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ABSTRACT

We study the dynamics of a viscous protoplanetary disc hosting a population of dust grains
with a range of sizes. We compute steady-state solutions and show that the radial motion of
both the gas and the dust can deviate substantially from those for a single-size dust population.
Although the aerodynamic drag from the dust on the gas is weaker than in the case where all
grains are optimally coupled to the gas, the cumulative ‘back-reaction’ of the dust particles
can still alter the gas dynamics significantly. In typical protoplanetary discs, the net effect of
the dust back-reaction decreases the gas accretion flow compared to the dust-free (viscous)
case, even for dust-to-gas ratios of the order of 1 per cent. In the outer disc, where dust grains
are typically less strongly coupled to the gas and settle towards the midplane, the dust backreaction can even drive outward gas flow. Moreover, the radial inward drift of large grains is
reduced below the gas motion in the inner disc regions, while small dust grains follow the
gas dynamics over all the disc extent. The resulting dust and gas dynamics can give rise to
observable structures, such as gas and dust cavities. Our results show that the dust back-reaction
can play a major role in both the dynamics and observational appearance of protoplanetary
discs, and cannot be ignored in models of protoplanetary disc evolution.
Key words: accretion, accretion discs – planets and satellites: formation – protoplanetary
discs – circumstellar matter dust, extinction.

1 I N T RO D U C T I O N
Solids in protoplanetary discs represent the primary building blocks
of both rocky planets and cores of gas giants and play an essential
role in regulating most of the thermal features of discs (Testi et al.
2014). The birth place of protoplanetary discs is the diffuse interstellar medium (ISM), which on average is composed in mass of
1 per cent dust and 99 per cent gas (Mathis, Rumpl & Nordsieck
1977; Weingartner & Draine 2001). At the beginning of the star formation process, dust particles are well mixed with the gas and the
dust-to-gas ratio is expected to be uniform. However, even during
the early phases of protostellar collapse, before protoplanetary discs
are formed, the solid component is expected to evolve significantly
from typical ISM dust to a population of solids characterized by a
wider range of sizes (Weidenschilling 1980; Kim, Martin & Hendry
1994). Large dust grains with size 1 μm couple more loosely to
the turbulent fluctuations of the gas. As a result, they segregate
spatially, concentrate locally, and increase the local dust-to-gas ra-
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tio by up to an order of magnitude (Liseau et al. 2015; Larsson &
Liseau 2017; Tricco, Price & Laibe 2017). Observations of molecular clouds and young protostellar objects provide robust evidence
of the presence of larger grains (e.g. Furlan et al. 2006; Hughes
et al. 2007; Ricci et al. 2010; Pagani et al. 2010; Andersen et al.
2013; Miotello et al. 2014) and of regions where the dust-to-gas
ratio is up to an order of magnitude higher than the canonical ISM
value (Liseau et al. 2015; Ansdell et al. 2016, 2017; Larsson &
Liseau 2017; Long et al. 2017). However, uncertainties on carbon
abundances can affect the gas mass estimates and detailed physicochemical disk models need to be carried out to properly account
for freeze-out and isotopologue-selective processes (Miotello et al.
2016, 2017). Similarly, solids concentrate during the formation of
the disc itself, and the initial dust content of a disc is expected to be
richer than the ISM. An intense differential concentration of solids
occurs in the disc under the combined effect of the gravity of the
star and gas drag (Bate & Lorén-Aguilar 2017). Millimetre-sized
grains settle close to the midplane, while micron-sized particles
are scattered by turbulence over large scales (Dubrulle, Morfill &
Sterzik 1995). Additionally, the inward drag-induced drift of grains
in typical protoplanetary discs makes grains concentrate radially
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are readily observed in hundreds of protoplanetary discs (Testi et al.
2014). In the youngest clusters, the incidence of these tracers is close
to 100 per cent, but this fraction declines to <5–10 per cent by ages
of 3–5 Myr (Haisch, Lada & Lada 2001; Hernández et al. 2007).
Accretion signatures and molecular line emission vanish on similar
time-scales (Fedele et al. 2010; Mathews et al. 2012), and upper
limits on all of these tracers in disc-less stars show that disc dispersal
is extremely efficient (Pascucci et al. 2006; Ingleby et al. 2009). All
these signatures disappear near-simultaneously, and relatively few
objects (so-called ‘transitional’ discs) show evidence of partial disc
clearing. This suggests that disc dispersal occurs relatively quickly,
after lifetimes of a few Myr (e.g. Simon & Prato 1995; Andrews &
Williams 2005; Koepferl et al. 2013). However, it is also notable that
the majority of transitional discs shows signs of inner disc clearing,
suggesting that disc dispersal proceeds (rapidly) from the ‘insideout’ (see, e.g. Owen 2016). This is consistent with our theoretical
understanding of disc evolution and dispersal (Alexander et al. 2014;
Gorti, Hollenbach & Dullemond 2015; Gorti et al. 2016), but to date
most secular evolution models have considered dust only as a trace
contaminant. Given that most disc observations trace only the dust
component, the possibility that dust-gas dynamics may also drive
inside-out disc evolution clearly warrants further investigation. All
of these results suggest that the back-reaction of the dust on the gas
is likely to be significant, and needs to be taken into account in disc
evolution models.
To determine precisely the extent to which the dust affects the
gas dynamics, one should take into account the fact that the mass of
solids is locally distributed (unequally) among grains with different
size that contribute to the back-reaction with different intensities. Interestingly, as dust grains of different sizes are coupled through their
respective interaction with the gas, the back-reaction from grains of
a given size may trigger a gas flow which, in turn, affects the motion
of grains of other sizes (Tanaka, Himeno & Ida 2005; Kretke et al.
2009; Bai & Stone 2010; Okuzumi et al. 2012). Moreover, while
previous studies have considered only inviscid discs, we aim to determine whether the dust-driven gas flow can dominate over the
viscously-driven accretion flow when the cumulative back-reaction
from a grain-size distribution is accounted for properly. To this end,
we use analytic calculations to determine the steady-state gas and
dust velocities in a viscous disc hosting a population of grains with
different sizes. The paper is organized as follows: in Section 2, we
formalize the dynamics of viscous discs hosting grains of multiple
sizes in 2D, and discuss its evolution. In Section 3, we analyse the
dust and gas dynamics at the midplane of typical protoplanetary
discs. In Section 4, we integrate the analysis over the vertical direction in typical disc models with realistic grain-size distributions.
Finally, in Section 5, we discuss the implications of our results in
the context of disc evolution models and summarize our findings in
Section 6.
2 DY N A M I C S O F M U LT I P L E S P E C I E S
OF DUST GRAINS
2.1 Equations of motion
We assume a thin, axisymmetric, non-magnetic, non-selfgravitating, viscous, and vertically isothermal dusty protoplanetary disc. We assume that the angular momentum is transported
across the disc by an effective viscous-like mechanism (Shakura &
Sunyaev 1973), without detailing the origin of the transport (see
Section 5.2 for a discussion). The dust is modelled as a continuous pressure-less and inviscid fluid made of n separate phases of
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(Weidenschilling 1977), an effect amplified by dust growth (Laibe
2014). In parallel, gas loss due to winds, either photoevaporative
(e.g. Throop & Bally 2005; Gorti et al. 2016) or magneticallydriven (e.g. Suzuki & Inutsuka 2009; Gressel et al. 2015; Bai et al.
2016) may also enhance the dust-to-gas ratio. These low-density
flows preferentially deplete the disc of gas, entraining only submicron grains (Takeuchi, Clarke & Lin 2005; Hutchison, Laibe &
Maddison 2016a; Hutchison et al. 2016b) and leaving most of the
dust content behind (Alexander et al. 2014). The combined action
of dust dynamical concentration and gas dispersal would produce
wide regions of high dust-to-gas ratio close to the central star in the
late stages of protoplanetary disc evolution. At such ratios, the dust
influences the disc dynamics as much as the gas (since gas drags
dust as much as dust drags gas) and the disc is expected to enter a
regime dominated by the back-reaction.
The dust back-reaction is known to play an important role in several aspects of planet formation. It regulates the dust scale height
(Weidenschilling 1980; Cuzzi, Dobrovolskis & Champney 1993;
Youdin & Shu 2002) and drives streaming instabilities (Youdin &
Goodman 2005; Youdin & Johansen 2007; Jacquet, Balbus & Latter
2011; Auffinger & Laibe 2018), which might concentrate pebbles
locally up to a threshold sufficient to form planetesimals by gravitational instability (Johansen et al. 2007; Johansen, Youdin & Mac
Low 2009; Bai & Stone 2010). Over long time-scales, the backreaction can destroy vortices (Fu et al. 2014; Crnkovic-Rubsamen,
Zhu & Stone 2015) or affect the morphology and location of pressure maxima (Taki, Fujimoto & Ida 2016; Weber et al. 2018). Indeed, the back-reaction is capable of affecting the evolution of the
gas – even for dust-to-gas ratios of just a few per cent – since the
flow powered by the back-reaction in the midplane is more intense
than the viscous accretion flow, resulting in an inner region depleted
of gas (Gonzalez, Laibe & Maddison 2017; Kanagawa et al. 2017).
When grain growth is additionally considered, the back-reaction
may also produce a large-scale pressure maximum that traps the
grains drifting from the outer disc (Gonzalez et al. 2017).
From an observational point of view, recent multi-wavelength,
high-sensitivity and high-resolution dust continuum measurements
revealed a difference between the gas and dust disc sizes and, importantly, an anti-correlation between the wavelength and the radial
extent of the continuum emission: the disc emission observed at
short wavelengths is more extended than the disc emission observed at long wavelengths (e.g. Guilloteau et al. 2011; Andrews
et al. 2012; Pérez et al. 2012; Tazzari et al. 2016). These findings
have been interpreted as evidence for a size-sorted spatial density
distribution in the dust, induced by the combination of radial drift
and grain growth processing (see the review by Testi et al. 2014 and
references therein). Moreover, scattered light observations confirm
the presence of stratification, with smaller grains extending found
higher up in the disc atmosphere while larger grains have settled
about the disc midplane (Pinte et al. 2008; Duchêne et al. 2010;
Avenhaus et al. 2018). The general picture emerging from these
observational results is that large dust grains populate the inner disc
regions around the midplane, while the gas and small dust grains
have a larger spatial extent both radially and vertically (Ansdell et al.
2018), although the larger size of the gas disc might be ascribed to
optical depth effects (Facchini et al. 2017). Since most of the solid
mass is typically concentrated in larger grains, regions of higher
dust-to-gas ratio are therefore expected to develop very efficiently
around the midplane in the inner disc regions.
Moreover, dust tracers – from near-infrared (IR) emission from
small grains in the inner disc, through mid-IR and far-IR emission,
to mm and cm emission from larger solids at large radial distances –
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compact homogeneous, collisionless, and indestructible spheres of
fixed radii (Garaud, Barrière-Fouchet & Lin 2004). Notations are
described in Appendix A. The equations of motion for the gas and
the ith dust phase are (e.g. Tanaka et al. 2005; Laibe & Price 2014)
1 
∂u
+ (u · ∇) u =
Ki (v i − u) − ∇
∂t
ρg i
−

1
(∇P − ∇ · σ ),
ρg

Ki
∂v i
+ (v i · ∇) v i = − (v i − u) − ∇,
∂t
ρdi

(1)

(2)

Ki ≡

tis

ρ
ρ ρ
 di g  = s di
,
(1
+ i )
t
ρg + ρdi
i

(3)

Table C.1 in Laibe, Gonzalez & Maddison 2012)

si < 94 λmfp ,
π γ ρgrain si k 1,
Sti =
s
4 i
8
ρg cs
, si ≥ 94 λmfp ,
9 λmfp

(6)

where ρ grain denotes the material grain density, while cs and γ are
the sound speed and the adiabatic index of the gas, respectively.
Following Nakagawa, Sekiya & Hayashi (1986) and Tanaka et al.
(2005), we perform a perturbative expansion of the velocities of each
phase relative to the local Keplerian velocity v k ≡ rk eφ , since the
deviations are of order (Hg /r)2  1, where Hg is the gas disc scale
height (Section 4.1.1). In cylindrical coordinates, the equations of
motion for the perturbed velocities are
 Ki
1 ∂P
∂ur
=
+ 2k uφ ,
(vi,r − ur ) −
(7)
∂t
ρ
ρ
g
g ∂r
i
 Ki
k
1
∂uφ
(vi,φ − uφ ) −
=
u r + ∇ · σ |φ ,
∂t
ρ
2
ρ
g
g
i

(8)

Ki
∂vi,r
= − (vi,r − ur ) + 2k vi,φ ,
∂t
ρd

(9)

k
∂vi,φ
Ki
= − (vi,φ − uφ ) −
vi,r ,
∂t
ρd
2

(10)

where tis is the typical time for the drag to damp the local differential
velocity between the gas and the ith dust phase. Individual dust-toadd up to give the total dust-to-gas ratio
gas ratios,  i ≡ ρ di /ρ g , 
 ≡ ρ d /ρ g , where ρ d ≡ i ρ di is the total dust density. We define
the Stokes number for the ith dust species as

where, for simplicity, we use uφ and v i, φ to denote the relative
azimuthal velocities with respect to the Keplerian velocity. equations (7)–(10) are a linear system of 2n + 2 differential equations
of 2n + 2 velocities, where n is the number of particle bins in the
grain-size distribution.

Sti ≡ (1 + i ) tis k ,

2.2 Steady-state velocities

(4)

i.e. proportional to the ratio of the stopping time of the ith dust phase
to the orbital time −1
k , where k is the Keplerian angular velocity.
We want to caution that two different definitions of the Stokes
number differing by a factor (1 +  i ) can be found in literature
(Dipierro & Laibe 2017; Kanagawa et al. 2017, see section 3.2 of
Laibe & Price 2012a). In this paper, we adopt the definition of the
stopping time in a gas–dust mixture defined in equation (3), but for
convenience we consider the Stokes number in the form expressed
by equation (4) in the case of a mixture of multiple dust species.
The stopping time tis depends on the size of the particle si relative
to the mean free path of the gas molecules λmfp (Whipple 1972),
defined as
 −9

10 g cm−3
μmH
≈ 1.15 cm
,
(5)
λmfp ≡
ρg σcoll
ρg
where mH ≈ 10−24 g is the proton mass, σcoll ≈ 2 × 10−15 cm2 is the
molecular collisional cross-section of the gas (Chapman & Cowling
1970), and μ is the mean molecular weight (typically taken ∼2.3
due to the abundances of molecular hydrogen and helium in protoplanetary discs). When the grain size si is smaller than the mean
free path, i.e. si < 9λmfp /4, the drag force can be computed by considering the transfer of angular momentum between collisions of
individual gas molecules at the grain surface. This case is typically
referred to as the Epstein regime (Epstein 1924) and is the relevant
drag law for the majority of grains with size  cm. However, the
gas in the very inner disc regions can be sufficiently dense for the
dust particles to enter the Stokes drag regime. In typical protoplanetary discs, the Stokes number can therefore be expressed by (see

We look for steady-state circular orbits, assuming that
 initial ec the
centricities are damped after a typical time ∼ max tis . We follow
the derivation of Tanaka et al. (2005) to obtain the steady-state solution of equations (7)–(10). The radial and azimuthal gas velocities
relative to the Keplerian velocity are given by
ur =

−λ1 vP + (1 + λ0 ) vvisc
,
(1 + λ0 )2 + λ21

(11)

uφ =

1 vP (1 + λ0 ) + vvisc λ1
,
2
(1 + λ0 )2 + λ21

(12)

while the relative velocities of the ith dust phase are
vi,r =

vi,φ

vP [(1 + λ0 ) Sti − λ1 ] + vvisc (1 + λ0 + Sti λ1 )


,
(1 + λ0 )2 + λ21 1 + St2i

1
=
2

vP (1 + λ0 + Sti λ1 ) − vvisc [(1 + λ0 ) Sti − λ1 ]


(1 + λ0 )2 + λ21 1 + St2i

(13)

, (14)

where
vP =

1 ∂P
ρg k ∂r

(15)

is the typical particle drift velocity and
2
∇ · σ |φ
k ρg


∂
1
3 ∂k
=
ηr
∂r
rρg ∂∂r (rvk ) ∂r

vvisc ≡

(16)
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where u and v i denote the velocity of the gas and the ith dust
phase, respectively. ρ g and ρ di denote the gas and the ith dust
phase densities, respectively. , P, and σ refer to the gravitational
potential of the star, the pressure, and the viscous stress tensor of the
gas, respectively. Ki is the drag coefficient between the gas and the
ith dust species. Its expression depends on the local gas properties
and grain sizes (e.g. Birnstiel, Dullemond & Brauer 2010; Laibe &
Price 2012b), and is related to the stopping time tis of the mixture
of gas and the single ith dust species according to
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is the radial velocity of the gas due to viscous torques, derived by
Lynden-Bell & Pringle (1974). Here, η = νρ g is the shear viscosity
coefficient, with ν denoting the kinematic viscosity. The relative
contributions of the individual dust phases are encoded by the parameters λ0 and λ1 defined by
λk ≡


i

Stki
i .
1 + St2i

(17)

vi,φ =

1
2



−ur Sti + 2uφ
1 + St2i



Here, equations (18) and (19) have a form similar to equations (14)
and (15) in Tanaka et al. (2005), but the gas velocities in our equations (11) and (12) include additional terms related to the viscous
evolution (i.e. terms ∝v visc ). In Appendix B, we validate our equations against 3D Smoothed Particle Hydrodynamics (SPH) simulations containing a mixture of gas and dust with multiple grain sizes
(Price et al. 2017; Hutchison, Price & Laibe 2018).
In the case of a population comprising a single equally sized dust
species with uniform dust-to-gas ratio , adopting the definition of
Stokes number St shown in equation (4), equations (11)–(14) reduce
to the steady-state velocities derived in Dipierro & Laibe (2017) and
Kanagawa et al. (2017), given by


 vP
vvisc
St2
+
, (20)
1
+

ur = −
1+
(1 + )2 + St2
St + St−1 (1 + )2

1+

St2
(1 + )2 + St2



uφ =

vP
1
2 1+

vr =

vP
1+
+
vvisc ,
(1 + )2 + St2
St + St−1 (1 + )2

(22)

vφ =

1+
1
vvisc
vP −
.
2 (1 + )2 + St2
St + St−1 (1 + )2

(23)

+

vvisc
,
St + St−1 (1 + )2
(21)

Kanagawa et al. (2017) found that the back-reaction has a nonnegligible effect on the gas dynamics for equally sized grains with
Stokes number ∼0.1 − 1 close to the midplane, even for low dust-togas ratios. With equations (11)–(14), we can generalize this analysis
to the case where the solid mass is distributed over a large range of
dust sizes.
2.3 Physical interpretation
Alone, the disc gas undergoes slow radial viscous accretion (if
v visc < 0) while orbiting at sub-Keplerian velocity (if ∂P/∂r <
0), since gravity from the central star is weakly mitigated by the
negative radial pressure gradient of the gas. Similarly, dust alone
follows a Keplerian orbit. In a dust–gas mixture, drag tends to
damp the differential velocities between the phases. In the radial
direction, drag forces the dust to move along with the gas accretion
flow, which, in turn, is slowed by the dust back-reaction. We will
call this motion radial viscous drag. In the azimuthal direction, dust
experiences a continuous headwind from the gas, which makes it
MNRAS 479, 4187–4206 (2018)



(19)

.

|vvisc | ∼ α

Hg
r

2
vk ,

(25)

where Hg is the usual gas disc scale height in vertical hydrostatic
equilibrium (see Section 4.1.1) and we use ν = αcs Hg (Shakura &
Sunyaev 1973). Thus, |v P |/|v visc | ∼ α −1 . Since α −1 ∼ [102 , 104 ] in
typical protoplanetary discs (Flaherty et al. 2015, 2017), radial drift
is expected to dominate over radial viscous drag for a wide range
of grain sizes.
Typically, for dust made of equally sized grains (see equation (22)) with low dust-to-gas ratio (  1), the direct viscous
drag dominates the radial motion for smaller particles, i.e. when
St  α. Larger particles (α  St ∼ 1) are significantly influenced by
the headwind from the gas, drifting towards pressure maxima (e.g.
Laibe et al. 2012). Particles with St 1 do not dynamically interact
with the gas and vice versa. Here, equation (20) shows that for  
α/(St − α), the dust back-reaction by grains with α  St  1 is negligible and the gas moves with the unperturbed radial velocity v visc ,
decreased by a factor (1 + ). However, when   α/(St − α), dust
grains with α  St  1 affect the gas motion, pushing it strongly
back in the regions of lower pressure. In particular, grains with St
= 1 affect the gas motion as soon as their dust-to-gas ratio 
α/(1 − α) ∼ α. Since these grains represent a significant fraction of
the dust mass in real discs (e.g. Brauer, Dullemond & Henning 2008;
Laibe et al. 2008), their dynamical interaction with the gas cannot
be neglected when investigating the gas disc evolution (Kanagawa
et al. 2017).
2.4 The case of continuous dust distributions
In protoplanetary discs, the local dust size distribution results from
the complex interplay between dynamical size sorting and grain
growth processing (Birnstiel, Fang & Johansen 2016; Johansen &
Lambrechts 2017). The resulting distribution in size is usually modelled as a truncated power-law (Draine 2006)

−q
s
dn
=A
for smin < s < smax ,
(26)
ds
smax
where smin and smax denote the minimum and maximum sizes of the
grains, respectively and A is a normalization factor. The dust-to-gas
ratio per unit grain size is therefore given by
m (s) dn
d
=
,
ds
ρg ds

(27)

where m(s) = 4πρ grain s3 /3 is the mass of a spherical grain of radius
s and material density ρ grain . The factor A is obtained by integrating
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As shown by Tanaka et al. (2005), equations (13) and (14) can be
simplified and dust velocities can be expressed in terms of the gas
velocities as
ur + 2uφ Sti
,
(18)
vi,r =
1 + St2i

lose angular momentum and fall on to the star (if ∂P/∂r < 0). The
back-reaction pushes gas in the opposite direction, towards regions
of low pressure. Therefore, the headwind (tailwind) causes the dust
(gas) to lose (gain) angular momentum and spiral towards (away
from) the star, assuming that the pressure maximum (minimum) is
located close to (far from) the star. This motion is usually called
radial drift. The viscous drag and drift components of the gas and
dust motions depend on the gas pressure and viscosity, respectively,
since those are the sources of the differential motions, as well as the
Stokes number, the dust-to-gas ratio, and the dust size distribution.
An order-of-magnitude analysis of the different velocity sources
(equations 15 and 16) gives
 2
Hg
|vP | ∼
vk ,
(24)
r
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equation (27) over the size distribution. Denoting x ≡ smax /smin , one
obtains
ρd
,
(28)
A = a (x)
smax m(smax )
where
a (y) ≡

(q − 4) y q−4 − 1
−1
,
log (y)

−1

,

q = 4,
q = 4.

(29)

In this continuous limit, the coefficients λ0 and λ1 defined in equation (17) are expressed by
 smax
Stk d
ds.
(30)
λk =
2
smin 1 + St ds

where x ≡ Stmax /Stmin and Stmin and Stmax correspond to the minimum and the maximum Stokes numbers of the distribution, respectively. The integral in equation (31) can be evaluated by means of
the hypergeometric function 2 F1 (Abramowitz & Stegun 1972), as
λk = 

a (x)
W ,
St4−q
max

truncated power-law grain-size distribution (equation 26), adopting
different values of the power law index, q, and the minimum and
maximum values of the grain-size distribution smin and smax , corresponding to the minimum and maximum values of Stokes number
Stmin and Stmax . Experimental studies of fragmentation over a single
target found that q can range from ∼1.9 for low-velocity collisions
to ∼4 for catastrophic impacts (Davis & Ryan 1990; Deckers &
Teiser 2014). Importantly, there is no specific reason to assume that
in protoplanetary discs, q should take the same value as in the ISM
(qISM = 3.5). Moreover, since small grains with St  1 do not
affect the gas motion strongly, we set the minimum grain size of
our distribution such as Stmin = 10−4 (no significant effect is found
when decreasing this value). The grain-size distribution is therefore
described by just two free parameters: q and Stmax . In this paper, we
focus our study on values of q in the range [2,5] and Stmax in the
range [0.1,100], in order to explore the resulting dust and gas dynamics taking into account the different outcome of the grain growth
processing. We assume a material grain density ρgrain = 1 g cm−3 .
Moreover, in order to investigate the contributions from the viscous and pressure terms on to the dust and gas motions, we explore
different values of the dust-to-gas ratio:  = [0.01, 0.05, 0.1] and
viscosity: α = [10−3 , 10−2 ]. We discretize the continuous particle
size distribution into Nbins = 5000 logarithmically spaced bins. A
50 size bins is
numerical convergence test shows that a Nbins
sufficient to discretize equation (30).

(32)

where W = [W(Stmax ) − W(Stmin )], with the function W defined
as
⎧ ξ


⎨ y 1 − 2 F1 1, ξ ; 1 + ξ ; −y 2 , q = k + 2,
ξ
2
2
(33)
W (y) ≡
⎩ 1 log 1 + y 2  ,
q = k + 2,
2
where ξ = k − q + 2. Restricting our analysis to size distributions
relevant for dust dynamics in typical protoplanetary discs, i.e. for
1, we derive the expansion of W
which Stmin  1 and Stmax
accurate to a few percent, given by
⎧ ξ
2+ξ
⎨ Stmax + π cosec π (k − q) − Stmin , q = k + 2,
ξ
2
2
2+ξ
(34)
W
2
⎩
,
q = k + 2,
log (Stmax ) − Stmin
2
which is valid for λ0 when q = 4 and for λ1 when q = 5. If we
consider size distributions that are reasonably steep (q < 4), λ0
and λ1 are mostly dominated by the value of Stmax . One exception
concerns the case q > 4, where λ1 is dominated by the value of Stmin .
However, since we limit our study to size distributions with q < 5,
we find that value of Stmin does not strongly affect the dynamics of
the mixture in our model, assuming Stmin  1 (see also Section 3.2).
3 G A S A N D D U S T E VO L U T I O N AT T H E D I S C
MIDPLANE
In this section we compute the steady-state gas and dust velocities
at the midplane of typical protoplanetary discs with the aim to infer
the role of the back-reaction in the gas and dust dynamics adopting
a continuous grain-size distribution (Section 2.4).
3.1 Disc model
We model a locally isothermal disc (γ = 1) orbiting around a central
star with mass M = 1 M with gas surface density  g ∝ r−1 and
temperature T ∝ r−0.5 . The dust component is modelled assuming

3.2 Gas dynamics
Adding up the contributions of the different dust populations on to
the gas motion, we find that the back-reaction has two effects (see
equation (11)). First, the drag from the tightly coupled dust grains
reduces the radial velocity of the gas (compared to a gas-only disc)
as follows,
udrag =

1 + λ0
vvisc < vvisc ,
(1 + λ0 )2 + λ21

where v visc at the midplane (see equation (16)) is given by


3ν ∂ log νρg0 r −1/2
,
vvisc (r, z = 0) = −
r
∂ log r

(35)

(36)

where ρ g0 ∝  g /Hg ∝  g k /cs is the gas density at the midplane.
In our disc model, the viscous velocity in the midplane is positive (see also Section 4.1.2). Second, the back-reaction produces
a strong radial drift of gas (and, indirectly, small tightly coupled
grains) towards the outer disc regions, where the pressure decreases
(∂P/∂r < 0 in our model). From equation (11), this effect occurs
when the back-reaction from large grains is sufficient to push the
gas outwards and carry small grains away. Quantitatively,
udrift = −

λ1
vP ,
(1 + λ0 )2 + λ21

where
vP
(r, z = 0) = −
vk



Hg
r

(37)


2 
 ∂ log P0 


 ∂ log r  ,

(38)

where P0 = ρg0 cs2 is the pressure at the disc midplane. Since in our
model (see also Section 4.2.2) v P is negative, the drift component
udrift is therefore positive. Furthermore, udrift varies with the local
grain-size distribution, since its value is mostly determined by the
mass carried by the grains with St ∼ 1 (see equation (31)). By
comparing the order of magnitude of v visc and v P (equations 24
and 25), we expect udrift to dominate the gas motion when enough
MNRAS 479, 4187–4206 (2018)
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Assuming that all dust grains interact with the gas in the Epstein
regime (see the first form of equation (6)), it is convenient to rewrite
equation (30) under the form
   St
max
a x
St3+k−q
dSt,
(31)
λk =  4−q
Stmax Stmin 1 + St2
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mass is embodied in large grains. However, since udrag and udrift both
depend on λk , the relative importance of these components depends
on the grain-size distribution.
Fig. 1 shows the ratio of the gas radial velocity with respect to
the viscous (i.e. dust-free) gas velocity (equation 36) computed at
r = 1 au for different values of the dust-to-gas ratio  = [0.01, 0.05,
0.1] and viscosity α = [10−3 , 10−2 ]. All the grains in our model
aerodynamically interact with the gas in the Epstein regime (first
expression in equation (6)). It can be noticed that, even assuming the
canonical ISM dust-to-gas ratio (i.e.  = 0.01, see left-hand panels),
the cumulative effect of the back-reaction leads to an increase of the
gas velocity over the gas viscous velocity. This effect is maximized
for smaller index of the grain-size distribution (i.e. q → 2), since
in these cases most of the mass is embodied in larger grains which
mostly affect the gas motion. Fig. 1 shows that grains with Stmax ∼
[0.5, 10] are mostly able to affect the gas motion, with a maximum
efficiency of grains in the range Stmax ∼ [1, 3], depending on the
value of q. The range of Stokes numbers where the effect of the
back-reaction is non-negligible increases with increasing index of
the power law for q ≤ 4. Interestingly, for q  4, the amount of
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dust mass embodied in large dust grains that are responsible for the
drift term decreases, leading to a reduction of the drift component
with respect to the viscous drag component, regardless from the
value of Stmax . This results in a reduction of the gas motion under
the viscous dust-free motion (see equation 35) due to the resistance
to the gas viscous flow of non-migrating dust particles. However,
since the viscous drag component is typically a factor α lower than
the pressure component (see equations 24 and 25), the reduction
is negligible (less than 10 per cent). Increasing the value of α (see
bottom panels of Fig. 1) results in an increase of the viscous drag
component with respect to the drift component, leading to a reduced
outflow of the gas compared to the low viscosity case. Moreover,
the transition from drift to viscous drag dominated regime occurs
at lower values of q.
The radial dynamics of gas and tightly coupled dust grains can
be understood by investigating the ratio |udrift /udrag | with different grain-size distributions. Adopting the estimates shown in equation (34) to evaluate λk (equation 32), we can infer the dependence of the drift-to-drag ratio for different values of the maximum
and minimum sizes of the distribution, assuming Stmin  1 and
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Figure 1. Color and contour plot of the ratio of the gas radial velocity with respect to the viscous (i.e. dust-free) gas velocity for different grain-size
distributions, described by two free parameters: q and Stmax . The panels correspond to different values of the dust-to-gas ratio (from left-hand panel to
right-hand): [0.01,0.05,0.1] and different values of α: (top) 10−3 and (bottom) 10−2 . Significant deviations from the dust-free gas velocity are induced by the
dust back-reaction, and are maximised for low viscosity and for shallower grain-size distribution (i.e. q ≤ 3) with Stmax ∼ [0.5, 10].
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Stmax


 udrift 


u 
drag

1 in the Epstein regime. We obtain
⎧
St q−4 , q > 4,
λ1
 ⎨ min q−4
∝
Stmax , 3 < q < 4,
α (1 + λ0 )
α⎩
Stmax −1 , q < 3.

(39)

For the specific cases q = [2, 3, 4], there is not a simple dependence of this ratio with Stmax and Stmin . Fig. 2 shows the ratio
between the drift and viscous drag component for different values
of q, assuming  = 0.01 and α = 10−3 . For shallow distributions
(q < 4), the drift-to-drag ratio peaks at intermediate Stmax and falls
off as Stmax increases. For distributions with q in the range [3,4], the
decrease of the drift-to-gas ratio with increasing Stmax becomes less
steep compared to the case where q < 3, as shown in Fig. 1. On the
other hand, for steeper distributions (q > 4), since most of the mass
is embodied in small grains, the drift-to-drag ratio depends on Stmin
and, for typical protoplanetary discs with   α, it is smaller than
unity and decreases with increasing q. As shown in Figs 1 and 2,
by increasing the value of q, the drift component decreases with
respect to the viscous drag component and spreads over larger values of the Stokes number, resembling the dependences with Stmax
shown in equation (39) for Stmax
1. Moreover, the drift-to-drag
ratio increases with /α, implying that, since α ∼ [10−2 , 10−4 ] in
typical protoplanetary discs, the drift can dominate the viscous drag
component even for the canonical ISM dust-to-gas ratio.
3.3 Dust dynamics
Fig. 3 compares the dust velocities from single- and multiphase
dust populations, with more or less steep grain-size distributions
and values of the total dust-to-gas ratios that are relevant for protoplanetary discs. It can be noticed that the radial drift velocities
of large grains are reduced compared to the single-phase dust population. The effect becomes more important with increasing , as
previously noted by Bai & Stone (2010). Fig. 3 shows that this
decrease is most pronounced for distributions satisfying Stmax ∼
1 − 10 and small values of the exponent q. In particular, steep size
distributions with q ≥ 4 do not exhibit any noticeable effect on the
dust radial drift for any value of Stmax , since most of the mass is em-

bodied in small grains which do not affect the orbital motion of the
gas (see Fig. 1). The role played by dust back-reaction is apparent
when comparing the radial motion of small grains of Fig. 3 with the
dust-free gas velocity induced by viscous torques (see the dotted
red line). When the dust-to-gas ratio is sufficiently large and the size
distribution is moderately steep (q < 4) and extends to values of
Stmax  1, the motion of small grains is dominated by the outward
motion of the gas induced by the dust back-reaction (Section 3.2).
As a result, while tightly coupled particles follow the outward gas
motion, marginally coupled grains feel a smaller headwind due to
the increased orbital velocity of the gas, leading to a decrease of
their exchange of angular momentum with the gas and a consequent
reduction of their inward motion (see, e.g. the second and third plot
from the left on the top panels in Fig. 3). The efficiency of these
two effects depends on that part of dust mass embodied in grains
able to affect the gas motion, which increases with decreasing q.
With increasing dust-to-gas ratio, the gas becomes more entrained
by the solids, leading to stronger reduction of the drift velocity for
large particles and an increase of the outward migration of gas and
tightly coupled particles.
4 V E RT I C A L LY S T R AT I F I E D D I S C S
In this section, we extend the analysis described in Section 3 to
compute the vertically averaged steady-state gas and dust velocities, adopting typical models for vertically stratified protoplanetary
discs. The aim is to infer the disc conditions that favour the role of
the back-reaction in shaping the gas and dust evolution in typical
protoplanetary discs with realistic grain-size distributions.
4.1 Vertical structure of the gas
4.1.1 Density
We assume a vertically isothermal disc in which the dust distribution has relaxed towards a steady state (see Section 4.2). Vertical
hydrostatic equilibrium arises from the balance between gravity
from the central star, gas pressure, and dust back-reaction. Hence
(Nakagawa et al. 1986),
GM z
ρg
∂ρg
= − 2 (1 + ) 
3/2 ,
∂z
cs
r 2 + z2

(40)

where M is the mass of the central star and G is the gravitational
constant. Here, equation (40) shows that gas pressure accounts for
the weight of the dust, potentially affecting the dust dynamics via
back-reaction. However, since   1, we can safely make the approximation 1 +  ∼ 1 and neglect back-reaction in the vertical
direction (see Appendix B of Kanagawa et al. 2017). The typical
scale height Hg resulting from this balance is
Hg (r) ≡

cs
k,mid

,

(41)


where k,mid ≡ GM /r 3 is the Keplerian angular velocity in the
midplane. Since Hg /r  1, the solution to equation (40) can be
expanded to first order in z2 /r2 , which gives


z2
ρg (r, z) = ρg0 (r) exp −
.
(42)
2Hg2
For a thin protoplanetary disc, the departure of ρ g (computed by
solving equation (40)) from the Gaussian profile given by equation (42) is negligible (see fig. 3 in Armitage 2015).
MNRAS 479, 4187–4206 (2018)
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Figure 2. Ratio of the drift and viscous drag component of the gas radial
velocity for different vales of q, assuming  = 0.01 and α = 10−3 (top-left
panel of Fig. 1). For Stmax 1, the drift-to-drag ratio decreases with increasing q and spreads over larger values of Stmax , resembling the dependences
with Stmax shown in equation (39). For q > 4, the ratio depends on Stmin
and is 1 for typical values of Stmin and /α.
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4.1.2 Velocities
In the absence of dust, the centrifugal balance of forces in the radial
direction yields
u2φ
r

GM r
1 ∂P
= 
.
3/2 +
ρg ∂r
r 2 + z2

(43)

Combining equations (42) and (43), the angular velocity of the gas
g ≡ ruφ can be written as (Takeuchi & Lin 2002, see Appendix C
for further details)




 2 

Hg
m + 3 m z2

+
p+
,
g (r, z) = k,mid 1 −
r
2
2 Hg2
(44)
where we assume  g ∝ r−p and T ∝ r−m . equation (44) shows that
vertical stratification modifies the orbital velocity in a way which
is not perturbative, even for a moderate fraction of the scale height
above the midplane. Similarly, the viscous velocity depends on z
according to (Takeuchi & Lin 2002, see Appendix C for further
details)

vvisc (r, z) =




ν
z2
.
6p + m − 3 + (5m − 9)
2r
Hg2
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(45)

Here, equation (45) shows that gas flows outwards close to the
midplane and inwards above the height


 6p + m − 3 1/2
 Hg .
|z| ∼ 
(46)
9 − 5m 
For typical disc parameters (p = 1 and m = 1/2), this critical height
occurs at |z| ∼ 0.7Hg (see fig. 1 in Takeuchi & Lin 2002). In laminar
viscous discs (contrary to discs with turbulence driven by magnetorotational and vertical shear instabilities, see Flock et al. 2011 and
Stoll, Kley & Picogna 2017), the gas is therefore expected to flow
outward at the disc midplane and inward in the disc upper layers,
producing the so-called meridional circulation (Urpin 1984; Kley
& Lin 1992; Philippov & Rafikov 2017). This motion can represent
a natural way of driving global outward radial transport of dust
particles and could explain the refractory inclusions in meteorites
(Takeuchi & Lin 2002; Ciesla 2009; Hughes & Armitage 2010).
Hence, equations (44) and (45) show that both the radial and the
orbital velocities of the gas vary in the vertical direction, which
affects the efficiency of gas-dust viscous drag and drift.
4.2 Vertical structure of the dust
4.2.1 Density
Since in our analysis we assume   1, we can neglect the effect of dust back-reaction on to the dust vertical distribution and
safely treat the particles as trace contaminants (e.g. Morfill & Voelk
1984; Clarke & Pringle 1988). An important consequence of gas
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Figure 3. Radial drift velocities for dust species in populations with different properties. Columns (left to right) vary the maximum Stokes numbers, Stmax =
[0.1, 1, 10, 100], while rows (top to bottom) vary the index of the power-law size distribution q = [2.5, 3.5, 4.5]. Solid lines denote the radial drift velocity
expected for an equilibrium with single-species (equation 22). The dotted red line denotes the viscous dust-free gas velocity expressed in equation (36). While
the radial drift velocities of large grains are reduced compared to the single-phase population, tightly coupled particles follow the outward gas motion induced
by the back-reaction, especially in those cases characterized by large values of , size distributions with q < 4 and Stmax ∼ 1–10.
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stratification is that the Stokes number of the particles depends on
the vertical height in the disc. With the gas density given by equation (42), the Stokes number of the ith dust species in the Epstein
regime (see the first expression in equation (6)) is given by




π ρgrain si
z2
z2
exp
≡ Stmid,i exp
,
(47)
Sti =
2 g
2Hg2
2Hg2

To the same order, the differential orbital velocity between the gas
(equation 44) and the dust (equation 51) is therefore given by

where Stmid, i denotes the Stokes number in the midplane. Hence,
the same grain can be tightly coupled to the gas in the midplane, but
decoupled as it reaches heights of, e.g. ∼2–3 Hg . From a dynamical
point of view, drag damps the vertical motion of the particles and
makes them settle towards the midplane of the disc. On the other
hand, drag also couples the grains to any stochastic fluctuations of
gas velocity (Weidenschilling 1984), which are presumably due to
gas turbulence. We assume the vertical turbulent diffusivity of the
gas is of order of the turbulent kinematic viscosity ν (see fig. 16
of Zhu, Stone & Bai 2015), although the gas turbulence is not expected to be homogeneous in vertically stratified protoplanetary
discs (Stoll et al. 2017, see section 3.2 of Fromang & Nelson 2009).
Moreover, we simply assume that the dust diffusivity in the vertical
direction is well approximated by the turbulent kinematic viscosity ν. The vertical evolution of the dust distribution can therefore
be described by a Fokker-Planck equation (Carballido, Fromang &
Papaloizou 2006; Fromang & Nelson 2009). The steady-state density distribution, reached after a typical settling time, is given by




z2
Stmid,i
z2
−
−1 ,
(48)
exp
ρdi = ρdi,0 exp −
2Hg2
α
2Hg2

vk,mid

Although no closed-form analytical expression exists for equation (49) with the dust distribution given by equation (48), the
following convenient estimate is usually adopted (Dubrulle et al.
1995; Youdin & Lithwick 2007)

α
.
(50)
Hdi = Hg
α + Stmid,i
In this model, we remark that grains do not interact with each
other. When sticking and destructive collisions are considered, small
grains may be trapped within thin layers when the time-scale for
which small particles are swept up by large grains is shorter than the
mixing time-scale, which results in an enhanced amount of small
particles close to the midplane (Krijt & Ciesla 2016).

4.2.2 Velocities
In the absence of gas, dust orbits the star at the local Keplerian
velocity. The actual inclination of the orbit with respect to the
midplane of the disc can be approximated to order z2 /r2 according
to



GM r
3 z2

1
−
.
(51)
d (r, z) = 
3/2
k,mid
4 r2
r 2 + z2

1 vP
,
2 vk,mid

where
vP


≡−

Hg
r

2 

(52)

m+3 m−3
+
p+
2
2



z2
Hg2


(53)

is the drift velocity (equation 15, Takeuchi & Lin 2002), assuming
 g ∝ r−p and T ∝ r−m , while v k, mid ≡ rk, mid is the Keplerian
velocity at the disc midplane. Here, equation (52) shows that, in
typical discs where p + (m + 3)/2 > 0, the gas is sub-Keplerian
close to the midplane and super-Keplerian above the height


 2p + m + 3 1/2
 Hg ,
|z| ∼ 
(54)
3−m 
which, for typical disc parameters (p = 1 and m = 1/2), occurs at
|z| ∼ 1.5Hg . Therefore, at high altitudes, dust grains rotate slower
than the gas, resulting in dust drifting outwards and gas drifting
inwards. Moreover, equation (45) shows that the cross-wind experienced by dust grains under the action of the viscous accretion
flow decreases with altitude. This leads to a fast decrease of the
direct viscous drag on dust grains as z increases. Hence, dust backreaction is therefore expected to reinforce the outward dust-free
gas accretion flow close to the midplane, while for |z|  0.7Hg the
dust back-reaction tends to act against it, with an efficiency that
decreases with z2 and changes sign above |z| ∼ 1.5Hg . We remark
that our model accounts for deviations to the dust- and gas-free dynamics to order z2 /r2 , which play a crucial role for the exchange of
the angular momentum among all the phases and can nevertheless
produce features that might be detectable with high-resolution and
high-sensitivity observations (Testi et al. 2014).

4.3 Disc models
As previously adopted in Section 3.1, we consider a locally isothermal gas disc with mass Mdisc = 0.01 M orbiting around a central star with mass M = 1 M . We adopt a surface density profile
 g ∝ r−1 , a temperature T ∝ r−0.5 and an aspect ratio Hg /r ∝ r1/4 ,
where H(r0 )/r0 = 0.05 at r0 = 1 au, such that the disc is in vertical
hydrostatic equilibrium (Section 4.1.1). We consider a disc with a
radial extent of r ∈ [rin , rout ], where rout = 100 au and the inner
radius rin = 0.1 au is set to be consistent with the assumption that
the local temperature (assuming that the gas and dust are thermally
coupled) should not be higher than the silicate grains sublimation
temperature (T ∼ 1500–2000 K, Helling et al. 2001). Turbulence is
parametrized by the parameter α in the range [10−3 , 10−2 ].
A dusty disc with the similar radial extent and spatial distribution is superimposed on top of the gas. The total dust mass is
set by the value of the dust-to-gas ratio , which takes the values
[0.01,0.05,0.1]. This fixes typical values for the ratio /α to be of
order ∼1–100. We model a dust density per unit grain size of the
form

−q
s
dρd
(r, z) = C m (s)
ds
smax




z2
Stmid (s)
z2
× exp −
−
−1 ,
exp
2Hg2
α
2Hg2
(55)
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where ρ di, 0 denotes the density of the ith dust species in the midplane. Here, equation (48) shows that the dust distribution is almost
Gaussian and concentrated close the midplane when Stmid, i  α
and becomes more step-like with an effective width of ∼3Hg for
Stmid, i < α (see fig. 4 of Takeuchi & Lin 2002). The typical scale
height of the ith dust phase is defined according to

 +∞
1
(49)
z2 ρdi (z) dz.
Hdi ≡
ρdi,0 −∞

g − d
k,mid
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Stfragm =

2
2 vfrag
,
3 αcs2

(56)

where v frag is the fragmentation threshold velocity. The exact value
of v frag is not well known since it depends on the internal properties of the grains, but a reasonable order-of-magnitude estimate
is 10 m s−1 . In the outer disc regions, drift may prevent grains
reaching very large sizes by transporting the marginally coupled
solids inward, especially in low-viscosity discs (Birnstiel et al. 2012;
Lambrechts & Johansen 2014; Okuzumi et al. 2016). A typical estimate for the drift-induced maximum size is given by (e.g. Birnstiel
et al. 2012)


 
vk,mid 2  ∂ log P0 −1
(57)
Stdrift = 
 ∂ log r  .
cs
The derivation of the drift-limited size is based on equating the
time within which particles are removed by drift with the growth
time-scale using a local approach (e.g. Birnstiel et al. 2012). However, global effects can emerge from this local dynamics such as
strong pile-ups (Cuzzi et al. 1993; Stepinski & Valageas 1996; Laibe
2014). Moreover, care is also required since equations (56) and (57)
have been derived by assuming a monodisperse size distribution of
particles with St < 1 without taking into account the back-reaction
on to the growth and the drift of dust grains (see sects. 5.4 and
6.2 of Laibe 2014). Gonzalez et al. (2017) suggest that, by taking
into account the reduction of the dust drift induced by the backreaction, dust grains are able to pile-up and break the radial drift
barrier, with the fragmentation barrier still limiting the maximum
grain size. Therefore, it is not straightforward to define consistently
the maximum size of a steady-state dust distribution induced by
the interplay between grain growth and drift motions. A detailed
treatment of this problem requires numerical simulations. Since the
main purpose of the paper is to investigate the radial drift of gas and
dust grains in protoplanetary discs, we assume, as a reference case,
that the maximum value smax of the grain-size distribution is set by
fragmentation processes (i.e. Stmax = Stfragm ). We also assume that
the limiting effects on the grain-size distribution essentially occur
close to the midplane, with the resulting grains being redistributed
in the vertical direction by turbulence. We therefore compute the
value for smax corresponding to the Stokes number Stmax = Stfragm
by solving equations (56) and (6) in the midplane. Moreover, we investigate alternative cases for the maximum grain size of the steadystate dust distribution by considering different values of smax corresponding to Stokes numbers Stmax = [Stfragm , min (Stfragm , Stdrift ),
MNRAS 479, 4187–4206 (2018)

Figure 4. Stokes numbers of each dust species at the disc midplane in the
reference disc model (q = 3.5,  = 0.01, α = 10−3 and Stmax = Stfragm ).
The maximum grain size in the dust distribution sfragm corresponds to the
Stokes number shown in equation (56), while the minimum value is 0.1 μm.
The dashed line sdrift indicates the sizes corresponding to the Stokes number
expressed by equation (57), while the dotted–dashed and the dotted lines
indicate the sizes where the Stokes number at the midplane is 0.1 and 1
respectively. Most of the dust grains in the inner disc are tightly coupled
with the gas (St  1), while millimetre-sized grains in the outer disc regions
are marginally coupled (St ∼ 1).

0.1, 1]. In our disc models, the drift limits the grain-size distribution
(i.e. Stdrift < Stfragm ) for


 
vfrag 2  ∂ log P0 
2
(58)
<
 ∂ log r  ,
3α vk,mid
which correspond to  smaller than values in the range [2 × 10−5 ,
0.02]. Therefore, since in our model we assume  = [0.01, 0.05,
0.1], the maximum size smax of the grain-size distribution is limited by the drift only in the outer regions of the disc model with
 = 0.01.
Fig. 4 shows the Stokes number of the dust grains in the reference model (q = 3.5,  = 0.01, α = 10−3 and Stmax = Stfragm )
at the midplane. Most of the dust grains in the inner disc are
tightly coupled with the gas at the disc midplane, while millimetresized grains in the outer disc regions are nearly marginally coupled
(St ∼ 1). At a radius r  0.3 au, the drag law changes from Epstein
to Stokes regime and the maximum grain size of the distribution
decreases with decreasing distance from the star, due to the different scalings of the Stokes number with the local disc properties
(see equation (6)). Precisely, smax ∝ g cs−2 ∝ r −1/2 in the Epstein
regime, while in the Stokes regime smax ∝ (cs k )−1/2 ∝ r7/8 . At a
distance from the central star r  50 au, the drift-limited maximum
size (dashed line in Fig. 4) is smaller the one given by the fragmentation. In the vertical direction, equation (47) shows that particles
that are well coupled with the gas in the midplane can be loosely
coupled in the upper disc layers, especially in the outer disc regions.
2
2
The Stokes number increases ∝ ez /2Hg , e.g. by a factor ∼8 at z =
2Hg . However, only a small amount of marginally coupled grains
are found far from the midplane, since vertical settling efficiently
removes these grains to lower regions with higher aerodynamic
coupling (see Section 4.2.1).
Fig. 5 shows that dust grains close to the star are well mixed with
the gas, since the large gas density generates strong drag (see Fig. 4).
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where C is a normalization factor obtained by integrating equation (55) over s and z and setting the result equal to  g . Hence, the
grain-size distribution resembles a power-law form in the midplane,
but is multiplied by factors that account for settling in the vertical
direction, as shown by equation (48). The exponent q parametrizing the size distribution takes the values q = [2.5, 3.5, 4.5]. We
assume a material grain density ρgrain = 1 g cm−3 . We fix the minimum size of the distribution to smin = 0.1 μm, although the exact
value does almost not affect our results for smin < 1 μm. The maximum size smax of a steady-state grain-size distribution is typically
set by fragmentation and/or radial drift processes (e.g. Birnstiel,
Klahr & Ercolano 2012; Laibe 2014). In the inner disc regions of
typical protoplanetary discs, fragmentation tends to dominate by
limiting the maximum grain size below a threshold at which the
impact velocities between colliding grains become larger than the
fragmentation velocity threshold. This value corresponds to a value
of the Stokes number given by (e.g. Ormel & Cuzzi 2007; Birnstiel
et al. 2012)
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As the distance from the central star increases, dust grains become
less coupled and populate regions closer to the midplane, leading
to an increase of the local dust-to-gas ratio (see the central panel of
Fig. 5). The right-hand panel of Fig. 5 shows that the dust density
retains a power-law dependence in the midplane (equation 55),
while dust settling reduces the density of large grains in the upper
layers (note that the plot shows the dust density in each size bin:
∝m(s)s1 − q ∝ s0.5 for q = 3.5). The exact value of the dust-to-gas
ratio of different particles shown in Fig. 5 depends on the size of the
bin over which we integrate the dust-to-gas density ratio per unit
grain size (equation 27) or, equivalently, on the number of size bins
we use to discretize the size distribution. We enforce Nbins  50 to
ensure numerical convergence.
4.4 Steady-state velocities
The vertical stratification of the disc implies that the dust-free viscous gas velocity, the relative orbital velocities between the phases,
the drag and thus, the steady-state gas and dust velocities depend
on z. Using equations (11) and (13), we obtain the vertical profile
of the radial velocity of the gas and each dust phases by taking into
account the vertical stratification of all the quantities involved (see
Appendix D for further details about the extension of our formalism
in vertically stratified discs).
The top panels of Fig. 6 show the vertical profile of the radial
velocity of the gas ur at steady-state (equation 11) for our reference
disc model (q = 3.5,  = 0.01, α = 10−3 and Stmax = Stfragm ). We
compare the relative contributions of the direct viscous drag (dashed
line, equation (35)), the drift (dotted-dashed line, equation (37)) and
the expected dust-free gas motion (dotted line, equation (45)) at two
different distances from the star. Close to the central star (top-left
panel), the Stokes number of a grain with a given size is smaller
than in the outer regions of the disc since the gas is denser. Hence,
the drift induced by the tailwind experienced by gas is negligible
with respect to the contribution from the viscous drag. The small
contribution of the drift originates from the low dust-to-gas ratio in
the midplane, since even large grains are scattered out of the midplane by turbulence at these large gas densities (see the black lines
in Fig. 5). As the distance from the star increases (see the top-right
panel of Fig. 6), since the gas density drops, the grains become less
coupled and settle close to the midplane (see Fig. 4 and 5). Therefore, the dust-to-gas ratio of large grains increases close the midplane (equation 55), leading the drift induced by back-reaction to

overcome the viscous drag term (equation 39). In any case, drift efficiency decreases at large heights due to both a reduced dust-to-gas
ratio of grains with St ∼ 1 (since they are settled) and the decrease
of the relative velocity of the gas with respect to the Keplerian motion (equation 53). This decrease is only slightly mitigated by the
increase of the Stokes number (equation 47) for particles of a given
size. Far from the midplane, the gas velocity can equal the one of
the dust-free viscous motion, since dust back-reaction does not have
a strong contribution in these regions of low dust-to-gas ratio (see
Section 3.2).
The vertical profiles of the radial velocities of the dust grains v i, r
(equation 13) are shown in the bottom panels of Fig. 6. In the inner
disc regions (bottom-left panel), small particles (i.e. ∼1 − 10 μm)
are tightly coupled with the gas and are vertically well-mixed. Gas
and small dust grains move almost together over the entire disc
scale height with the gas velocity (denoted by the solid red line
in the bottom panels of Fig. 6). This corresponds to an outward
motion at low altitude and an inward motion at high altitude. In
other words, in these cases the viscous drag dominates over drift
(equation 13). Larger particles with size ∼1 mm decouple with the
gas closer to the midplane compared to smaller particles (Fig. 4)
and start drifting towards the star. The inward drift velocity of large
grains increases in absolute value with altitude (when z  1.5Hg )
due to the increase of the Stokes number toward values of order
unity (see equation (47)). In the upper layers (z  1.5Hg ), large dust
particles (0.1–1 mm) are loosely-coupled with the gas, but in this
case drift outwards due to the tailwind they experience from orbiting
slower than the gas (see equation (53)). These results are roughly
consistent with the single-species calculations shown in Takeuchi
& Lin (2002) (see their fig. 3), especially far from the midplane
where back-reaction (not considered in Takeuchi & Lin 2002) is
negligible. In the outer disc regions (bottom-right panel of Fig. 6),
dust particles are generally less coupled with the gas compared to the
inner regions, strengthening the role of the drift in their dynamics
(first term in the right-hand side of equation (13)). In particular,
drift dominates their motion close to the midplane, where the radial
pressure gradient is maximized, while in the upper layers the dust
radial motion is reversed due to the changes in the relative orbital
motion between the gas and dust phases (see equation (53)). In the
outer disc regions and very close to the midplane (z  0.3Hg ), the
bottom-right panel of Fig. 6 shows that both gas and dust velocities
increases with decreasing altitude. This is related to the effect of
the dust back-reaction (see top-right panel of Fig. 6), due to the
MNRAS 479, 4187–4206 (2018)
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Figure 5. Left: vertical profile of the dust-to-gas ratio for grains with different sizes in the range [1 μm, 10 μm, 0.1 mm, 1 mm] at 1 au (black) and 50 au
(red). Centre: vertical profile of the total dust-to-gas ratio at different distances from the central star. Right: density of dust grains at different altitudes from the
midplane at a distance of 50 au from the central star. For each plot we assume a disc model with q = 3.5,  = 0.01, α = 10−3 and Stmax = Stfragm . The height
above the midplane z in the left and central panels is normalised by the disc scale height Hg at each radius. As distance from the central star increases, particles
become less coupled to the gas and settle toward the midplane (equation 55). The dust density retains a power-law dependence in the midplane (equation 55),
while dust settling reduces the density of large grains in the upper layers.
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increasing values of the dust-to-gas ratio with decreasing altitudes
induced by the settling of large grains (see the red lines in the left
panel of Fig. 5).

4.4.1 Averaged velocities
To gain insights about the net motion of gas and multiple species
of dust grains, we compute the vertical average of the gas and
dust velocities, taking into account the vertical concentration of all
the phases (equations 42–55). The averaged radial gas velocity is
defined as
 ∞
1
ρg (z) ur dz.
(59)
ur  =
g −∞
In order to infer the averaged effect of the back-reaction on to the
gas motion, we define the averaged viscous dust-free gas velocity
as
 ∞
1
ρg (z) vvisc (z) dz,
(60)
vvisc  =
g −∞
where v visc (z) is expressed by equation (45). The top-left panel of
Fig. 7 shows the averaged gas radial velocity for three different values of the total dust-to-gas ratio, compared to the dust-free viscous
MNRAS 479, 4187–4206 (2018)

velocity (solid line). It can be noticed that the dust-free viscous
velocity (equation 60) is negative, implying that the radial gas viscous inflow at high z carries more mass inward than is transported
out by the midplane outflow (equation 45). In all cases, the gas
radial velocity deviates from the expected dust-free viscous velocity due to the effect of the back-reaction, even for small values of
the total dust-to-gas ratio. Close to the central star, the gas velocity
approaches the dust-free values due to the low level of dust settling and the tight coupling of all the dust grains with the gas (see
Fig. 4). In the outer disc regions, the increase of the Stokes number
and the settling-induced higher dust-to-gas ratio in the midplane
(Fig. 5) enhance the effect of the back-reaction that tends to both
decrease the viscous motion (equation 35) and push the gas towards
the outer regions if v P < 0 (equation 53), i.e. close to the midplane where most of the mass resides (equation 37). Importantly,
even for low dust-to-gas ratio and small Stokes number close to
the midplane, the averaged gas motion is significantly perturbed by
the dust back-reaction compared to the viscous dust-free gas motion. As the distance from the star increases, the averaged radial gas
velocity increases and, for  > 0.01, changes signs at a distance
from the star ∼1−10 au. Consistently with the single-species dust
calculations presented in Kanagawa et al. (2017), the gas outward
motion is enhanced for larger dust-to-gas ratios (see their fig. 3).
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Figure 6. Vertical profile of the radial (top) gas velocity and (bottom) dust velocity of particles with sizes in the range [1 μm, 10 μm, 0.1 mm, 1 mm] (black
lines) compared to the gas velocity (solid red line). The left panels refer to velocities computed at 1 au, while the right panels at 50 au from the central star. In
these plots we consider the disc model with q = 3.5,  = 0.01 and α = 10−3 . In the top panels, the dashed and dot-dashed line indicates the two contributions
of the radial gas velocity, udrag and udrift (expressed in equations (35) and (37) respectively), while the dotted black line is the expected dust-free gas velocity
v visc (equation 45). In the bottom panels the solid red line indicates the radial gas velocity, indicated with the solid black lines in the top panels. Note that the
red solid line in the bottom-left panel is hidden behind the solid black line. The distance from the midplane z is normalized by the disc scale-height Hg at each
radius. The horizontal dotted red line indicates the null value. While close to the central star (left panels), gas and dust grains share the same drag-induced
motion due to the high gas density, in the outer disc regions the dust dynamics is dominated by the drift contribution, especially close to the midplane.
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Although most of the dust grains in our model are tightly coupled
with the gas in the midplane (Stmid  1, Fig. 4) and the integrated
dust-to-gas ratio is distributed over a wide range of grains with different sizes, the cumulative effect of the back-reaction can reduce
and even reverse the averaged radial motion of the gas in the outer
disc regions – even for   1. Moreover, the averaged radial motion of the gas changes with different values of q (see the top-right
panel of Fig. 7), especially in the outer disc regions. As shown in
Section 3.2, dust back-reaction does not affect the gas dynamics if
the grain-size distribution is sufficiently steep (q  4), due to low
mass embodied in marginally-coupled grains. Decreasing the value
of q results in an enhanced effect of the back-reaction, leading to
an outward gas migration in the outer disc regions. We also explore
the values of the averaged gas velocity in discs with different values
of α (see the bottom-left panel of Fig. 7) by considering the same
grain-size distribution (we use the same value of smax computed
from equation (56) assuming α = 10−3 to highlight the role of dust
back-reaction on the same dust population). In highly viscous discs
(α = 10−2 ) the effect of the back-reaction is not sufficient to trigger
outward gas migration and the viscous-driven motion dominates
the gas dynamics. Moreover, we find that the back-reaction effect
is reduced in highly viscous disc due to also the lower level of dust
settling. These results are consistent with those shown in Kanagawa

et al. (2017), although the dust grains in our model are more tightly
coupled with the gas at the midplane and the total dust-to-gas ratio
is distributed over a wide range of grains with different size. The
bottom-right panel of Fig. 7 shows the averaged gas radial velocity
for four different maximum values of the grain-size distribution. As
observed in Fig. 1, the effect of the back reaction increases with
increasing Stmax . For Stmax = min (Stfragm , Stdrift ), Fig. 7 shows that
the averaged gas radial velocity deviates from the reference case
(solid line, Stmax = Stfragm , equal to the dashed line in the top-left
panel) for r  50 au, where the drift limits the grain-size distribution (see Fig. 4). In this region, although the radial drift velocity
decreases with increasing distance from the star, it still deviates
from the expected dust-free viscous velocity due to the effect of the
back-reaction. In the cases where Stmax = [0.1, 1], the radial gas
velocity increases with distance from the star and reaches a constant value at the transition between the Stokes and Epstein regime
(see the dotted–dashed and dotted lines in Fig. 4). For Stmax = 1,
the effect of the back-reaction is maximized and the gas migrates
outwards over a large region of the disc. From this analysis we infer
that the minimum value of Stmax to produce outward gas migration
by back-reaction is ∼0.5 in our reference disc model (q = 3.5,
 = 0.01 and α = 10−3 ).

MNRAS 479, 4187–4206 (2018)
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Figure 7. Averaged radial gas velocities as a function of distance from the star while individually varying the fiducial parameters in our disc model ( =
0.01, q = 3.5, α = 10−3 and Stmax = Stfragm ) as follows: (top-left) total dust-to-gas ratio,  = [0.01, 0.05, 0.1]; (top-right) power-law exponent of the size
distribution, q = [2.5, 3.5, 4.5]; (bottom-left) viscosity, α = [10−3 , 10−2 ] and (bottom-right) maximum Stokes number Stmax = [Stfragm , min (Stfragm , Stdrift ),
0.1, 1]. The solid lines (apart from the solid black line in the bottom-right panel) denote the dust-free averaged gas velocity (equation 60). The horizontal dotted
red line indicates the null value. The gas radial velocity deviates from the expected dust-free viscous velocity due to the effect of the back-reaction, especially
for higher  and lower values of q and α in the outer disc regions.
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Similarly to equation (59), the averaged radial velocity of dust
grains with size s is defined as
 ∞
1
ρd (s, z) vr (s, z) dz,
(61)
vr (s) =
d (s) −∞
where
d (s) =



∞
−∞

ρd (s, z) dz

(62)

is the surface density, with ρ d (s, z) defined per unit grain size in
equation (55). Fig. 8 shows the radial profile of the averaged radial
velocities of gas (solid red line) and dust grains (black lines) with
sizes in the range [1 μm, 10 μm, 0.1 mm, 1 mm] in different disc
models. These results, although qualitatively similar to those shown
in Takeuchi & Lin (2002) (see their fig. 7), reveal additional features
that need to be considered. For all cases shown in Fig. 8, the averaged
inward velocity for the gas (red solid line) and small dust grains
(black lines) converge to the same value in the inner disc. This is
due to the enhanced effect of the direct gas viscous drag compared to
the drift contribution (equation 13), especially for smaller particles
which are more tightly-coupled with the gas in the inner regions
and tends therefore to move with the inward gas flow (solid red
lines). In all the cases, dust grains have a slower inward velocity
compared to the gas in the inner disc. This is related to the fact that
in the inner disc, since dust grains are slightly more concentrated
around the midplane (see the black lines in the left panel of Fig. 5),
they feel more the viscous drag effect of the outflowing gas around
the midplane (for z  0.7Hg , equation (45)), compared to the case
in which the particle vertical distribution is the same as the gas.
Moreover, in all the cases shown in Fig. 8, drift dominates the dust
MNRAS 479, 4187–4206 (2018)

motion over the direct viscous drag contribution in the outer disc
regions, leading to a fast radial migration of dust grains toward the
inner disc. Larger grains drift faster than smaller grains due to both
the loss of coupling with the gas (i.e. the Stokes number approaches
unity, Fig. 4) and the high level of dust settling (see the red lines
in the left panel of Fig. 5). Due to the enhanced dust settling, the
number of particles experiencing the maximum headwind from the
gas around the midplane (see equation (53)) is therefore larger than
in the case in which the particle vertical distribution is the same as
the gas.
As the dust-to-gas ratio increases (top panels of Fig. 8), the direct
drag from the gas, strongly influenced by the back-reaction (outward
gas motion at r  10 au, see the top-left panel of Fig. 7), forces the
dust particles to drift outward in the intermediate disc regions, in
contrast with the expectations of the single-species dust dynamics
(Takeuchi & Lin 2002). For example, 0.1 mm-sized particles in the
disc model with  = 0.05 (dotted–dashed line in the top-central
panel of Fig. 8) drift inwards in regions with r  1 au and r 
20 au and outwards in intermediate regions. This inward motion at
the inner and outer disc regions of these grains can be ascribed to
two different contributions. While in the outer discs (r  20 au)
these grains decouple from the gas and drift inwards due to the
drift-induced motion, in the inner regions (r  1 au) they start
experiencing the direct viscous drag from the averaged inward gas
motion (solid red line). In the intermediate disc regions (1 au  r 
20 au), the 0.1 mm sized particles settle effectively to the midplane
and are coupled enough to feel the direct viscous drag from the
outward gas motion close to the midplane (z  0.7Hg ) enhanced by
the back-reaction (see the dotted-dashed line in the top-left panel of
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Figure 8. Averaged radial velocity of gas (solid red line) and dust (black lines) with grain sizes [1 μm, 10 μm, 0.1 mm, 1 mm] assuming the model disc
parameters listed in the top-left corner of each panel and Stmax = Stfragm . Our fiducial model is located in the top-left panel. The two adjacent panels on top
increase the dust-to-gas ratio ( = [0.05, 0.1]), the bottom-left/centre panels sample a smaller/larger power-law index for the grain-size distribution (q = [2.5,
4.5]) and the bottom-right panel increases the dust-to-gas ratio ( = 0.1) and the viscosity (α = 10−2 ). In each panel, the horizontal dotted red line indicates
the null value. Dust grains have a slower inward velocity compared to the gas in the inner disc, while they decouple from the gas and drift inwards due to the
drift-induced motion in the outer disc. In some cases, the effect of the back-reaction leads to an outward motion of dust grains in the intermediate–outer disc.
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5 DISCUSSION
The dynamics in a mixture of gas and dust is richer when more than
one dust phase is present. As first remarked by Bai & Stone (2010),
multiple dust phases should not be studied by treating the dust
phases as independently coupled to the gas and the conventional
solution of single species dust dynamics (Nakagawa et al. 1986;
Dipierro & Laibe 2017; Kanagawa et al. 2017) does not simply
generalise to the case with multiple species of particles. Our analysis
clearly shows that the cumulative interaction between gas and dust
grains of different sizes has a non-negligible effect on the evolution
of both phases in typical protoplanetary discs. Even for low dustto-gas ratios, the dynamical feedback from the dust can dominate
over the viscously driven motion of the gas in a large portion of the
disc, leading to a decrease of the inward gas velocities compared to
the dust-free gas motion.
5.1 Gas and dust depletion in the inner disc regions:
consequences for disc evolution
The net effect of the cumulative back-reaction is to decrease the
inward gas velocity (compared to the dust-free viscously-driven
motion), especially in regions where the dust is not tightly-coupled
to the gas. This effect becomes more pronounced with increasing
distance from the star and for increased dust-to-gas ratios. For large
dust-to-gas ratios (  0.05), the back-reaction can even produce an
outward gas motion. Although the solutions presented here assume
steady-state, our results show that the back-reaction cannot be neglected in disc evolution calculations, and is likely to modify the
disc structure significantly on secular time-scales (105 –106 yr).
The back-reaction is therefore likely to produce gaps in discs, especially where the viscosity is low (i.e. α ∼ 10−3 −10−4 ) and in
regions where dust settling increases the dust-to-gas ratio at the
midplane.
These results also confirm that the enhanced effect of the drag due
to the increased coupling in the inner disc regions halts the inward
drift of the particles that make the grains follow the gas motion,
consistent with single-species calculations (Laibe et al. 2012). The
inward drift of large grains is always slower than the inward gas
flow, leading to a long-time retention of large grains in the inner disc.
On secular time-scales this naturally leads to an increased dust-togas ratio, which tends to provide a negative feedback on the radial

inward drift of large dust grains (Dra̧żkowska, Alibert & Moore
2016; Kanagawa et al. 2017). Therefore, increasing the dust-to-gas
ratio tends to (i) decrease the inward dust motion and (ii) enhance
the outward gas flow. Together, these effects result in a net outward
motion of both gas and dust in the intermediate disc regions where
dust grains are tightly-coupled enough to follow the gas motion, but
still able to sediment around the midplane (and therefore experience
the direct drag of the viscously-driven outward gas flow enhanced
by back-reaction). This process could drive a global redistribution
of gas and solids in protoplanetary discs and may lead to a pile-up of
pebbles in the inner disc regions (Pinte & Laibe 2014; Dra̧żkowska
et al. 2016; Gonzalez et al. 2017). The resulting increase of the dustto-gas ratios and the reduction of dust inward drift velocities in the
inner disc regions create conditions favourable for overcoming the
difficulties in growing centimetre-sized objects to kilometre sizes,
enhancing the efficiency of grain growth. These results also show
that the effect of the back-reaction is closely linked to the local disc
conditions. It then follows that the intrinsic gradients in the gas and
dust quantities could lead to radial gradients in the effect of the
back-reaction on the net gas motion, which, in turn, might produce
peculiar features in the gas and dust density distribution (Gonzalez
et al. 2015, 2017).
While we must of course be cautious in drawing conclusions
about disc evolution from steady-state solutions, our results point
naturally towards a scenario where the back-reaction creates a gap
or cavity in the inner disc, in both gas and dust. This has important
implications for disc evolution, and has two likely consequences.
First, the reduction of the inward gas velocity means that gas accretion is suppressed at intermediate radii in the disc. These radii
(∼ few to tens of au) are the same locations where we expect
significant mass-loss from photoevaporative and/or magneticallylaunched winds (e.g. Alexander et al. 2014; Ercolano & Pascucci
2017). If gas accretion is suppressed at these radii then mass-loss
overcomes the accretion flow much more readily, at earlier times
in the disc’s evolution, and the dust back-reaction may even ‘trigger’ early disc dispersal (similar to the way in which giant planets
can trigger photoevaporative clearing, Alexander & Armitage 2009;
Rosotti et al. 2013). Moreover, disc winds efficiently entrain small,
micron-sized dust grains while larger dust particles are left behind
in the disc (Takeuchi et al. 2005; Gorti et al. 2016; Hutchison et al.
2016a,b). On secular time-scales this invariably increases the dustto-gas ratio in larger grains, increasing the efficiency of the dust
feedback and further suppressing the inward motion of the gas.
Second, the creation of inner cavities due to differential gas-dust
dynamics has important consequences for our understanding of
so-called ‘transitional’ discs. In recent years high-resolution mmwavelength observations have discovered large numbers of discs
with large ( tens of au) cavities in their dust discs (e.g. Brown
et al. 2008; Andrews et al. 2011; van der Marel et al. 2015), and
perhaps the most popular interpretation is that such structures are
evidence of dynamical clearing by giant planets. However, the relatively high incidence of these cavities (10 per cent, and perhaps
2–3 times higher among the sub-set of mm-bright of transitional
discs, van der Marel et al. 2018) is increasingly difficult to reconcile with dynamical clearing by planets, as exoplanet surveys
have now firmly established that the incidence of massive exoplanets at wide separations is low (5 per cent; e.g. Vigan et al.
2017). Our results suggest that differential dust-gas motions provide a more generally applicable mechanism for opening cavities,
the conditions for which are likely to be met at some point during
the evolution of most protoplanetary discs. Dust feedback on the gas
dynamics can be therefore considered as a potential mechanism to
MNRAS 479, 4187–4206 (2018)
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Fig. 7). For the disc model with the highest dust-to-gas ratio ( =
0.1, see the top-right panel of Fig. 8), even the dust radial motion
of millimetre-sized particles is strongly damped in a narrow disc
region. Decreasing the steepness of the grain-size distribution (see
bottom-left panel of Fig. 8) results in an increased effect of the
back-reaction on to the gas radial motion and, indirectly, to tightlycoupled grains. Comparing the results shown in the left panels
of Fig. 8, the dust radial velocity is smaller (in absolute value)
for shallower grain-size distribution, due to the enhanced effect
of the back-reaction (see the top-right panel of Fig. 7 or compare
the red lines in the left panels of Fig. 8). For steeper grain-size
distributions (bottom-central panel of Fig. 8), the back-reaction
is strongly damped (see the dotted line in the top-right panel of
Fig. 7) and our results recover qualitatively those shown in Fig. 7 of
Takeuchi & Lin (2002). Moreover, increasing the viscosity (bottomright panel of Fig. 8) results in a reduction of the effect of the backreaction compared to the less viscous disc cases (compare the right
panels in Fig. 8). In this case, the back-reaction is not sufficient to
trigger outward migration of gas and small dust grains.
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produce cavities, and might explain the recent link in the evolution
of dust and molecular gas in the inner disc regions (Banzatti et al.
2018). Time-dependent calculations are still required, but these results have potentially profound implications for both the dynamical
and secular evolution of planet-forming discs.
5.2 Limitations of the model

6 CONCLUSIONS
In this paper, we investigate the steady-state dynamics of a disc
consisting of a mixture of a single gas phase and a collection of dust
species covering a wide range of grain sizes and drag regimes. The
coexistence of multiple dust species with the gas in protoplanetary
discs is the natural outcome of grain growth across the entire disc
extent. We adopt a model where the gas exchanges angular momentum with the entire dust mixture (as opposed to each grain size
individually), thereby indirectly coupling the dust species together
via their combined feedback on the gas. Despite showing similar
drag-induced trends, we find that the radial migration of gas and
dust when multiple dust species are included is remarkably different
from the single-species case (Kanagawa et al. 2017). Our results are
summarized as follows:
(i) We derive the steady-state velocities of a mixture of gas and a
population of dust particles with different sizes, taking into account
MNRAS 479, 4187–4206 (2018)

We highlight that the cumulative effect of the back-reaction can
play a crucial role in shaping the gas and dust density evolution in
protoplanetary discs. Our results show that the dust back-reaction is
a viable mechanism for driving gas outflow and halting or slowing
down the radial migration of dust grains. This may allow protoplanetary disc to retain their large dust grains, as recently seen in high
resolution observations (Testi et al. 2014).
On long time-scales the general effect of the back-reaction is to
enhance inside-out disc evolution, even early in the disc’s lifetime. It
is therefore crucial to include the dynamical effect of multiple dust
species in gas disc evolution models, and to calculate the impact
of the dust back-reaction on disc evolution and dispersal. The dust
back-reaction cannot be neglected in disc evolution models, and
needs to be taken into account in numerical simulations of dusty
discs (Gonzalez et al. 2017; Hutchison et al. 2018).
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The fact that we consider only steady-state solutions is the main
limitation of this study. We can extrapolate from our steady-state
velocities to estimate how the gas and dust evolution in protoplanetary discs, but time-dependent solutions obtained by integrating
the equations of motion are necessary to understand the full implications of our results. In addition, our solutions make a number
of symmetry assumptions (most notably azimuthal symmetry) and
full 3D calculations will be required to understand the dynamics
induced by the back-reaction. This however requires sophisticated
gas and dust simulations, the tools for which have only recently
begun to be developed (Gonzalez et al. 2017; Ricci et al. 2018;
Humphries & Nayakshin 2018; Hutchison et al. 2018; Weber et al.
2018).
The other notable limitation of our work is that the gas and dust
density evolution on long time-scales are expected to be affected by
grain growth. Evolution of the dust size distribution naturally leads
to a wider range of drag interaction regimes between the gas and
dust. Even though we assume a fragmentation-limited grain-size
distribution, the dynamics of dust grains investigated in this paper
affects the relative velocities between colliding grains and their
relative density in different part of the discs (Dra̧żkowska et al.
2016), which may have consequences for grain growth.
Finally, we assume in our model that the dust-free gas evolution in
the disc is governed by viscous angular momentum transport. This
approach is commonly used to model angular momentum transport driven by turbulence generated by, e.g. magneto-rotational or
gravitational instabilities (Pringle 1981; Balbus & Hawley 1991;
Lodato & Rice 2004). It remains unclear to what degree the properties of disc turbulence can be characterized by a kinematic viscosity
(e.g. Balbus & Papaloizou 1999; Turner et al. 2014) and recent work
suggests that accretion may be driven by non-diffusive mechanisms,
such as magnetohydrodynamic winds or spiral density waves (Bai
2016; Fung & Chiang 2017). Thus, in the absence of a full description of the disc microphysics, we restrict our calculations to the
viscous disc formalism.

the gas viscosity. We validate the equations using SPH gas/dust
simulations, finding a remarkable agreement between the analytical
results and the numerical calculations.
(ii) The cumulative effect of the dust back-reaction leads to a
decrease of the gas motion compared to the pure viscously-driven
flow, with an efficiency that depends on the mass embodied in
marginally-coupled grains, dust-to-gas ratio and disc viscosity.
(iii) In typical protoplanetary discs, the dust feedback strongly
affects the gas dynamics – even for small values of the total dustto-gas ratio – leading to gas outflow in the outer disc regions. Dust
feedback is especially effective in the outer disc regions of low
viscosity discs, where particles are less coupled with the gas and
efficiently settle to the midplane.
(iv) In the inner and intermediate regions of typical protoplanetary discs, the averaged dust inward motion is reduced below the
value of the gas inward motion due to the combined effects of
strong drag and settling. In cases with high dust-to-gas ratio, the
motion of large particles can be directed outward, due to the draginduced motion of the gas, which in turn is influenced by the dust
back-reaction.
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A P P E N D I X A : N OTAT I O N S
The notations used throughout this paper are summarized in Table A1.
APPENDIX B: NUMERICAL TEST
To validate our expressions for the steady-state gas and dust velocities in viscous discs, we performed 3D gas and dust simulations
using the Smoothed Particle Hydrodynamics (SPH) code PHANTOM
and its newly implemented MULTIGRAIN algorithm (Hutchison et al.
2018). The MULTIGRAIN algorithm extends the one-fluid, terminal
velocity approach for high-drag regimes (e.g. Price & Laibe 2015;
Ballabio et al. 2018) to account for the cumulative back-reaction
of multiple small-dust species on to the gas, thereby allowing us to
recover the radial migration velocities predicted by equations (11)
and (13). During the original testing of the MULTIGRAIN algorithm,
Hutchison et al. (2018) attempted a similar test and benchmarked
their results using the analytical solutions for an inviscid disc presented by Bai & Stone (2010). However, apart from good fits obtained with carefully constructed initial conditions, they found that
the diffusive nature of SPH caused the numerical solution to relax
into a substantially different steady-state than that predicted by the
inviscid equations. Now, by properly accounting for the effects of
viscosity, we repeat the test and use it as a mutual verification of
our equations and the MULTIGRAIN algorithm.
B1 Setup
We place a gas/dust disc orbiting around a central star with mass
M = 1 M with an inner and outer disc radius of rin = 1 au and
rout = 150 au, respectively. We assume an initial power-law gas and
dust surface density profile  ∝ r−1 and model the disc with 2 × 106
SPH particles. We adopt a locally isothermal equation of state with
a temperature power-law index m = 1/2. The reference values for
the gas model parameters at 1 au are as follows: cs,1au ≈ 1.5 km s−1 ,
MNRAS 479, 4187–4206 (2018)

Table A1. Notations used in the paper.
Symbol

Meaning

u
vi
Ki
M
G

P
P0
cs
σ
ν
α
ρg
ρ g0
ρd
ρ di
ρ di, 0
g
p
T
m

gas velocity
velocity of the ith dust phase
drag coefficient of the ith dust phase
mass of the central star
gravitational constant
gravitational potential
gas pressure
gas pressure at z = 0
sound speed
viscous stress tensor
kinematic viscosity
Shakura-Sunyaev turbulence parameter
gas volume density
gas volume density at z = 0
dust volume density
ith dust phase volume density
ith dust phase volume density at z = 0
gas surface density
radial surface density exponent,  g ∝ r−p
gas temperature
radial surface temperature exponent,
T ∝ r−m
drag stopping time of the ith dust phase
dust-to-gas ratio
dust-to-gas ratio of the ith dust phase
gas scale height
scale height of the ith dust phase
gas angular velocity
Keplerian angular velocity
Keplerian angular velocity at z = 0
Keplerian velocity
Keplerian velocity at z = 0
Stokes number of the ith dust phase
Stokes number of the ith dust phase at z = 0
grain size of the ith dust phase
material grain density
mean free path
grain-size distribution
grain-size distribution exponent, n(s) ∝ s−q
maximum grain size
minimum grain size
mass of a dust grain of size s
fragmentation-limited Stokes number
drift-limited Stokes number

tis

i
Hg
Hdi
g
k
k, mid
vk
v k, mid
Sti
Stmid, i
si
ρ grain
λmfp
n(s)
q
smax
smin
m(s)
Stfragm
Stdrift

Hg,1au = 0.05 au, and g,1au ≈ 475 g cm−2 such that the total gas
mass in the disc is 0.05 M . We initially set the radial velocity to
zero and the azimuthal velocities to the midplane Keplerian velocity,
v k, mid , and correct for the radial pressure gradient in the disc (see
Section 4.1.2). To model the viscosity in the disc, we indirectly set a
Shakura–Sunyaev disc viscosity with α ∼ 0.01 (Shakura & Sunyaev
1973) via the artificial dissipation parameter α AV as follows (Lodato
& Price 2010):
α≈

α AV h
,
10 Hg

(B1)

where h is the mean smoothing length on particles in a cylindrical
ring at a given radius. For two million particles and α AV ≈ 0.74, we
obtain a representative α ≈ 0.01 at the radial midpoint in the disc.
The dust disc is composed of spherical grains with a uniform
intrinsic density of 3 g cm−3 , a grain-size distribution that ranges
from smin = 0.1 μm to smax = 1 mm, and a number density power-
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Table B1. Grain sizes si , dust-to-gas ratios  i and representative Stokes
numbers St∗i (calculated at the disc’s radial midpoint) for the dust in the
radial migration test shown in Fig. B1. Summing the individual dust-to-gas
ratios of each of the dust phases gives a total dust-to-gas ratio of 0.5.
i

i

St∗i

1.58 × 10−5
3.98 × 10−5
1.00 × 10−4
2.51 × 10−4
6.31 × 10−4
1.58 × 10−3
3.98 × 10−3
10.00 × 10−3
2.51 × 10−2
6.31 × 10−2

2.95 × 10−3
4.68 × 10−3
7.42 × 10−3
1.18 × 10−2
1.86 × 10−2
2.95 × 10−2
4.68 × 10−2
7.42 × 10−2
1.18 × 10−1
1.86 × 10−1

7.92 × 10−6
1.99 × 10−5
5.00 × 10−5
1.26 × 10−4
3.15 × 10−4
7.92 × 10−4
1.99 × 10−3
5.00 × 10−3
1.26 × 10−2
3.15 × 10−2

law index of q = 3.5 (equation 26). The total dust mass is distributed
into 10 representative dust species, logarithmically spaced between
smin and smax , as described by Hutchison et al. (2018). All dust
phases are distributed equally with the gas in space, but scaled
in mass by the dust fractions listed in Table B1, such that the
total dust-to-gas ratio is  = 0.5. To avoid having to characterize
time-dependent dust enhancements/depletions caused by vertical
settling and/or radial migration of dust, we force the dust-to-gas
ratio of the individual particles to remain constant for the duration
of the simulation. Finally, although we initially set the dust velocity
equal to the gas, the velocities of the different dust phases are
automatically updated when the forces are initialised for the first
time at t = 0.
B2 Results
We relax the disc for 14 960 yr (∼8 orbits at rout ) to allow the fluctuations in the radial velocity to damp. We then bin the particles
radially into 50 uniformly spaced bins and average the radial velocities both azimuthally and vertically within each bin. Because the
radial velocities, densities and Stokes numbers change with z, we
only include particles within |z| < Hg in the averaging process. In
practice, the thickness over which we average the velocities has only
a minor impact on the final mean velocity profile for each grain size
(as long as we remain within |z|  Hg ). In contrast, the averaging
thickness has a noticeable effect on the average Sti computed for
each bin, due to its exponential dependence on z through ρ g . By
averaging over successively thinner slices, we find that Sti asymptotically converges to a set of values that are ∼0.7 × smaller than
those in our original cut. Ideally, we would use these thinner cuts
to calculate the radial velocities as well, but the dispersion in the
velocities (the standard deviation ranges from ∼0.05–1 vP ) and the
low number statistics caused by a radially decreasing number density combine to make noisy data. Therefore, we continue to average
the velocities over the local scale height of the disc and manually
scale the Stoke numbers by this factor of 0.7.
The steady-state radial velocities for gas (black) and dust
(colours) are shown in Fig. B1. Symbols connected by a dotted
line are the SPH velocities while solid lines are the corresponding
analytic solutions from equations (11) and (13). For comparison,
the inviscid solutions from Bai & Stone (2010) are overlaid using dashed lines. By construction, the initial disc conditions mirror
that of an inviscid disc such that the numerical solution matches
the solution from Bai & Stone (2010) at t = 0. Once evolution
begins and the effects of viscosity are felt, the numerical solution

Figure B1. Mean radial drift velocities for gas (black) and dust (blue,
orange, purple) near the midplane of a viscously evolving protoplanetary
disc. The dust is composed of 10 different phases that all interact with the
gas but are constrained to keep their initial dust-to-gas ratio. For clarity,
only phases [s1 , s8 , s10 ] = [0.16 μm, 100 μm, 0.63 mm] are shown. Solid
lines represent the analytic solutions from equations (11) and (13) while
the dashed lines give the inviscid solutions from Bai & Stone (2010). The
systematic offset between the numerical and analytic solutions is most likely
due to inaccuracies in the viscosity approximation in equation (B1) (see
text). Importantly, equations (11) and (13) provide a marked improvement
over the inviscid equations from Bai & Stone (2010) when computing the
steady-state radial velocities for the gas and dust in a viscous disc.

quickly departs from the inviscid solution and settles near our new
equations (equations 11–13) from the inside out on a time-scale of
approximately five to six orbital periods of the local disc.
A systematic offset persists between our analytic and numerical
solutions, even in regions that have reached a steady-state. As already mentioned, the way in which we construct the 2D midplane
properties for the analytic solution out of our 3D SPH simulation
data can affect some fluid quantities more than others. These variations are then passed on to the analytic solution, causing errors in
the fit. For example, the asymptotically corrected Sti values improve
our fit by ∼20 per cent. Although it is possible that averaging effects
from other parameters contribute to the offset, we suspect that the
remaining offset is primarily related to the conversion from artificial
to physical viscosity using the approximation in equation (B1). This
suspicion is based on the good agreement we see with the Bai &
Stone (2010) solutions at t = 0, since a problem with the averaging
would have also showed up in the inviscid solutions. Thus, with the
viscosity being the only difference between the solutions, it stands
to reason that the viscosity is also culprit. Indeed, uniformly scaling
the α parameter by a factor of ∼1.3 corrects the offset entirely.
However, without an independent method of measuring the true α
in the simulation, we cannot be sure that our viscosity model is
responsible for the remaining offset or not.
As a final test, we ran a more extreme case with α = 0.1 where
the viscous and inviscid solutions are even more separated. The
high viscosity leads to significant processing of the inner/outer disc
through viscous accretion/spreading, but we find similar agreement
between our analytic and numerical solutions in the disc interior.
Thus, we are confident that our analytic solution and the MULTIGRAIN
algorithm are both working as expected and that these offsets are
a result of an inconsistency in how we post-process and compare
our solutions. At the very least, our new analytic solution provides
MNRAS 479, 4187–4206 (2018)
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a significant improvement over the inviscid solution from Bai &
Stone (2010) when computing the steady-state radial velocities of
the gas and dust in viscous discs.
A P P E N D I X C : S T E A DY- S TAT E D U S T- F R E E
GAS VELOCITIES

This implies for the balance of forces in the azimuthal direction,
ur

αvk,mid

6p + m − 3 H 2
−9 + 5m z2
+
.
2
2
r
2
r2

(C2)

With the notations of Takeuchi & Lin (2002), ρg0 ∝ r pT , and T ∝
r qT , p = −pT − qT2+3 and m = −qT , we obtain


qT z2
pT + qT Hg2
+
.
(C3)
uφ vk,mid 1 +
2
r2
4 r2
This implies for the balance of forces in the azimuthal direction,


Hg2
9 + 5qT z2
,
(C4)
ur αvk,mid − (3pT + 2qT + 6) 2 −
r
2
r2

Dv = F + Lz (v) ,

(D1)

where Lz denotes the linear operator corresponding to the viscosity
associated to the shear in the vertical direction. As in Appendix C,
ansatz of the form v 0 + v 1 (z/Hg )2 should be used for every velocity
(e.g. equation (C3)) and the steady-state solutions are obtained by
inverting an 8 × 8 system of coefficients that is not very tractable,
but still physically meaningful. Instead, we can approximate the
rigorous solution by computing a steady state where the drag terms
are balanced by the viscous term in the dust-free flow. This is the
approach followed by Kanagawa et al. (2017) but generalized here
for multiple grain sizes. To justify this approximation, we first note
that the dust-free flow solution is the one derived in Section C.
Formally, the dust-free solution Ṽ satisfies
 
(D2)
D̃Ṽ = F + Lz Ṽ ,
where D̃ = D (St=0). equations (11)–(12) consist in approximating Lz (v) by Lz Ṽ . In this case, the approximated solution v we
obtain is
v = D−1 D̃Ṽ.

(D3)

For the forthcoming derivation, we note at this stage that equation (D3) implies also that Lz (V ) = D−1 D̃Lz (Ṽ), since Lz is linear.
Let us now denote v = v + v and substitute this Ansatz in equation (D1). Assuming that v is small and expanding the operator
Lz to first order, we obtain


∂Lz
D−
v = 0.
(D4)
∂v
We have the estimate

D2
1/ts


 ∂Lz  ∼ α−1 ,
k


 ∂v 
2

(D5)

which are the solutions derived by Takeuchi & Lin (2002).

since Lz is an operator with two derivatives in the vertical direction.
From equation (D5), we see that equation (D4) reduces to Dv 0,
v if the condition
i.e. v 0 and v

APPENDIX D: SIMPLIFYING THE LINEAR
E X PA N S I O N

St
>1
α

In an inviscid disc, the linear expansion of the equations of motion (equations 7–10) involves only the perturbed velocities of the
gas and the dust with respect to the Keplerian orbit and not their
derivatives. The system of equation can therefore be formally put


under the form Dv = F, where v = ur , uφ , vr , vφ , D is a 4 × 4
invertible matrix that encompasses the drag coefficients and F is a
constant driving force from the radial pressure gradient of the gas
(from simplicity, we consider here only one dust phase, but the reasoning can be extended directly to any number of dust phases).
The steady-state velocities are therefore given by v = D−1 F
(Nakagawa et al. 1986). This formalism can safely be extended

is fulfilled. This condition is satisfied in real discs, with the marginal
exception of sub-micron grains. Since the total solid mass of these
grains is negligible, this approximation also holds for multiple dust
populations as well. Physically, the vertical component of the shear
adds a small additional driving term that can directly affect the dust
velocities and indirectly perturb the gas velocities via back-reaction.
We neglect this contribution since, in most cases, the driving is
dominated by the radial pressure gradient of the gas (equation D6).
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The usual way to derive the steady-state velocities of the gas in
a stratified viscous disc consists in performing a linear expansion with respect to the Keplerian velocity by keeping the leading
terms in αz2 /Hg2 and αHg2 /r 2 . The scale height of the gas Hg (r) is
a priori a function of r. Two peculiarities of the system of equations should be identified prior to derivation in order to simplify
the analytic treatment. First, the terms arising from advection and
from the viscous stress tensor in the radial direction scale as α 2 and
can be safely neglected at this level of approximation. Secondly,
the viscous stress tensor in the azimuthal direction contains terms
in ∂uφ /∂z2 . This implies that terms of order z4 should be preserved
for the expression of uφ and, therefore, in the gravitational potential,
the radial pressure gradient and the orbital frequency k . However,
keeping these terms gives rise to contributions of order αz2 Hg2 /r 4 ,
which are negligible. Hence, it is both correct and more convenient
to restrain the expansion of the gravitational potential to the leading
order z2 . With  g ∝ r−p and T ∝ r−m , we obtain from the balance
of forces in the radial direction
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to an unstratified viscous disc when keeping only the leading term
of order αHg2 /r 2 which drives the accretion flow, i.e. the viscous
torque due to the Keplerian shear. Rigorously, the analysis becomes
much more complex in the case of a stratified disc. Formally, to the
first order, the equations of motion at steady-state can be written
under the form

