(c, a») for a bichromatic field has the form

1 0 0 0 0 0 0 0 0
0 e iam®) 0 0 0 0 0 0 0
0 0 el 0 0 0 0 o0
0 0 0 1 0 0 0 0 o0
P(ay, )= |0 0 0 0 e™ 0 0 0 0 (13)
0 0 0 0 0 e 0 0 O
0 0 0 0 0 0 e™ 0 0
0 0 0 0 0 0 0 e 0
0 0 0 0 0 0 0 0 1
The error signal Se;(6r) is formed as the difference of the signals (12) for two different phase jumps:
htt
Serr(8r) = A(Sr, &, & ) — A(Sr, o7, @3) =/ (Q(1), Wa()Do GrWppin ), (14
n

[T

where the upper index “+” indicates the first phase jump, and the index
D¢ in Ref. (14) has the following form:

corresponds to the second phase jump. The operator

Do = dAD(otfr, a;r) — Ci)((xf, a;y)

0 0 0 0 0 0 0 0
0 el — i 0 0 0 0 0 0
0 0 el — el 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
=0 0 0 0 e i —eion 0 0 0 0 (15)
0 0 0 0 0 el — e 0 0 0
0 0 0 0 0 0 e — gy 0 0
0 0 0 0 0 0 0 e — e
0 0 0 0 0 0 0 0 0
Here we introduce the notation for the relative phase of the bichromatic field:
af =(f —af), o =(] —a;). (16)
In accordance with Egs. (11) and (15), we obtain the following expression for the matrix product Do G
DoGr =e T Y7, a7
where the matrix ’ATT has the form
0 o0 0 0 0 0 0 0 O
0 0 e T (emial — pmiar) 0 0 00 0 0
0 0 0 eI (e —ey 0 0 0 0 0
0 o 0 0 0 0 0 0 O
Tr=|0 0 0 0 00 0 0 O (18)
0 o 0 0 0 0 0 0 O
0 o 0 0 0 0 0 0 O
0 o0 0 0 0 0 0 0 O
0 o0 0 0 0 0 0 0 O

(

Then, taking into account Eq. (17), the error signal (14) is Thus, as it can be seen from Eq. (18), the error signal
calculated by the formula is sensitive only to a variation of the relative phase o, =

h+a o) — o, but does not depend on the phases o individ-
Serr(Br) = e 1T / (Q(1), Wd(t)YTWpZ)in)dt. (19) ually. Also note that the maximum amplitude of the error

b
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912
> (1) (g (n=1) g (m-1) (1) (s (n) = (m=1) () (S (n) & (m)
Set @™ Se” B57,8™7) Ser” (85",6™)
6:{”7” - 6‘(:) &(/Y’*|l HE“(W)] 6‘;/') - 6:(”7”
0 ? ? ?
| T T, ” PR PR T, T\ t
(al_az)
T2
0

FIG. 3. Scheme of the GABRS-CPT sequence, where n and m are the step indices for the first and second servo loops, respectively.

signal (19) is achieved for the phase jumps ot = 7/2 and
a =-—m/2

In atomic clocks, the local oscillator frequency is stabilized
at the zero of the error signal for the central Ramsey reso-
nance. Therefore, one of the key parameters influencing the
metrological characteristics is the frequency shift 8.jock, which

corresponds to the solution of the equation

Serr(0r) =0, (20)

in relation to &g.

III. GENERALIZED AUTOBALANCED RAMSEY
SPECTROSCOPY OF CPT RESONANCES

The method of generalized autobalance Ramsey spec-
troscopy (GABRS) for optical frequency standards was de-
veloped within the framework of the two-level atomic model
in Ref. [30]. Below we prove the applicability of this method
for atomic clocks based on CPT resonances.

The stabilization scheme comprises two servo loops acting
in parallel on alternately operated Ramsey sequences with the
different free evolution times 77 and 7, (see Fig. 3). The first
loop controls the Raman detuning dg (i.e., LO frequency),
and the second loop governs some concomitant parameter &
associated with the first and/or second Ramsey pulse. The
GABRS algorithm is organized as a series of the following
cycles. For the Ramsey sequence with the free evolution time
T, the concomitant parameter is fixed (that is, § = &gxeq), and
the variable detuning &g is stabilized at the zero of the first
error signal: SV (8, &fxea) = 0. The operation of this servo

err
loop can be presented as the following recurrent sequence:

50 = 80"+ rSEV (88", Enrea) @1

err

where r is a feedback coefficient for the frequency loop, and n
is the step index for the first servo loop. Then, measurements
are carried out for a sequence of Ramsey pulses with other free
evolution time 7,, where the previously obtained frequency is
fixed (i.e., 6 = Sfixed) and the concomitant parameter & is sta-
bilized at the zero of the second error signal: S2)(8fixed, £) =
0. The operation of this second servo loop can be presented as

another recurrent sequence:
5 = £ 4 gS{P Grea, V),

where g is a feedback coefficient for the & loop, and m is
the step index for the second servo loop. Repeating these
iterations, we finally stabilize both parameters dg = d¢jock and

(22)

£ =&, which correspond to the solution of the system of
equations

SS(0r,€) =0, S{P(5r,€) =0, (23)

in relation to the two variables g and &. Substituting the
expression for the error signal (19) into Eq. (23), we obtain
the following system of equations:

Hh+Tq N . . .
/ (), Wty T Wy i)t = 0,

5]

h+ty
/ (€2@t), Wa(t) Y1, Wy pin)dt = 0. (24)
15}

The fastest convergence of iterations (21) and (22) to the
solution of Eq. (24) is performed for the following feedback

coefficients:

—1

r= _[88“55(’2)(81{’ $)|8R=gclockvé=§] ’

s —1

9= _[BES‘(J;)(SR’ §)|8R=Sc]ockq€:§] ’

where 95, = 0/ddr and 0z = 9/0& are the differential oper-

ators. In practice, the optimal values r and ¢ are determined
experimentally.

Let us show that the system (24) always has the solution
6r = 0. As can be seen from Eq. (18), in Athe caserf SR =
0, the following equality for the matrices Y7, and T, takes
place:

(25)

7,6k =0) = 17,5k = 0) = Do (26)

In this case, the system of two Eqgs. (24) is reduced to one
equation on unknown &:

L+t | . A
/ (€2(2), Wa(t)Do W, pin)dt = 0, (27

15}
which always has a solution.

Thus, we have analytically shown that the choice of the
appropriate value of the concomitant parameter £ allows us
to suppress the light shift of the clock frequency (8cjock = 0)
stabilized by the CPT resonance. We emphasize that this result
does not depend on the characteristics of the Ramsey pulses
(amplitude, shape, duration, and phase structure), relaxation
constants, errors in the generation of phase jumps, etc. Such
a resistance of this method to various technical imperfections
determines its high reliability.

Note that the typical Ramsey signal consists of a large
number of fringes [see Fig. 4(a)]. As a result, the system of
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FIG. 4. (a) Ramsey-CPT fringes in the absorption signal (7). (b) Error signal SV’ (8, ¢. = 0) in the standard Ramsey scheme. (c) Error
signal S{2)(8g = 0, ¢,.) for stabilization of the correction phase. (d) Error signal SV (8g, ¢. = ¢.) for stabilization of the LO frequencies

err

in the autobalanced Ramsey scheme with the correction phase. The graphs are calculated for the following values of the light shift of the
Raman transition: Ay, /ycpr = 0 (black solid line), Ag,/ycpr = 0.1 (green dashed line), and Ag,/ycpr = 0.3 (red dot-and-dash line). Numerical
parameters of the model are as follows: Q= €, = 0.25 5, V1 =12 = ¥ip/2, Yop =30, [ =5x 107y, T =050, I, =0.1T"1,

1, = 00 (steady state), Tg = 5 yipy, and oF = £7 /2.
Egs. (24) has a series of the solutions

Sr=nn/(T1 —T,) (n=0,%1,%£2,...) (28)

related not only to the central Ramsey resonance but also to
other fringes (for n # 0). These solutions are determined by
the condition

Trn==2Tr, = & =L (29)
In this case, the corresponding concomitant parameter £ can

be found from the equation

h+1q
/ (§2(1), Wa (@)Y, Wp 0in)dt = 0. (30)

5]
However, frequency stabilization in atomic clocks is carried
out by the central Ramsey resonance (§g = 0). Therefore, the
identification of the central fringe is an important technical
problem, which has been considered in several works [38—41].

A. GABRS-CPT with a correction phase

As the first particular case of GABRS for CPT resonances,
we consider the scheme where a concomitant stabilized pa-
rameter is the additional shift of the relative phase of the
bichromatic field during the second Ramsey pulse, i.e., £ =
¢.. The correction phase, ¢. = ¢., for which the light shift of
the stabilized frequency is absent (§cjock = 0), can be found
from Eq. (27). A comparison of the usual Ramsey scheme

and the GABRS with the correction phase for different field-
induced shifts Ay, of the clock transition is shown in Fig. 4.
Hereinafter, for convenience we determine the frequencies in
units of half-width at half-maximum of the steady-state CPT
resonance ycpr (see, for example, Ref. [42]):
2 2
yorr ~ (r + M) G31)
Yopt
In the calculations, we assume that during the first Ramsey
pulse the atoms are pumped into the steady state (i.e., formally
7, = 00), which corresponds, in practice, to the condition
> VC_P]T' As follows from Egs. (19) and (27), the duration
and the shape of the pumping Ramsey pulse can only affect
the value of the concomitant parameter £ and the slope of
the error signals, while the light-shift suppression Beiock = 0)
is independent of pulse parameters. Figure 4(d) demonstrates
the efficiency of this GABRS scheme for suppressing the light
shift of the error signal S{1) (SR, ¢.), which is used to stabilize
the LO frequency. The dependence of the correction phase
¢, on the detection (accumulation) time of the spectroscopic
signal 74 is shown in Fig. 5(a). In Fig. 5(b), the dependence
of the correction phase ¢, on the frequency shift of the clock
transition Ag, is presented. Under the condition t4 > yC_PlT’
this dependence is well described by the formula:

Pc(Agh) ~ —2arctan(Ag,/ycpr).- (32)

013511-6
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0,

0

1 2 3 4 5 6 7 8
L2 3 4 5 6 T 8TV
-0.05¢

-0.10

-0.15F

-0.201

(b)

3 Ash/YCPT

FIG. 5. (a) Dependence of the correction phase @. on the detection time 74 at Ay, /ycpr = 0.1. (b) Dependence of the correction phase @,
on the frequency shift of the clock transition Ay, at 7y = 5 ya,lT. Numerical parameters of the model: Q) = Q5 = 0.25yg, y1 = 2 = Vsp/2,
Yopr =50 ¥5p, [ =5 x 107y, Ty = 0.5T 71, T, = 0.1 ', 7, = oo (steady state), and o = £7/2.

B. GABRS-CPT with compensating frequency jumps

As the second particular case of GABRS for CPT reso-
nances, we consider the scheme where a concomitant sta-
bilized parameter is an additional jump in the frequency
difference (w; — wy) during both Ramsey pulses, i.e., £ =
A.. The frequency jump (A, = A.), which completely com-
pensates the light shift (8.0 =0), can be found from
Eq. (27). In Fig. 6(a) the error signals for the stan-
dard Ramsey scheme under different values of light shift
Ag, are shown. Graphs of the error signals for stabiliza-

Sen’ B oA, =0)
0.6

\\‘
N4t
77 \\ \\
02

02F \'. N\
04f \
-0.6f
S pA,
06}
0.4l

0.2

5.1,
-0.21

_0.4F

-0.6

FIG. 6. (a) Error signal SV (8,

err

tion of the concomitant parameter A, are presented in
Fig. 6(b). Figure 6(c) demonstrates the error signals for
frequency stabilization when A. = A.. In contrast to the
GABRS with correction phase, here the error signals
STV, A, = A,) for different values of Ag, completely
coincide and have an antisymmetric shape. Also note that
the value of the stabilized concomitant parameter A. does
not depend on the detection time 74. The dependence of the
frequency jump A, on the light shift Ay, has obviously linear
form: A. = Ag, [see Fig. 6(d)].

S (3, =0.4,)

err

___ 06}
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(d)

0.5r

-1.0

A, =0) in the standard Ramsey scheme. (b) Error signal S,

05 05 10 Ay /Y cor

-0.5F

-1.0r

(D)(sg =0, A,) for stabilization of the

err

additional frequency jump. (c) Error signal STV (g, A, = A,) for stabilization of the LO frequencies in the autobalanced Ramsey scheme
with the additional frequency jump. (d) Dependence of the frequency jump A, on the frequency shift of the clock transition Ag,. The graphs
(a)—(c) are calculated for the following values of the light shift of the Raman transition: Ag,/ycer = 0 (black solid line), Ag,/ycpr = 0.1
(green dashed line), and Ag,/ycpr = 0.3 (red dot-and-dash line). Numerical parameters of the model are as follows: ; = Q; = 0.25 yp,
VI =92 = Vep/2 Yopr = 50¥ps ' =5 x 107y, T; = 0.5, T, = 0.1, 1, = oo (steady state), 7q = 5 ypp. and aF = £7 /2.
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In theory, both considered variants of the GABBS lead to
the same result, which consists in complete suppression of the
light shift. However, in practice the efficiency of these meth-
ods may be different. Therefore, the experimental comparison
of these two schemes during the measurement of the Allan
deviation has a great interest.

IV. COMBINED ERROR SIGNAL IN RAMSEY
SPECTROSCOPY OF CPT RESONANCES

The protocol of the combined error signal in Ramsey
spectroscopy (CESRS) of clock transitions was proposed in
Ref. [31]. Below, we rigorously prove the applicability of
this method for CPT resonances in the framework of the
three-level A model.

This approach is also based on the excitation and interro-
gation of atoms using two sequences of Ramsey pulses with
different free evolution times 7; and 7>. However, in contrast
to the GABRS, only one feedback loop is employed here.
In this case, the error signal for the frequency stabilization
is formed as a linear superposition of two usual error signals
obtained separately for each Ramsey sequence:

S(CES)(SR) — S(Tl)(SR) _ ﬁcalS(TZ)(SR)’ (33)

err err err

where B., is some calibration coefficient. The stabilized
frequency of the local oscillator corresponds to the condition

when the combined error signal is zero: S5 (8g) = 0. Sub-

stituting the expression (19) in the formula (33), we obtain

1y
SECES(8r) = e T [ / (), Wat) T, Wy Pin)dt

5]

h+T1q
— Peae T / ((0), Wdaﬁ‘nwpﬁm)dt].
" 34)
Setting the calibration coefficient equal to
e (35)

we can write the expression for the combined error signal (34)
as follows

S(CES)(aR) — e*FT] /

[5)

h+1g

(1), Wa(t)(Tr, — T, ) Wpoin)dt.
(36)

Taking into account the equality (26) for the matrices ?Tl and

A

Ty, at g = 0, from Eq. (36) we find
SEES0) = 0. (37

Thus, the performed analysis proves the absence of the light
shift for the LO frequency stabilized at zero of the combined
error signal (33) with the calibration coefficient (35).

Figure 7 shows the error signals for the standard Ram-
sey scheme under two different times of the free evolution
(T1/T, = 10) and the combined error signal. It can be seen
that for the accurate calibration coefficient By, the light
shift for CESRS is completely suppressed. However, under
real conditions, f.,; may differ from the ideal value, which
leads to the appearance of a residual shift for the combined
error signal. Nevertheless, as calculations show (see Fig. 8),
even +5% deviation of B, from the ideal value provides

err

0.6

S(Tl-Tz)(SR)

L L = 6
-0.04 -0.02 N, 0.02 004 =~ R /YCPT

FIG. 7. Error signals: The green dot-and-dash line corresponds
to the usual Ramsey scheme for T = 0.5, the blue dashed line
corresponds to the usual Ramsey scheme for 7 = 0.05I'"!, and
red solid line corresponds to the combined error signal for 7} =
0.5T~!" and T, = 0.05T"~!. Numerical parameters of the model are
as follows: Ash/VCPT =0.1, Ql = Qz =0.25 Ysps Y1 = V2 = )/Sp/Z,
Yopt = 0y, ' =5 x 1073 Ysp» Tp = 00 (steady state), Tg =5 yc’l R
and of = 7 /2.

suppression of the light shift for the CESRS protocol about
15 times that compared with the usual Ramsey scheme (with
the free evolution time 7).

The modified variant of the combined error signal in
Ramsey spectroscopy (MCESRS) for CPT resonances is con-
sidered in Appendix B. This method allows us to integrate
two successive interrogations of atoms under different times
of free evolution in one cycle. A potential advantage of
MCESRS compared to CESRS is a decrease by about 2 times
the duration of one cycle required to correct the stabilized
frequency.

8clock /y CPT
0.020F

0.015F
0.010F

0.0051

Ash /y CPT

0.05 0.10 0.15 0.200 ~ ~0:25— — —0:30

FIG. 8. Shift of the clock frequency 8o Vversus the light shift
Agn. The black solid line is calculated for the usual Ramsey scheme
(T = 0.5T71), the red solid line is calculated for the CESRS (7} =
0.5T" and T, = 0.05T ") in the case of the ideal value (35) of
the calibration coefficient B, the green dashed line is calculated
for the CESRS if B, deviates by +5% from the ideal value, and
the blue dashed line is calculated for the CESRS if S, deviates by
—5% from the ideal value. Numerical parameters of the model are
as follows: Q) = Q5 = 0.25 Ve, V1 = V2 = VYsp/2, Vopt = 30 yp, I' =
5 x 1075y, T, = 00 (steady state), Tq = 5 ygpp» and oF = £7/2.
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V. CONCLUSION

The applicability of the methods of generalized autobal-
anced Ramsey spectroscopy (GABRS) and the combined
error signal in Ramsey spectroscopy (CESRS) for resonances
of coherent population trapping (CPT) is rigorously proved.
The analytical results are confirmed by numerical calculations
demonstrating the high efficiency of suppressing light shift
and its fluctuations. For GABRS, two variants of a con-
comitant parameter are considered in detail. In the first case,
the additional variation of the relative phase for the second
Ramsey pulse of the bichromatic field is used. In the second
case, it is proposed to introduce during the Ramsey pulses
the additional shift in the Raman detuning for compensation
of the light shift. In addition, a modified version of CESRS
is considered, in which two successive interrogations with

different times of free evolution are combined in one cycle.
The implementation of the GABRS and CESRS methods can
significantly improve the long-term stability and accuracy of
CPT atomic clocks. An advantage of the these spectroscopic
schemes is also their high immunity to various distortions of
the pulse shape, relaxation processes, errors in the formation
of phase jumps, etc.
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APPENDIX A
The Liouvillian L is determined by Egs. (3)—(5):
-T2 0 0 r/2 —iQ fon 0 0 n+r/2
0 —I' —i(r — Aw) 0 0 —iS2 0 0 i 0
0 0 —I'4+i(6r — Asn) 0 0 i3 —i2 0 0
r/2 0 0 -T2 0 0 —i i y2+T/2
L=|-ie —iQ 0 0 Vopt — 81 0 0 0 iQ
i 0 2 0 0 —Yopt + 81 0 0 —iS2)
0 0 —iQr —iQ 0 0 —Yopt — i3 0 i
0 i) 0 2 0 0 0 —Yopt + 82 —iS2
0 0 0 0 i —iQr iQ —iQ —yp =T
(AD)
In the absence of the light field (2; = €, = 0 and Ay, = 0), the Liouvillian [ takes the following form:
-Ir/2 0 0 ry/2 0 0 0 0 vi+T/2
0 —I' —ibr 0 0 0 0 0 0 0
0 0 —I' +idr 0 0 0 0 0 0
r/2 0 0 -Ir/2 0 0 0 0 n+T/2
Ly = 0 0 0 0 —Yopt — 181 0 0 0 0
0 0 0 0 0 —Yopt T 181 0 0 0
0 0 0 0 0 0 —Yopt — i62 0 0
0 0 0 0 0 0 0 —Yopt + 182 0
0 0 0 0 0 0 0 0 —Ysp— I
(A2)
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The operator Gy = M7 describes the free evolution of atoms:

Gll 0 0 G14 0
0 e (T+sT 0 0 0
0 0 e~ T=is)T 0
G 0 0 Gy 0
Gr=|0 0 0 0 o= ComtioT
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
where
Gii=Gu=3(1+e'"), (A4)
G =Ga=3(1-e""), (A5)
r _
Gy = ity + Y1 V2 e,[‘T
2(ysp + F) 2ysp
2 r r —
_ ySP( J/l + ) + (Vl V2) e*(l/sp+r)T’ (A6)
2y (Ysp + 1)
N —
G49 — i+ + . V1 Y2 e_rT
2(J/sp + F) 2)/sp
_ VSP(ZVZ + F) - F(Vl - ‘}/2) e_(ysp_’_r)r' (A7)

2yp(Vsp + 1)

APPENDIX B: MODIFIED CESRS-CPT

In this section, we discuss two variants of a modified
combined error signal in Ramsey spectroscopy (MCESRS) of
the coherent-population-trapping (CPT) resonances. The main
idea of this spectroscopic scheme is to join two Ramsey cycles
with different free evolution times in one cycle. This can be

a
( )Ql’2
Ty oy PRI
i | i | i
I phase I I
Jump
pumping I |detection detection
1
1
0 4 hopob i t
W ds :
— T, '
Qi T T T
) p ) ) S u | L ,
(b) : ‘ : : iy "
phase I I
Jump
pumping ! detection detection
1
1 N
0 1, 't T 7, i, t
W is :
: ‘ T, |

FIG. 9. Scheme of a three-pulse Ramsey-type sequence. The first
pulse pumps atoms into a dark state. Two subsequent pulses detect
the spectroscopic information.

0 0 0 Gy

0 0 0 0

0 0 0 0

0 0 0 Gy

0 0 0 0 , (A3)
e~ Yop—i81)T 0 0 0

0 e~ Vop+i82)T 0 0

0 0 e~ Yo —i8)T 0

0 0 0 e~ et DIT

(

achieved by using a Ramsey sequence, which consists of three
pulses separated by time intervals with different durations Ty
and 77, as shown in Fig. 9. The first pulse must be long enough
to pump the atoms into a dark state. Two subsequent short
pulses interrogate the atoms. The duration of the first detecting
pulse should be short enough so as not to destroy the atomic

Sclock /’Y CPT (a)
0.012f

0.0101
0.008
0.006
0.004

0.002

0 K—:-l—a—k————"——_—‘————"————

6<:lock /y CPT (b)
0.012

0.010
0.008[
0.006 [
0.004[
0.002[

0f _ _ X Ash/YCPT

FIG. 10. Shift of the clock frequency 8. versus the light shift
Ay, for MCESRS: (a) detecting pulses of the equal durations;
(b) detecting pulses of the different durations. The black solid line is
calculated for the usual Ramsey scheme (7 = 0.5 '), the red solid
line is calculated for the MCESRS (7, = 0.5T !'and Ty = 0.05T ")
in the case of the ideal value (B2) of the calibration coefficient
Bea, the green dashed line is calculated for the MCESRS if By
deviates by +5% from the ideal value, and the blue dashed line is
calculated for the MCESRS if B., deviates by —5% from the ideal
value. Numerical parameters of the model are as follows: Q; = Q, =
0.25y5p, V1 = ¥2 = ¥sp/2, Yopr =50y, =5 x 107 Vsps Tp = OO
(steady state), 7y = t5 = 0.15 Yoy, and oF = 7 /2.
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coherence. A spectroscopic signal (for example, absorption or
transmission) is recorded for each detecting pulse, after which
the combined error signal is calculated as a superposition of
the usual error signals.

In the first version of the MCESRS, we propose to use de-
tecting pulses of equal durations [see Fig. 9(a)]. The combined
error signal has the form

Sar SV (GR) = SEP(GR) — BG T SEGR). (B
where the calibration coefficient according to Eq. (35) is
IBQ\;ICES) — ¢ TT-Ts) (B2)

In the second version of the MCESRS, it is proposed to
use detecting pulses of different durations [see Fig. 9(b)]. This
scheme is based on the fact that the amplitude of the error
signal is proportional to the duration of the detecting pulses
if 5, 11, K ygplT. In this case, the error signal is calculated as

follows:

SMCESD) (5g) = STH(8) — S5 (8R), (B3)

where the ratio between the pulse durations is determined by
the calibration coefficient (B2):
(B4)

T

t_z _ ﬂC(ZICES)’
where tg and 1 are the durations of the first and second
interrogating pulses, respectively.

Phase jumps must be performed before the first detecting
pulse. Figure 10 demonstrates a comparison of the standard
Ramsey scheme and two variants of the MCESRS (see Fig. 9).
From these graphs it can be seen that even for £5% deviations
of the calibration coefficient (B2) the proposed methods pro-
vide a significant suppression of the light shift.

Note that the MCESRS technique is specific for CPT
clocks and not applicable for optical atomic clocks.
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