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Abstract We investigate the response function of an electrostatic analyzer when electron gyroradii in
a magnetic field become comparable to the scale size of the sensor. This occurs when electrons have
sufficiently small energies and are in a strong magnetic field. Through simulations and laboratory
experiments with the Jovian Auroral Distribution Experiment-Electron (JADE-E) sensor, we observe
the energy response, detection angle distribution, and geometric factor to change significantly. Using
electro-optics simulation results, we develop semiempirical and empirical relationships that can be used
for top hat electrostatic analyzers. We present a model based on these relationships that covers an energy
range between 0.1 keV and 5 keV with a uniform external magnetic field magnitude between 0–3G and
verified that these relationships apply to JADE-E in a specially designed testing environment by comparing
with the model. We find that the model agrees well with the JADE-E sensor validating it for top hat
electrostatic analyzers more generally.

1. Introduction

Space-based electrostatic analyzers (ESAs), and similar sensors, require detailed calibrations on the ground to
understand their responses before flight. Analytical [e.g., Decreau et al., 1975; Carlson and McFadden, 1998;
Farnell et al., 2013] and particle trajectory methods [e.g., Sablik et al., 1988; Carlson and McFadden, 1998;
Collinson et al., 2012] are used for optimizing the design. These techniques determine themain characteristics
of the designs. However, they usually do not include all the complexities of a real instrument (e.g., electron
scattering, residual magnetic fields, and fabrication accuracy). Differences arise from these “complexities”
that are hard to predict or incorporate into the design phase [e.g., Risley, 1970; Vampola, 1998; Clark et al.,
2013]. As an example, Figure 1 illustrates the region of influence of three independent effects in the first-
order response typically derived from the methods listed above [Clark et al., 2013; McComas et al., 2013].
Methods to emulate the testing environment (i.e., space or laboratory conditions), whether it is through simu-
lation or experiment, are needed to better characterize the response. Here we focus on the electro-optical
response in an ESA when electron gyroradii become comparable to the scale size (ESA radius of curvature)
of the sensor. Although sometimes the magnetic field effect is assumed to be negligible [e.g., Victor et al.,
2006], we show through detailed experiments and simulations that the electro-optical response of an ESA
can be significantly altered for low-energy electrons (≤5 keV) in an external magnetic field (≤3G).

ESAs are commonly used to measure the energy per charge (E/q) and angular distribution of charged parti-
cles in space plasmas and elsewhere [e.g., Young et al., 1998; Pollock et al., 1998; McComas et al., 1998;
McFadden et al., 2008]. Different types of ESAs (e.g., cylindrical [Hughes and Rojansky, 1929; Johnstone,
1972], toroidal [Young et al., 1987], toroidal top hat [Young et al., 1988], spherical [Wolfe et al., 1966], spherical
top hat [Paschmann et al., 1985], trumpet [Duvet et al., 2000], cusp [Kasahara et al., 2006], and variable-radius
spectrograph [Allegrini et al., 2009, 2014]) all use the same principle: an electric field is produced by applying a
voltage between the ESA electrodes such that charged particles are filtered by their E/q. In this study, we use
data from the Juno Jovian Auroral Distribution Experiment-Electron (JADE-E) sensor [McComas et al., 2013].
JADE-E consists of a set of deflector plates, a spherical top hat ESA (referred to as ESA herein), and a micro-
channel plate (MCP) detector with 16 individual anodes. JADE-E’s primary objective is to explore Jupiter’s
polar magnetosphere regions [McComas et al., 2013; Bagenal et al., 2014]. This will be done through high
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cadence (1 s) measurements of the
energy and pitch angle distributions
of electrons between ~0.1 keV and
100 keV. To track the field-aligned
electrons, the deflector plates can
change voltages (up to +10 kV) based
on the magnetic field direction.

Typically, ESAs are designed with
the assumption that the magnetic
field is negligible. Instrument para-
meters derived under this assump-
tion through calibration and particle
simulations relate the ESA voltage
and detection location to the parti-
cles incident energy and origins,
respectively. However, when a strong
external magnetic field is introduced,
it changes the response of the ESA.
What was true without magnetic
field may no longer hold in the pre-
sence of a sufficiently large magnetic
field. External magnetic fields have
been known previously to skew the

transmission of incident particles through an ESA [Risley, 1970; Toburen and Wilson, 1977; Farnell et al.,
2013]; however, there has not been a detailed characterization through experiment or model.

We explored the use of a high-permeability magnetic shield [Wadey, 1956] and fabricated a cover which
enclosed the sensor except for the entrance aperture. The metal successfully shielded the external magnetic
field inside the sensor; however, it concentrated the field near the aperture creating a magnetic lens that dis-
torted the information about the particle’s incident energy and origin. Therefore, the benefits of a field free
region inside the ESA did not outweigh the complexities introduced in the distorted field at the aperture.
Thus, a magnetic shield was not used. Instead, we needed to model this effect for post analysis to determine
the measured energy and pitch angle distribution as a function of electron energy, magnetic field strength,
and direction. We use semiempirical relationships, which were derived from the Lorentz force, to model this
response and relied on particle simulations (SIMION) [Dahl, 2000] to constrain our equations and fitting
parameters. We also present results from a case study analysis with the JADE-E sensor that was tested in a
specially developed laboratory facility for vacuum testing in a controlled magnetic field (documented in
the appendix in McComas et al. [2013]).

In section 2, we describe the use of SIMION and the details of modeling this electro-optical response. In
section 3, we derive the semiempirical and empirical relationships for the energy, detection angle, and
geometric factor response. Section 4 presents detailed modeling results, which are used to derive the free
parameters in the semiempirical equations. Section 5 compares modeling and analytical results to laboratory
measurements. In section 6 we summarize and discuss the results and their implications for measuring
plasma electrons in strong magnetic field environments.

2. Model

To model the response of the ESA in an external magnetic field, we use the SIMION particle trajectory simula-
tion software [Dahl, 2000]. SIMION uses a finite-difference method to numerically solve the Laplace equation
for given electrostatic and/or magnetic potential array orientation. The electrostatic potential can be com-
puted from any given electrode geometry, thus making this software an ideal tool for modeling the response
of complicated instruments. Furthermore, the ability to input a magnetic field with complete control of the
orientation (in three dimensions) andmagnitudemakes it ideal for our study. Finally, SIMION has been shown
to be an effective tool in modeling the ideal response [McComas et al., 2013] and nonideal responses due to

Figure 1. Responses in a top hat ESA designed to measure electrons.
From left to right (increasing electron energy), the magnetic field, scatter-
ing/surface interactions, and relativistic effects play strong roles in a sensor’s
electro-optical properties. Red vertical bars represent approximate energy
ranges. For example, magnetic field strengths on the order of a few Gauss or
less can have a considerable affect on the sensor’s response function for
electron energies below ~5 keV. Electron scattering was found to be impor-
tant for energies between ~1 keV to greater than 50 keV [Clark et al., 2013].
Lastly, it was shown in McComas et al. [2013] that electron relativistic
effects are nonnegligible for energies above 20–30 keV.
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electron scattering [Clark et al., 2013]
for the JADE-E sensor as well as other
plasma sensors [e.g., Collinson et al.,
2009; Randol et al., 2010].

Particle distributions are flown from
the outside of the sensor, with distri-
butions uniform in energy, angle and
position covering the full transmission
space. Balancing the number of parti-
cles flown and optimizing the compu-
tation time of the simulation is taken
into account. Therefore, uniform dis-
tributions cover± 20% of the central
passband energy per charge, ± 8° in
elevation and±15° in azimuthal.
These values were selected because
the energy resolution is ~10% and
the pixel angular and elevation cover-
age is 7.5° × 5°, respectively. The parti-
cles originate at the entrance grid and
we fly ~6×105 particles for each ESA
voltage and magnetic field direction
and magnitude. We then rotate
the field direction 15° increments
between 0° and 360°. In total, nearly
1.5×107 particles are flown.

Figure 2 illustrates the projections
of electron trajectories onto a cross

section of the SIMION model. For clarity, the trajectories shown in Figure 2 only represent a small fraction
of the energy, angle, and position space covered by a full simulation. In Figure 2a electrons originate at
the grid and are flown along the y axis for two cases: (1) the B= 0 (blue trajectories) and (2) the BZ= 0.5 G
case (red trajectories). In Figure 2b, the electrons still originate at the grid but now are flown along the z axis
with the red trajectories now representing BX=�0.5 G. The energy of incident electrons is approximately
~500 eV for this example, and the inner ESA was biased at +55 V. The MCP was biased at +100 V and a

secondary electron suppressor grid
(not shown) above the MCP is biased
at �12 V. These are just two repre-
sentative cases to illustrate the
effect on the energy and detection
angle response. Figure 2a illustrates
the additional force along x, from
v�Bð Þbx , which causes the electrons
to strike the top of the ESA and thus
are not detected. To compensate for
this additional force, the ESA voltage
needs to be decreased for the elec-
trons to pass through. Similarly, in
Figure 2b the v�Bð Þbz force causes
the electrons to be steered to a
different location on the detection
ring. When the force is strong
enough to cause the electrons to
strike an adjacent anode (~7.5° field

Figure 2. A 500 eV electron trajectories within the JADE-E SIMION model.
Cross section of the x-y plane illustrates trajectories along the y axis with
(b) B = 0 G (blue) or (a) BZ = 0.5 G (red). In Figure 2b electrons are flown along
z with B = 0 G (blue) and BX =�0.5 G (red).

Figure 3. Schematic illustrating various components of a top hat ESA, the
coordinate system, and parameters used in this study.
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of view at full width at half maximum
(FWHM)), the incident direction, or
pitch angle, of the incident electron
could be misinterpreted.

Figure 3 represents the coordinate
system graphically, and Table 1
defines all necessary parameters we
use in this study. The pitch angle (α)
is calculated by taking the dot pro-
duct between the velocity and mag-

netic field vector cos αð Þ ¼v
→ � B→

� �
.

Elevation (θ) is defined in the x-y plane and azimuth (φ) is defined in the y-z plane. In this study, typical values
of θ are between�30° to +30° and values of φ are between 0° to 360°. We also define a coordinate, β, which is
the angle along the detection ring measured in the y-z plane, which varies between 0° to 360°.

3. Semiempirical Equations
3.1. Energy Equation

To make use of the results from the SIMION model, semiempirical relationships were developed. We start
with the Lorentz force and balance it with the centripetal force since the electron bent along a radius curva-
ture, r, in the ESA:

F
→¼ q E

→ þ v
→
x B

→� �
¼ mv2

r
(1)

wherem and q are the mass and charge of the electron and E
→
is the electric field, which we can approximate

as E
→
≈ U=Δr , where U is the ESA voltage potential between the spherical ESA plates (for Δr see Figure 2).

Substituting the equation of E
→
into equation (1) and using the relationship that v

→
x B

→¼ vB sinφ gives

E
qr

¼ U
2Δr

þ vB
2

sin φð Þ (2)

multiplying by r and rewriting v using the expression for an analyzer constant 1
2mv2 ¼ Uk , where k is

the analyzer constant, which can also be expressed as k = r/2Δr, which yields the following equation for
the energy per charge of a particle as a function of ESA voltage, magnetic field strength, and azimuth
(E/q = (U, B, φ)):

E
q
¼ Uk þ r

ffiffiffiffiffiffiffi
k
2m

r
B

ffiffiffiffi
U

p
sin φð Þ (3)

Figure 4 illustrates equation (3) with
an ESA voltage of 55 V for different
magnetic field strengths as a function
of φ. The black, blue, red, and purple
curves represent the magnetic field
strengths 0G, 1 G, 2 G, and 3G,
respectively. The theoretical curves
predict that for a given ESA voltage,
the measured energy distribution of
the incident electrons will change
significantly based on the magnetic
field strength and azimuth direction.
First, for B=0, equation (3) reduces
to E/q=Uk, which is a well-known
expression for plasma sensors [e.g.,
Victor et al., 2006; Allegrini et al.,
2009; Collinson and Kataria, 2010].

Figure 4. Energy per charge versus magnetic field azimuth for three field
strengths. Black, blue, red, and purple curves represent 0, 1, 2, and 3 G,
respectively. The ESA was set to 55 V.

Table 1. Definitions and Ranges of Commonly Used Parameters in This Study

Parameter Definition Range/Value (in This Study)

B Magnetic field magnitude 0–3 G
E Electron Energy 0.1–5 keV
α Pitch Angle 0°–180°
θ Elevation �30°–+30°
ϕ Azimuth 0°–360°
β Anode position angle 0°–360°
r Radius of curvature ~50mm
Δr Gap distance ~2.5mm
U Voltage potential of Inner ESA ~10–550 V
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We note that U is the optimal voltage for transmitting electrons through the ESA with kinetic energy E. For

B≠ 0, Figure 4 shows a sinusoidal pattern with an amplitude that grows as B
ffiffiffiffi
U

p
, where r

ffiffiffiffiffiffiffiffiffiffiffiffi
k=2m

p
is constant.

This pattern is qualitatively consistent with the simulated trajectories in Figure 2a, where the additional force
proportional to v× B bends the electrons in the ESA. The pattern in Figure 4 can also be explained by the
energy-per-charge acceptance properties of the ESA. For electrons to pass through the spherical top hat por-
tion, their equation of motion must balance the centripetal acceleration on the right-hand side of equation
(1). When the magnetic field strength and direction change, the energy of the electron that satisfies this con-
dition also changes. Realistically, there is a distribution of energies and we look into this effect in our results
presented in section 4. Here this serves just as a conceptual picture for the effect of the magnetic field on the
ESA’s response.

Ideally, we wish to calculate a realistic energy-per-charge value based on the ESA voltage, magnetic field, and
electro-optical parameters alone; however, this does not work in practice because this simple expression
ignores fringe fields and other effects such as deflector voltages. Nonetheless, it provides a useful expression
to analytically fit the simulation results. We can rewrite equation (3) in terms of a free fitting parameter.

E
q
¼ Uk þ C0B

ffiffiffiffi
U

p
sin φð Þ (4)

where C0 replaces r
ffiffiffiffiffiffiffiffiffiffiffiffi
k=2m

p
and is determined from simulations. We note that for JADE-E, k ≈ 9 eV/V, there-

fore for U = 55 V, E≈ 500 eV. Furthermore, k has been observed to change by ~1 eV/V (~10%) at electron
energies near 100 keV and McComas et al. [2013] found that this can be modeled by including relativistic
kinetic energies. We determine the relationship for C0 as a function of energy and magnetic field strength
in section 4.

3.2. Detection/Pitch Angle Response

As shown in Figure 2b the beam can be significantly deflected in azimuth (i.e., y-z plane). Here we start with a
1-D analytical approach for the force in the z direction and derive an expression that relates the pitch angle of
the particle measured outside the sensor to the location it strikes on the detection ring. Then we invert the
equation to have an expression for the pitch angle as a function of detection location. Again, we start with the

Lorentz force, assume E
→¼ 0, and write it in terms of a second order differential equation:

m
d2z
dt2

¼ qvB sin αð Þ (5)

z is one of the coordinates that defines the imagining plane in Figure 3 and α is the pitch angle. Solving
equation (5) for z and noting that Δz= (zf� zi), where final and initial values are taken to be at the detector
and grid, respectively,

Δz ¼ q
m
Δt2

2
vB sin αð Þ (6)

where Δt is the time of flight of the electron through the ESA (a 1 keV electron through JADE-E, Δt≈ 1 ns). We
can relate Δz to the anode position angle (β) by letting Δz= d× tan(β), where d is the linear distance through
the ESA. Replacing this expression for Δz in equation (6) and solving for β leads to

β ¼ tan�1
q
m

vBΔt2

2d
sin αð Þ

� �
(7)

Noting that Δt ¼ d=v and v ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2E=m

p
, we can replace the quantity qvBΔt2/2dm with QB=

ffiffiffi
E

p
, noting that

Q ¼ qd=
ffiffiffiffiffiffiffi
8m

p
. Finally, accounting for fact that the particle trajectory through a top hat ESA is bent ~90° by

the curved electrode geometry (see Figure 3), we introduce a 90° phase shift in the sine function.
Rewriting equation (7) gives

β ¼ tan�1 Q
Bffiffiffi
E

p sin
π
2
� α

� �� �
(8)

Figure 5 shows a plot of equation (8) with U= 55 V for various magnetic field strengths between 0 and 3G.
The black, blue, red, and purple curves represent 0, 1, 2, and 3G. When B=0, then equation (8) yields β =0,
and thus, the electrons are not deflected. When B≠ 0, the additional force causes the electrons to be
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deflected, thus striking different loca-
tions on the detector. The deviation

depends on the ratio of B=
ffiffiffi
E

p
and α.

For example, when α= π/2 then sin
(π/2� α) = 0, and β = 0. Thus, the
Lorentz force bends the particle in
the x-y plane regardless of its curved
trajectory through the ESA. Likewise,
the maximum deviation in β occurs
when α=0 or π , which are measured
outside the sensor. At these angles the
force on the electron is initially zero;
however, as the particle is guided
along the spherical top hat geometry,
the velocity and magnetic field are no
longer parallel and this causes the elec-
tron’s azimuthal trajectory to bend.

Similar to the energy response, this
ideal equation is unlikely to provide

an exact solution to the electron’s detection angle through the ESA. Therefore, we added additional terms
to equation (7) to account for amplitude or offset effects that are encountered. The general expression can
be written as

β ¼ A0tan�1 Q
Bffiffiffi
E

p sin
π
2
� α

� �� �
þ A1 (9)

where A0 represents the amplitude and A1 is a vertical offset. We treat these as free parameters and deter-
mine the relationships as a function of energy and magnetic field strength in section 4.

4. Modeling Results

In section 3 we derived general expressions for the energy and detection/pitch angle responses of a top hat
ESA in a strong external magnetic field. Here we present the modeling results to derive all necessary para-
meters in equations (4) and (9). Simulations covered an energy range of 100 eV, 200 eV, 500 eV, 1000 eV,

2000 eV, and 5000 eV and magnetic
fields of 0 G, 0.2 G, 0.5 G, 0.7 G, 1.0 G,
1.5 G, 2.0 G, 2.5 G, and 3.0 G. For each
combination of energy and magnetic
field strength, the azimuthal mag-
netic field component (i.e., ϕ) was
rotated 360° in 15° increments.
Similarly, the elevation (θ) was
also simulated between 0° to +15°
in 5° increments. A total number of
~2300 simulations were run to cover
this parameter space, which totaled
about 1000 h of computation time.
Interactive Data Language (IDL)
software was used to automate
SIMION simulations through batch
mode as well as automating data ana-
lysis routines to determine various
ESA characteristics (e.g., voltage-angle
response and detection response).

Figure 5. Detection angle on the MCP as a function of pitch angle outside
the sensor. Shown are four magnetic field strengths: 0, 1, 2, and 3 G illu-
strated as the black, blue, red, and purple curves, respectively.

Figure 6. Energy response as a function of azimuth from simulation (circles)
results and nonlinear best fits (curves) using equation (4). Four magnetic
field strengths are shown: 0.5, 1, 2, and 2.5 G as blue, red, purple, and black
curves, respectively. Error bars represent the ~10% FWHM of the simulated
energy distribution.
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A nonlinear least square fitting rou-
tine was used to fit modeling results
[Markwardt, 2009]. This routine was
developed for IDL and uses the
Levenberg-Marquardt method to
minimize the chi-square (χ2) good-
ness of the fit. It is possible during
minimization of χ2 that the fitting
routine could be converging within
local minima and not a global mini-
mum as desired. To mitigate this
effect, we supplied the fitting routine
with initial guesses based off of
the data and explored a reasonable
range of initial guesses to be sure
the fitting parameters converged to

the same values. We did not do this for every combination of energy and magnetic field strength and direc-
tion. Instead we spot-checked at 100, 500, and 1000 eV at 0° and 10° elevations for field strengths of 0.5, 1, 2,
and 3G. We determined that the program always found the same minimum for the cases provided, and thus,
we have confidence the program properly converged over the whole parameter space.

To determine the errors of the fitting parameters in both the energy and pitch angle semiempirical models,
we use the parabolic approximation around the minimum of χ2 [Bevington and Robinson, 2003, and refer-
ences therein]. This method was developed for nonlinear least squares fitting to an arbitrary function. For
each fitting parameter aj, we vary aj slightly and calculate the change in χ2. Three points that straddle the
minimum of χ2 are fitted to a quadratic polynomial. Then the uncertainty in the fitting parameter is related
to the second partial derivative of the quadratic fit by the following equation [Bevington and Robinson,
2003, equation 8.11]:

σ2j ¼ 2
∂2χ2

∂a2j

" #�1
(10)

4.1. Energy Response

Figure 6 illustrates the modeled central pass band energy response as a function of magnetic field azimuth
for electrons with a uniform distribution of energy between ~300 to 700 eV. The ESA was held at a constant
voltage of 55 V. The simulation results are plotted as circular symbols, and the solid curve represents the
semiempirical fit using equation (4) where the C0 fitting parameter was determined by the nonlinear fitting
routine. For illustration purposes, error bars were only placed on the B=2G case, which we estimate to be
~10% based on the simulated energy resolution. The red ellipses mark regions on the 2.5 G case where there
is no data due to the magnetic force being strong enough to prohibit transmission of particles through the
ESA. As predicted by the semiempirical equations, themodeled energy response of JADE-E exhibits a periodic
sine function with a constant offset. The equation fits the results well with reduced chi-square values typically
near 0.5.

The amplitude of the sine function was calculated for all energy and magnetic field cases, as illustrated in
Figure 7. The amplitude increases monotonically with increasing ESA voltage and magnetic field strength.
We found the following relationship for C0 representing the surface shown in Figure 7:

C0 ¼ g0 þ Bg1=Uð Þ cos θð Þ (11)

where g0 primarily characterizes the
slope of the term B

ffiffiffiffi
U

p
in equation

(4) and the additional term Bg1=U is
needed for the sharp increases in
the simulated amplitude for large B
and small U. Lastly, cos (θ) is needed

Figure 7. Amplitudes of equation (4) as a function of ESA voltage (U) and
magnetic field strength (B). The free fitting parameter C1 was determined
by nonlinear least squares fitting routine to these data.

Table 2. Free Fitting Parameter Values andUncertainties for the EnergyModel

Parameter Value σj

go 6.4 0.6
g1 5 1
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to compensate for the magnetic field if it is not purely in the azimuthal plane. These terms were chosen
empirically, and their best fit values are presented in Table 2. For example, in an extreme case where
B= 3G and U=11 V,Bg1=U ¼ 22. In contrast, for B= 1G and U= 11 V,Bg1=U ¼ 0:09. Some portions of themap
(e.g., 100 eV at 2G) appear to have blank or missing pixels. This was done to represent areas that do not have
continuous data for ϕ = 0°–360° (see Figure 6, B=2.5 G case).

After the coefficients were derived for the energy model, we compared the semiempirical relationships to the
simulation results and quantified the error. We report the error in terms of relative percent difference in
energy (Figure 8). Some regions (e.g., 100 eV at 2.5 G) are not represented with errors and instead are labeled
with “poor statistics.” This means that ~80% of the incident distribution did not transmit through the ESA. In
general, the average error in Figure 8a is small (<2%) except for a few cases where the average error can grow
to ~4%. The maximum error map is organized very similar to the average errors, except here the error is
nearly a factor of 2 larger. Typically the maximum error occurs around the peaks of the energy response
(i.e., φ= 90° and 270°). The energy response for various deflector settings was not explored as extensively
as the β = 0 case. However, we did run simulations for 500 eV electrons in a 2 G field at β = 15° and β =30°

and found the average error to be
~1%, respectively, a slight increase
of the ~0.5% error found in Figure 8a.

4.2. Detection/Pitch Angle
Response

Results in Figure 9 show the simu-
lated detection location of 1 keV elec-
trons in a 1 Gauss field as a function
of the pitch angle outside the sensor.
The symbols represent simulation
results, and the curves are best fits
using equation (9). Each color repre-
sents a different elevation angle.
Here we chose to cover the full pitch
angle range for the 0° case to illustrate
the close symmetry between pitch
angles 0°–90° and from 90°–180°. For
the other elevations shown we cov-
ered 0°–90° pitch angles to reduce
computation time. One striking fea-
ture is the effect due to the elevation
of the magnetic field, which appears

Figure 8. (a) Average relative and (b) maximum relative error between the energy model and simulation results as a func-
tion of energy and magnetic field strength. Areas with diagonal red lines represent regions with poor statistics.

Figure 9. Detection angle on the MCP surface as a function of pitch angle
outside the sensor for 1 keV electrons in a 1 G magnetic field. Symbols repre-
sent simulation data, and curves are nonlinear best fits using equation (9).
Shown are multiple magnetic field elevation angles from �10° to +15°.
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to change the detection location on the MCP in a linear fashion with elevation angle. Over 25° elevation the
detection location shifted ~ 1.8°. For JADE-E this was within the azimuthal field of view (FOV) of 7.5°, but for
stronger fields and/or lower energies this effect can shift the location larger than its FOV. However, these
values change depending on the ESA design requirements. The amplitude, or A0, does not appear to shift
substantially with elevation.

We explored various energies, magnetic field strengths, and elevations to find empirical relationships for the
free fitting parameters in equation (9) (i.e., A0 and A1). A0 did not show a systematic relationship with energy
or magnetic field strength but did exhibit a linear relationship with elevation angle. Over the parameter space
considered in this study, we found A0 to cluster around a set of values, as shown in Figure 10a. Therefore, we
were able to find a linear trend based on average values for the offset and slope. The red curve in Figure 10a
illustrates that trend. Alternatively, A1 showed systematic changes with energy, magnetic field strength, and
elevation angle that could be characterized with a linear function (Figure 10b). Since all the offsets pass
through ~0°, with small variations (<0.05°), it was reasonable to neglect the vertical offset in the linear func-
tion and characterize only the slope. We found the slope could be characterized as multivariate polynomial of
degree two with energy and magnetic field strength.

Presented in Table 3 are the values of each parameter that define the fitting function for detection location as
a function of pitch angle. The relationships for fitting parameters A0 and A1 are given by

A0 ¼ a0 þ a1θ (12)

A1 ¼ a2
Bffiffiffi
E

p
� �

θ (13)

In Figure 11, the average andmaximum error between the detection angle model and simulations are shown.
Here we present the error in degrees. Similar trends as found in the energy model are also observed in
Figure 11; the larger the ratio of B/U, the larger the difference between model and simulations. Generally,
we can model the detection angle of an electron through the ESA, to better than ~0.25°. However, in a
couple of cases, the model can deviate as much as 0.4°. The maximum error is typically within 0.5°, except
for the case of 200 eV electrons in a 2G field, where themodel is off by 0.8°. These values are reasonable given

the azimuthal FOV of JADE-E and
other top hat ESA designs [e.g.,
Burch et al., 2006; McFadden et al.,
2008; McComas et al., 2013].

4.3. Geometric Factor Model

In Figure 6 we observed that certain
conditions prevent the transmission
of electrons through the ESA. This

Figure 10. Plots of the fitting parameters A0 and A1 from equation (9). (left panel) A0 as a function of elevation angle, and
(right panel) A1 as a function of elevation angle. Symbols represent simulation results, and curves are best fits.

Table 3. Free Fitting Parameter Values and Uncertainties for the Detection
Angle Model

Parameter Value σj

a0 �27.9 0.6
a1 �0.5 0.1
a2 2.2 0.1
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directly affects the geometric factor—the quantity that relates count rate on the detector to particle flux out-
side the sensor. The simulated geometric factor can be calculated using a slightly modified expression from
McComas et al. [2013]

G ≅
Xnj

j¼1

Xni

i¼1
cos θj

	 

ΔθΔφΔxΔz

ΔE
Ei

T (14)

T ¼ 1; if the electron strikes the MCP
0; if it does not

�
(15)

where the solid angle of the FOV is cos(θ)ΔθΔφ, the area is ΔxΔz, and the energy resolution is ΔE/E. The
piecewise function T, describes whether or not a particle transmitted through the ESA. Typically, in laboratory
experiments T may be defined as the ratio of incident particles to those detected.

The geometric factor expression is complex, and we did not derive a semiempirical relationship as we did
with the previous models. Instead we found a Fourier series summed to n=2 and assuming it to be odd
over the azimuthal domain of 0° and 360° does well in capturing the geometric function. The function can
be written as

f φð Þ ¼ b0 þ
X2

n¼1
bn sin n φþ φnð Þð Þ (16)

where b0 is the offset, bn are the amplitudes, n is the index, φ is azimuth (see Figure 3), and φn are constant
phase shifts. We found from simulations that φ1 = 0 ° and φ2 = 0.14 °. Figure 12 illustrates the simulated G
(equation (14)) as a function of azimuth for 500 eV electrons for various magnetic field strengths. Shown as

circles are simulation results and solid
curves are nonlinear best fits using
equation (16). There are two main
features of the geometric factor with
increasing magnetic field: (1) the
increasing amplitude of the sine
functions and (2) the asymmetry with
magnetic field azimuth direction. For
the case shown, the geometric factor
changes by approximately a factor of
50 over a few gauss. We only plot a
range from 5×10� 6 to 1 × 10� 4 to
highlight the features at φ= 270 °.
The asymmetry in the geometric fac-
tor is likely due to the fact that as
electrons are bent toward the inner

Figure 12. Geometric factor as a function of azimuth for 500 eV electrons in a
varying magnetic field from 0.2 to 2.0 G. Circles represent simulation data,
and the curves are fits using the Fourier model (equation (16)).

Figure 11. Error maps between the detection angle model and simulation results as a function of energy and magnetic
field strength. (a) The average error and (b) the maximum error. Areas with poor statistics are represented as pixels with
red diagonal lines.
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ESA, they then strike the surface and
are either scattered or lost. However,
when the electrons are bent toward
the outer ESA, an increase in the elec-
tric field can offset this effect.

Likewise with the previous models,
we characterized the coefficients of
the Fourier series (Eqn. (16)) and
found relationships that depend on
incident particle energy (E) and mag-
netic field strength (B). Shown in
Figure 13 are the free fitting coeffi-
cients b0, b1, and b2 for the example
in Figure 12. When the coefficients

are plotted in both E and B parameter space, they take the form of a curved surface, which we also found
to be true in the previous semiempirical models (e.g., Figure 7). A nonlinear least squares fit to the Fourier
fitting coefficients revealed the following relationships:

b0 ¼ 5:2� 10�5 � 1:8� 10�4 Bffiffiffi
E

p (17)

b1 ¼�3:2� 10�7 � 1:5� 10�4 Bffiffiffi
E

p (18)

b2 ¼ �6:1� 10�7 þ 1:7� 10�4 Bffiffiffi
E

p (19)

5. Experimental Results
5.1. Laboratory Setup

For this study, all testing was performed in the Southwest Research Institute (SwRI) electron calibration facility
[McComas et al., 2013, Appendix A]. This facility has an ultra high vacuum chamber that is capable of reaching
pressures as low as ~10�10 Torr. In addition, there are two Kimball Physics electron guns that provide a

Figure 13. Free fitting parameters from equation (16) plotted as a function of
magnetic field strength for 500 eV electrons. The black curve represents
simulations and the red curve represents linear fits to the simulations. Best fit
values for these parameters for all E and B can be found in equations (17)–(19).

Figure 14. SwRI electron facility vacuum chamber and coils.
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monoenergetic beam of electrons between 100 eV to 30 keV. Each electron gun is equipped with deflector
plates and focusing optics to steer and manipulate the beam. Inside the chamber is a three-axis positioning
system. These motions include a linear stage, which controls the horizontal position normal to the beam line
and two nested, orthogonal rotational stages.

A set of square coils was fabricated and installed around the vacuum chamber in the electron facility (Figure 14).
There are three sets of coils for three-axis control (x, y, and z coils are labeled in the Figure 14), which were

Figure 15. (a) Magnetic field strength and (b) magnetic field uniformity within the vacuum chamber. In Figure 15a the x, y,
and z coils are represented by the green, blue, and red curves. In Figure 15b the uniformity is illustrated as a 3-D contour
plot, with each side of the roughly cubic testing volume measuring at ~25 cm.

Figure 16. Measured and modeled energy as a function of magnetic field direction in the azimuthal plane (φ). Symbols
represent JADE-E measurements, and the solid curves represent the semiempirical energy model. The semitransparent
swath represents a 2.5% variance from themodel. (a) A 500 eV electrons in a 0.2 G magnetic field. (b) A 500 eV electrons in a
0.5 G field, (c) 1000 eV electrons in a 0.5 G field, and (d) 5000 eV electrons in a 1 G field.
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designed to produce a nearly uniform
(<10%) field over a ~25×25× 25 cm3

test volume within the chamber. To
achieve this, each coil is ~1.7m in
length with ~100 turns of wire that
has a maximum current of 15A. The
setup was fabricated out of a wooden
frame with wooden dowels to secure
the coils to the frame. Aside from
the electromagnetic stepping motors
on the positioning system, the
vacuum chamber is constructed out
of nonmagnetic material. Inside the
chamber, a three-axis Bartington
magnetometer (MAG-03 IEHV) is
mounted to the positioning system
to map out the field strength and uni-
formity and to provide constant mon-
itoring during tests.

Figure 15 illustrates the magnitude of
the field for each coil pair as a func-
tion of current (a) and the uniformity
of the field over the testing volume
(b). To determine the magnitude, a
magnetometer was placed in the
center of the testing volume and the
current was incremented by 1 A to a
maximum of 15 A. The maximum

magnetic field strength at 15 A for the x coils are ~9G, ~7G for the z coils, and ~8G for the y coils. Each coil
produces a slightly different magnetic field and varies slightly as a function of current. These differences are
likely due to the size and location of the coils. A mounting plate was designed to attach to the motion stage
to allow the magnetometer to be moved in ~2.5 cm increments over the full testing volume. Then the x coils
were powered at a constant 5 A (i.e, 3 G), while measurements were taken. Figure 12b shows a 3-D continuous
contour; therefore, interpolation was done between our 2.5 cm step sizes. Results in Figure 15b show that the
magnetic field is spatially uniform to within <10% over the testing volume. It is likely that the presence of
electromagnetic motors slightly skew the field. The design and development of coils around the SwRI elec-
tron calibration facility allow for the testing of an ESA in various magnetic field strengths and orientations.

5.2. Data Model Comparison

To test our modeling results, we performed a case study analysis with the JADE-E engineering unit. Using the
coils, we varied the magnetic field direction while maintaining a constant magnitude to map out the energy
as a function of magnetic field direction, as shown in Figure 16. Shown are results for 500 eV electrons in a
0.2 G and 0.5 G field, 1000 eV electrons in a 0.5 G field, and 5000 eV electrons in a 1 G field. All the aforemen-
tioned components of the magnetic field were purely in the azimuthal plane (i.e., the x-z plane in Figure 14).
The symbols represent JADE-E data and the solid curves represent the semiempirical energy model based on
simulation results. The swath represents a 2.5% variance of the semiempirical model to illustrate the error
between the two. We note that strong values of B were not achievable in the electron chamber facility in this
configuration. At values ~1G and stronger, the trajectory of electrons within the gun and chamber were sig-
nificantly altered and lost. Test setup alterations could have mitigated this problem, (i.e., new mounts for the
gun or new motion stage for the sensor), but time constraints did not permit these changes. It is possible the
calibration offsets used to convert the measured magnetometer signal to units of Gauss, may be off and
explain the reason for the offset between the model and JADE-E (Figure 16). For example in the 1000 eV case,
an increase of just 0.2 G would make the model and experiment agree to better than 0.5%. Although SIMION
has been shown to represent JADE-E data well [McComas et al., 2013], it is also possible that some physical

Figure 17. Normalized counts versus azimuth angle (φ) for 500 eV electrons
with (a) BY = 0 G and (b) BY = 0.5 G. Black and blue curves represent JADE-E
and simulation data respectively. The red diamond is the value calculated
using equation (9) with defined values in Table 3. The vertical dashed line
illustrates the azimuthal shift centered on the theoretical value.
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process is being overlooked which is producing this small error. However, in the cases shown the largest error
is smaller than 2.5%. The energy resolution of JADE-E is ~10%, so this error is reasonable.

Figure 17 shows the normalized counts as function of detection angle for 500 eV electrons with BY= 0G (a)
and BY= 0.5 G (b). The black and blue curves represent JADE-E and simulation results, respectively. The red
diamond is the value calculated using equation (8) with the values defined in Table 3. In the lab it is not
possible to track the exact position of an electron through the instrument; however, we can sweep the instru-
ment in the imaging plane (i.e., φ) and calculate the center of the beam location based on where the counts
fall off by a factor of 2. The calculated center position can then be compared to the value obtained by theory.
It is apparent that a small shift is present in JADE-E for a 0.5 G field. The shift is also captured by our simulation
data and compares well with our prediction from the semiempirical model (to within ~0.25°). Simulation data
does not capture the edge-to-edge response of the anode distribution and falls short by ~1°. This may be
because our SIMION model contains no gaps between the anodes, unlike that of the JADE-E detector.

6. Discussion and Summary

In this study we have investigated the effect of a strong external magnetic field on the response of a top hat
electrostatic analyzer. Through extensive simulations, semiempirical relationships, and a case study analysis
with JADE-E, we characterized the energy response, detection angle response, and the geometric factor. As
expected from the Lorentz force with B≠ 0, simulations and experiment show that a strong magnetic field
can alter the trajectory of electrons significantly and modify the energy, angle response, and the geometric
factor of an ESA. This is because ESA voltages are typically optimized with B= 0. For example, 500 eV electrons
in a 2 G field, the energy response is shifted by ~±20% depending on the field direction. However, with our
work in this study, we show it is possible to work out the incident electron energy given knowledge of the
ESA voltage, analyzer constant, magnetic field strength, and direction. The ESA voltages are controlled with
flight software, the analyzer constant is known from calibration, and the magnetic field is typically measured
with a magnetometer. Therefore, these independent variables in our model should be known.

The equations we presented in section 3 for the energy response and the pitch angle response have been
shown to work well for energies between 0.1 keV to 5 keV with magnetic field strengths between 0G to
3G. It is currently unknown if a simple extrapolation of our semiempirical model beyond these values yields
accurate results. The functions used to describe the amplitude and offset in our model are monotonic and
perhaps could be extrapolated. However, one should be critical of the results.

The quantity r
ffiffiffiffiffiffiffiffiffiffiffiffi
k=2m

p
found in equation (3) (with added conversion factors going from nanoteslas to Gauss

and eV to Joules) is equal to 4.49 for JADE-E. We replaced this quantity with the free fitting parameter C0,
which we later found to be dependent on U and B (equation (11)). However, for fairly large gyroradii com-
pared to the scale size of the instrument (e.g., U> 50 V and B< 2G in JADE-E’s case), then C0 is at most about

a factor of 2 larger than the quantity r
ffiffiffiffiffiffiffiffiffiffiffiffi
k=2m

p
. Using this value instead, we observed the error to increase by a

factor of ~2 in the energy error map. For example, for 500 eV electrons in a 2 G field, our model reproduced

the energy distribution to within ~1.5% (see Figure 9), but using the quantity r
ffiffiffiffiffiffiffiffiffiffiffiffi
k=2m

p
, it only increased to

~3%. This suggest that our straightforward method in modeling the energy response of a top hat ESA can
be applied to various other ESAs with different electro-optical characteristics and will yield relatively accurate
results. For smaller voltages and larger magnetic field strengths, the differences become very large in a non-
linear fashion. Thus, for accurate results we must rely on equation (4) with the functional form of C0.

The detection angle model presented in this study only depends on the ESA’s diameter, which is a part of Q
in equation (9). Unlike the energy model, where we could estimate the difference in using just the ESA’s opti-
cal characteristics versus the modeled coefficients, we found that modeled coefficients are needed for all
values of E and B to obtain accurate results in the detection angle. Regardless, we speculate that only a0 in
equation (12) may need to be characterized, since the other parameters depend on the elevation, kinetic
energy, or magnetic field strength and not the properties of the ESA. Further testing with other instruments
is needed to validate these claims.

We were not able to validate the geometric factor response to measurements with a top hat ESA. Future work
is needed to setup an experiment that monitors the incident flux as a function of E and B, which is then com-
pared to the measured count rate in the sensor. To do this accurately, one needs to measure the incident flux
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with an absolute beam monitor [e.g., Funsten et al., 2005] or Faraday cup. We note that our simulated geo-
metric factor for JADE-E does compare well to the values reported in the JADE-E instrument paper
[McComas et al., 2013, Figure 51], which gives us confidence in our modeling approach. The offsets in fitting
coefficients for the Fourier model (equations (17)–(19)) will need to be determined on a sensor-by-sensor
basis, since each sensor has a unique geometric factor. But the framework has been laid out and the equa-
tions derived here can be used with the relevant parameters.

We expect these results to apply more to top hat ESAs, whether through direct use of the semiempirical rela-
tionships presented here or through the methodology used in deriving relationships to account for the
electro-optical response in a magnetic field. One known application of this work will be to aid in data analysis
of Juno JADE-E measurements. McComas et al. [2013, Figure 8] provided a histogram of magnetic field
strengths that Juno is expected to encounter in the auroral regions of Jupiter, and they found that Juno is
expected to be in regions where B< 1G for 63.4% of the time, B< 3G for 95.6% of the time, and B< 5G
for 99.2 % of the time. The equations provided in this study can be directly applied to the JADE-E data set
to work out the energy, direction, and flux of the incident distribution of electrons, which is important for
moment analysis. However, for regions where the magnetic field strength is larger than 3G, these equations
will have to be extrapolated to a parameter regime beyond that explored in this study.

Table 4 summarizes various regions of interest for plasma measurements and the expected magnetic field
strength in that region. We define a range of energies that may be of concern for future missions with
electron plasma sensors that are based on the strength of the magnetic field and the results with the
JADE-E sensor. The ratio between the radius of curvature of the ESA and the gyroradius appears to be a
decent indicator whether or not one can expect nonideal responses due to small electron gyroradii. We
found the break point to be around 0.1, which is based on the electro-optical response differing bymore than
a few percent of the nonideal (B= 0) response. Values greater than 0.1 indicate that the external magnetic
field may play a nonnegligible role in altering the response function of the sensor.
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