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SUMMARY
We propose two ensembles of geomagnetic field models spanning the last three millennia:
COV-ARCH is calculated using all available archeological artefacts and volcanic lava flows;
lake and marine sediment records are added to this data set to build COV-LAKE. Given the
sparse distribution of archeomagnetic observations and their associated large uncertainties,
the recovery of magnetic field changes from such data is an ill-posed inverse problem that
requires assuming some prior information. This is usually performed by imposing arbitrary
regularizations in space and time. Instead, we construct the prior knowledge entering the
objective function to be minimized from spatial and temporal statistics of the geomagnetic field,
as available from satellites, ground-based observatories and paleomagnetic measurements, and
validated by numerical geodynamo simulations. Our approach relies on the projection of model
coefficients onto temporal cross-covariance functions. We show with synthetic experiments
that the dispersion within the ensemble of solutions provides a coherent measure of the model
uncertainties. Gauss coefficients inverted from geophysical records compare satisfactorily with
those deduced from the independent database built upon historical and observatory records.
A posteriori model errors are reduced when incorporating sediment records; they logically
increase towards decreasing length-scales, indicating that a partial information is available
up to a spherical degree 4–5. Such models and their associated uncertainties are suited to
be used as observations in geomagnetic data assimilation studies. Our results advocate for
an approximately constant dipole decay since ≈1700 AD, preceded by an era (going back
to 1000 AD) where the dipole trend is weak, possibly slightly positive. We observe in both
hemispheres, at both low- and high-latitude, persistent patches over the past 3000 yr. We also
confirm a westward drift of flux patches at the core–mantle boundary at a speed of about 0.20 to
0.25◦ yr−1 . Despite the sparse data distribution in the southern hemisphere, the South Atlantic
Anomaly appears in both ensembles of models around 1800 AD. A similar low-intensity event
seems to have appeared below the Indian Ocean over 600–1400 AD. Both global models
are in general good agreement with regional master curves, though filtering out some of the
centennial oscillations.
Key words: Archaeomagnetism; Magnetic field variations through time; Inverse theory;
Statistical methods.

1 I N T RO D U C T I O N
The recent era of satellite magnetic data, associated with the high
temporal resolution of ground-based observatories, provide accurate knowledge of the magnetic field behaviour over the past
decades. Combined with historical records, these contemporary data
constrain the evolution of the large length-scales geomagnetic field
for the past few centuries (Jackson et al. 2000). Several structures
observed in the present field, such as the South Atlantic Anomaly,
the axial dipole decay (recorded since about 1840 and the advent of

C

absolute measurements), or the westward drift captured in historical
records of declination (and with flux patches isolated in magnetic
models at the core surface, see Jackson & Finlay 2007, for a review),
need to be studied over a longer time-span in order to strengthen
the constraints on the core dynamics.
Having in mind the geomagnetic data assimilation applications
(Fournier et al. 2010), one needs to characterize the field evolution
over timescales significantly longer than the turn-over time in the
Earth’s liquid core – of the order of 200 yr. The only such available
data are paleomagnetic records. Over the past millennia, they are
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2 D ATA A N D M E T H O D
2.1 Archeomagnetic records and sediment series
The data sets used in this study consist of all archeomagnetic and
volcanic data from 1200 BC included in the GEOMAGIA V.3
database (Brown et al. 2015) by March 2017, and the sediment
data set used by Panovska et al. (2015). We include additional
archeological intensity data from a recent study in Greece (Genevey et al. 2017) and from a second one in France (Genevey et al.
2016). The latter data cover the early Middle Age, an era previously
poorly sampled. Finally, to illustrate the necessity of an increasing
number of data, we added the Mavora lake sediment core from New
Zealand covering the full Holocene (Turner et al. 2015) that was
not included yet in the sediment database.
Our archeomagnetic and volcanic data set includes 11 274 data,
among which there are 4633 inclinations (I), 3217 declinations
(D) and 3424 intensities (F). It represents approximately 800 and
1300 more data than in the data set used in the construction of,
respectively, the A FM (Licht et al. 2013) and CALS3k.4 (Korte &
Constable 2011) field models, for the same studied time-span.
We follow Licht et al. (2013) in their attempt at recognizing the
efforts accomplished by paleomagnetists to obtain accurate records,
and choose to keep the errors published in the data set when provided. Some of the archeomagnetic and volcanic data are nevertheless published without error estimates (about 6 per cent of the
intensities and 13 per cent of the directions present in the data set).
In such a case, we assign α 95 = 4.5◦ for directional errors and σ F
= 8.25μT for intensity errors. We then convert α 95 values in errors
on declination and inclination measurements using (Piper 1989):

σI =

81
81
α95 , σ D =
α95 .
140
140 cos I

(1)

The temporal and spatial distributions of the data are very uneven,
with fewer archeomagnetic and volcanic data back in time, and
a much poorer coverage of all kinds of records in the southern
hemisphere (see Fig. 1).
The sediment data include 73 sediment cores. It represents 27 084
data divided in 4710 relative paleointensities, 12 101 inclinations
and 10 273 relative declinations. The spatial distribution is somewhat more homogeneous between the northern and southern hemispheres than for archeomagnetic data (see Fig. 1) and the temporal
distribution is very homogeneous along the considered period. We
follow the estimations of Panovska et al. (2012) of the sediment
records uncertainties except for the more recent Mavora lake for
which we assigned the uncertainties provided by the authors.
It is important to recall here that paleointensities and paleodeclinations are relative records that need to be calibrated when used for
global modelling. For the Mavora lake records, we use the declination provided in the study as absolute records and use the calibration
ratio provided by the authors to calibrate the relative paleointensities. All other records were already calibrated, with the declination
set to zero-mean, from Constable et al. (2016). They apply the following methodology: (i) for each core, the predictions of a global
model (ARCH10k.1) at the locations and times of the records are
estimated, (ii) the median value over the considered time-span of
the ratio between these predictions and the relative paleointensities
are calculated and (iii) all data points within one sediment core are
multiplied by this ratio. The obtained series are used as intensity
and declination data when inverting for the field model.

Downloaded from https://academic.oup.com/gji/article/214/3/1585/5026176 by CNRS - ISTO user on 10 May 2022

usually separated in two categories: (i) archeomagnetic measurements, obtained from heated archeological artefacts and volcanic
lava flows, and (ii) lake and marine sediment records. Although considered less reliable, data from the latter group have better spatial
and temporal coverage than the archeomagnetic data and therefore
bring valuable information to improve the resolution of global models (i.e. spatiotemporal interpolations of surface observations).
Already several of these models exist. To our knowledge, there
are four comparable, up-to-date, reference model families built from
archeomagnetic and lava data: the ARCHxk series (Korte et al.
2009; Constable et al. 2016), the ensemble of AF M realizations
(Licht et al. 2013), SHA.DIF.14k (Pavón-Carrasco et al. 2014) and
the AmR ensemble of models by Sanchez et al. (2016). We also
know four families of Holocene models incorporating sediment
data: the CALSxk series (Korte & Constable 2011; Constable et al.
2016), the HFM (Holocene Field Model) series (Panovska et al.
2015), the ensemble of ASDI FM models (Licht et al. 2013) and
pfm9k (Nilsson et al. 2014). All of them cover at least the past
three millennia. Except for AmR (a series of snapshots estimates,
built using a dynamo norm as prior information), they all rely on
the same regularization procedure, first introduced in Bloxham &
Jackson (1992): (i) a spatial norm minimizing the Ohmic dissipation
(Gubbins 1975) at the core–mantle boundary (CMB), and (ii) a
temporal norm minimizing the second time derivative of the radial
field at the CMB. They all use spherical harmonic functions for the
spatial description of the field, and a projection onto cubic B-splines
for the temporal interpolation. If the ensemble of models by Licht
et al. (2013) and Sanchez et al. (2016) are estimated up to spherical
harmonic degree l = 5, all others models are calculated until l =
10. To the exception of the dynamo norm approach by Sanchez
et al. (2016), the main differences mostly concern the way to handle
the data and their uncertainties (bootstrap methods, error rescaling,
etc.), not so much the inversion methodology.
If considering field coefficients as observations in assimilations
tools, one needs realistic estimates of the global model uncertainties, which are hindered by damping techniques used to reduce the
non-uniqueness issue. This motivates this study, where we aim at
deriving ensembles of field models over the past three millennia
using realistic priors, in order to produce reasonable posterior uncertainties. We follow a stochastic avenue, inspired from that first
introduced by Gillet et al. (2013) for the construction of the COVOBS field model from observatory data. We furthermore bring modifications to the usual algorithms by projecting Gauss coefficients
series onto specifically chosen temporal cross-covariance functions.
We present here two ensembles of spherical harmonic models,
COV-ARCH and COV-LAKE, spanning the past three millennia
and truncated at degree 10. In the next section, we first present the
data considered to build these models (Section 2.1), the way we
handle their associated dating uncertainties (Section 2.2), the Gaussian process regression method we use and our choice of a priori
covariances on the Gauss coefficients (Sections 2.3–2.4). Then in
Section 3.1 we apply our algorithm to the inversion of synthetic data
sets, in order to assess its reliability. Field models coefficients series
and spatiotemporal structures derived from geophysical records are
presented in Section 3.2. In a discussion section, we address issues about the azimuthal drift of field patches at the core surface
(Section 4.1), low-intensity anomalies at the Earth’s surface (Section 4.2), a comparison of global models predictions with regional
master curves (Section 4.3) and the possibility of using our models
and associated uncertainties as observations in geomagnetic data
assimilation re-analyses (Section 4.4). This paper ends with concluding remarks (Section 5).

Global archeomagnetic field models
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2.2 Accounting for dating uncertainties
Age uncertainties associated with archeomagnetic data are important, and sometimes not provided in the database (for 13 per cent
of the records in the data set). We follow Licht et al. (2013) and
assign to data with missing dating errors an uncertainty 1.5 times
the mean age uncertainty for every period of 500 yr. The resulting
age uncertainties for the several epochs are respectively 160, 130,
120, 100, 138, 114 and 57 yr for periods spanning 1500–1000 BC,
1000–500 BC, 500 BC–0, 0–500 AD, 500–1000 AD, 1000–1500
AD and 1500–2000 AD.
We account for age uncertainties associated with archeomagnetic
data using a bootstrap method on dating errors only, as opposed
to Korte et al. (2009) or Licht et al. (2013), who simultaneously
perform the bootstrap on both age and magnetic (D, I, F) values.
Indeed, within our modelling strategy (see Section 2.3) the projection of measurement errors onto posterior model uncertainties is
accounted for through the posterior model error covariance matrix.
Age bootstrap consists in randomly drawing the date associated to
each record following the provided age distribution, considered uniform in this study. We perform 50 independent bootstraps (enough
to guarantee the convergence of the data misfit, ensemble average
model and model dispersion). These provide 50 data sets, to be used
with the Gaussian process regression described in the next section.
Sediment data require a more careful methodology because of
the need to keep the stratigraphic order for all samples of one core.
The method we follow differs from the one used in previous studies
(e.g. Korte et al. 2009; Licht et al. 2013), where all ages from one
core are shifted by the same timing error, estimated as a Gaussian
random error drawn within the probability density function (PDF)
for the date uncertainty of the eldest sample within this core. Instead,
inspired by Nilsson et al. (2014), we stretch (instead of shift) the
dates of each series. We draw a Gaussian random error (within the
PDF for the dates uncertainties) for both the youngest and the eldest
data of each core. Lets write tj j ∈ [1, J] , the expectations of the ages
provided with a sediment series (for a core containing J data), and
t1∗ and t J∗ one random draw for the two ends of the series. For each

draw, all ages t ∗j of the core are obtained as
∀ j ∈ [1, J ], t ∗j = t1∗ +


t J∗ − t1∗  
t j − t1  .
t J  − t1 

(2)

This approach allows to increase or decrease the duration of each
core while keeping the stratigraphic order. As for archeomagnetic
data, we performed 50 bootstraps. Note that for each bootstrap, the
same stretching of the dates is considered for all field components
(D, I and F) within one sediment core.

2.3 Gaussian process regression for a nonlinear problem
Away from magnetic sources, the magnetic field B derives from a
scalar potential V, or B = −∇V. For an internal source, V can be
decomposed in spherical coordinates (r, θ, φ) as
V (r, θ, φ, t) = a

∞  

a l+1
l=1

×

l


r
(glm (t)cos(mφ) + h lm (t)sin(mφ))Plm (cosθ ),

m=0

(3)
with a the Earth’s radius, l and m the degree and order of the spherical harmonics, respectively, glm and h lm the Gauss coefficients and
Plm the associated (Schmidt semi-normalized) Legendre polynomials. At a given epoch t, Gauss coefficients are stored in a vector m(t),
of size L(L + 2) with L = 10, the spherical harmonics truncation
degree. We consider N discrete epochs [t1 . . . tN ] to build a vector x
= [m1 (t1 ). . . mN (tN )] of size NL(L + 2). In practice we sample the
period spanning from 1200 BC to 2000 AD every 100 yr (or N =
33). Comparison with shorter sampling rates show no significant
changes to the average model or the model dispersion, in link with
the time resolution resulting from the data frequency and the dating
errors.
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Figure 1. Geographical and temporal distributions of the archeomagnetic and volcanic records (red) and of the sediment cores (blue) used in this study.
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We define the cross-covariance matrix Cxx = E xxT , fed with
E glm (t j ) glm (t j ) = δll δmm Cl (t j − t j ) .

(4)

m(t) = Cmx (t) [Cxx + Rxx ]−1 x,

(5)

where Cmx (t) = E m(t)xT .
Archeomagnetic and sediment data and their associated errors are
stored, respectively, in vectors y and e. They are nonlinearly related
to Gauss coefficients (e.g. Bloxham et al. 1989). Each magnetic
record yk , recorded at epoch tk , is then linked to the model vector
through
yk = h k (m(tk )) + ek = Hk (x) + ek .

(6)

Accordingly, we link x and y through a nonlinear observation operator H (built from the Hk ):
y = H(x) + e .

(7)

We follow a Bayesian approach to retrieve the model x given
observations y. In a nonlinear case such as the one presented here,
we need to proceed iteratively. This is done using a Gauss–Newton
algorithm starting from an axial dipole background model g 01 (see
Section 2.4). We checked that alternative initial conditions bring
no significant changes to the ensemble average model or the model
dispersion. At each iteration i, one has
xi+1 = xi + Ki (y − H(xi )),

(8)

with the Kalman gain matrix
Ki = Cxx ∇Hi T [∇Hi Cxx ∇Hi T + Cee ]−1 .

(9)
 T
∇Hi is the Jacobian of H in xi , and Cee = E ee is the (diagonal) data error covariance matrix. To reduce the impact of outliers,
we consider two ways that are confronted in the synthetic study
(Section 3.1): either use an L2 measure of residuals rk (x) = yk −
Hk (x) while rejecting data for which |rk | > 3σ k , or implement the
Huber norm with an iteratively re-weighted least-squares algorithm
(Farquharson & Oldenburg 1998). In this latter case Cee becomes a
function of x, with diagonal elements
⎧
⎨
σk2
, |rk (xi )| < c
,
(10)
Ceekk (xi ) = σ̃k2 (xi ) = σk |rk (xi )|
⎩
, |rk (xi )| ≥ c
c
where c = 1.5 (e.g. Walker & Jackson 2000; Olsen 2002). The
Huber measure thus comes down to an L1 (resp. L2) distribution
of re-weighted outliers for large (resp. small) residuals. Using this
norm, all records keep a non-zero weight in the inversion.
Using (9) one defines the a posteriori model error covariance
matrix on the model x at iteration i,
Rxxi = Cxx − Ki ∇Hi Cxx ,

(11)

from which we build an ensemble of 20 models that statistically satisfy the observations given their associated errors (e.g. Gillet et al.

2.4 Choice of a priori covariances
2.4.1 Spectral behaviour of Gauss coefficients
Studies of the spectra of geomagnetic series have been carried out
in order to characterize the behaviour of the axial dipole at different
frequencies. Constable & Johnson (2005) constructed a power spectrum P(f) of geomagnetic dipole moment variations from centuries
to tens of millions years. It decreases towards increasing frequencies
f, and can be separated in several frequency ranges that present different spectral indices p, when approximating locally P(f) ∝ f−p . For
very low frequencies (f−1 > 105 yr), the spectrum seems almost flat.
One finds a spectral index p  2 for periods between 103 and 105 yr.
To characterize P(f) on shorter periods, one may resort to modern
records. From ground observatory series, p  4 has been observed
for periods between about 5 and 100 yr (Currie 1968; De Santis
et al. 2003). The analysis of lake and marine sediments inclination,
declination and intensity data by Panovska et al. (2013) indicated
p = 2.3 ± 0.6 for periods from 300 to 4000 yr. Olson et al. (2012)
calculated a time spectrum of the virtual axial dipole moment from
numerical simulations of the geodynamo. Their composite spectrum (relying on several computations with different parameters)
is overall in a good agreement with the observations listed above.
They found p  1.8 and p  4, for respectively f−1 ∈ [400, 2 × 105 ]
yr and f−1 ∈ [10, 400] yr. This is corroborated by the analysis of the
axial dipole spectrum in simulations by Buffett (2015) and Bouligand et al. (2016), although one should keep in mind that (i) the
time scaling of the computation is a crucial step, (ii) the considered
simulations should be focused towards the targetted physics and (iii)
current simulations still show too much diffusive processes, which
hinder interpreting the spectra towards short periods.
Given the small amount of observations covering long periods, we
can hardly deduce the spectral behaviour of non-dipole coefficients
from observations on centennial and longer periods. The analysis
of observatory data by Lesur et al. (2017) confirmed a spectral
index of ≈4 for Gauss coefficients up to a degree about 5 over
interannual and decadal periods. This finding agrees with the study
by Bouligand et al. (2016) of Gauss coefficients series from highresolution numerical simulations. For all coefficients but the axial
dipole, they observed a transition from p  4 to p  0 from short to
long periods. The cut-off period between the two frequency ranges
decreases with the length-scale, and appears to be governed by
the ratio of the main field and secular variation spatial spectra,
as assumed by Gillet et al. (2013) when constructing the COVOBS field model. In the analysed simulations, only the axial dipole
spectrum presents an intermediate frequency range with p  2.
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We suppose here that Gauss coefficients are a priori independent one
to the other, and that the covariance function Cl (τ ) is independent
of the order. Cl is further described in Section 2.4. We consider our
variables in the framework of Gaussian processes (Rasmussen &
Williams 2006), which are by definition entirely characterized by
their mean and second-order statistics (covariances). Suppose we
know an estimate of the discrete representation x, entached with
uncertainties δx; its associated error covariance matrix is Rxx =
E δxδxT . An estimate m(t) of Gauss coefficients at any epoch t is
then given by

2013), for each data set obtained from the 50 bootstraps discussed
in Section 2.2. The final ensemble includes all 20 realizations of the
50 data sets (i.e. a total of Ne = 1000 models). This study relies on
two key methodological points: (i) the choice of a priori temporal
cross-covariances that enter the matrix Cxx , and (ii) the projection
in time of the field model using these covariance functions, through
eq. (5), as performed by Hellio et al. (2014) for regional studies.
This second point makes the method self-consistent, avoiding the
use of support function such as the widely used splines introduced
by Bloxham & Jackson (1992), and constitutes a major difference
with the stochastic modelling approach proposed by Gillet et al.
(2013).

Global archeomagnetic field models
2.4.2 Mathematical representation of temporal cross-covariances
Following Gillet et al. (2013) and Hellio et al. (2014), we assume
that each Gauss coefficient results from an order 2 autoregressive
(AR-2), stationary, stochastic Gaussian process ϕ(t), whose statistics are characterized by an average ϕ = E(ϕ), a variance σ 2 =
E(ϕ 2 ) with ϕ = ϕ − ϕ, and an autocorrelation function ρ(τ ) =
E(ϕ (t)ϕ (t + τ ))/σ 2 with τ the time lag. We assume that these
only depend on the harmonic degree l, with no cross-covariances
between coefficients of different degree and order (i.e. no spatial
cross-correlations):
∀t, Cl (τ )=E (glm (t)−glm )(glm (t+τ )−glm ) =δll δmm σl2 ρl (τ ),

coefficients. We build the covariance
matrix Cxx (see Section 2.3) with the quantities of eq. (12). Here the
glm represent the coefficients of the background model m = E(m).
Hellio (2015) and Bouligand et al. (2016) prescribed an AR-2
process for the axial dipole, described through a stochastic equation
for ϕ of the form

dϕ
+ 2χ dϕ + ω2 ϕ dt = dζ (t),
(13)
dt
where ζ (t) is a Brownian motion (or Wiener process). It is based on
three parameters: the variance σ 2 and two timescales ω−1 and χ −1 .
For χ > ω, its correlation function is

where σ̇l2 is obtained by replacing the coefficients (glm , h lm ) by their
time derivatives (∂t glm , ∂t h lm ) in eqs (18) and (19).
We proceed slightly differently for the axial dipole. We consider the anomaly to the background value, g10 = g10 − g 01 . The
g 01 = −23μT, and the standard deviation for the
background
 value
 2
= 6.0μT are estimated by translating paleoanomaly E g10
magnetic reconstructions of the virtual axial dipole moment (its
time-averaged and standard deviation over the Brunhes chron, see
Ziegler et al. 2011) into axial dipole values. We consider ω1−1 = 400
yr, as defined from eq. (20), to estimate the time entering eq. (14)
for the axial dipole. Then, the second time χ −1 is fixed at 20 yr in
order to reproduce the changes of spectral index in the observed
and simulated spectra, with the two cut-off between p = 0, 2 and 4
frequency ranges at Ts  100 000 yr and Tf  60 yr – see eq. (16).
We show in Fig. 2 the PSD associated with the covariance functions
at the different degrees used in this study. Temporal and spatial
distributions of archeomagnetic and sediment data prevent to reach
such a high resolution. However, truncating our models at degree l
= 10 avoids to assign modelling errors to the error budget.

d

1
(χ + ξ )e−(χ −ξ )|τ | − (χ − ξ )e−(χ +ξ )|τ | ,
ρ(τ ) =
2ξ

(14)

with ξ 2 = χ 2 − ω2 . Its power spectral density (PSD),
P( f ) =

4χ ω2 σ 2
(ω2 − (2π f )2 )2 + (4π χ f )2

,

(15)

has spectral indices p = 0, 2 and 4 from low to high frequencies.
The cut-off period between frequency ranges with 0 and 2 spectral
indices is Ts = 2π (χ + ξ )/ω2 ; that between p = 2 and p = 4 frequency
ranges is Tf = 2π (χ − ξ )/ω2 – see Bouligand et al. (2016). In the
limit ω  χ , they become, respectively,
Ts = 4π χ /ω2 , T f = π/χ .

(16)

For others coefficients than g10 , Bouligand et al. (2016) considered
the particular case χ = ω that reduces eq. (13) to a two-parameter
(the variance and a single timescale) AR-2 process, of correlation
function
ρ(τ ) = (1 + ω|τ |) exp (−ω|τ |) ,

(17)
−2

and for which there is no frequency range where P(f) ∝ f .
For all coefficients but the axial dipole, we thus follow Gillet et al.
(2013) and consider a two-parameter AR-2 process to define their
temporal cross-covariances. We determine their a priori variances
from the coefficients of the satellite field model CHAOS-6 (Finlay
et al. 2016), estimated at a single epoch (in t∗ = 2005):
∀l ≥ 2, σl2 =

l

1   m2
gl + h lm 2 t=t ∗ .
2l + 1 m=0

The variance for equatorial dipole is obtained as

1  12
2
σ12 =
g1 + h 11
.
t=t ∗
2

3 R E S U LT S
3.1 Validation with synthetic tests
We create a synthetic set of reference Gauss coefficients that satisfy
the cross-covariance functions defined in Section 2.4. We evaluate
the predictions from this model at the locations and epochs of the
two data sets described in Section 2.1. We entach the value and age
of these data of errors, within the dating and measurement uncertainties of the corresponding data set. These data sets, which at first
do not contain outliers, are called Arch-Synth and Lake-Synth, the
latter one containing archeological, volcanic and sediment data. For
the sake of comparison, both data sets come from the same synthetic
model, and archeological and volcanic data included in Lake-Synth
are the same than in Arch-Synth. We name COV-ARCH-Synth and
COV-LAKE-Synth the ensembles of models obtained in the two
configurations.
Furthermore, in order to illustrate how outliers impact field models and guide our choice of measure for the residuals, we also consider in Section 3.1.3 a data set entached by outliers (Arch-Synth†),
from which we derive ensemble of models with either a Huber or
an L2 measure of the residuals (named respectively COV-ARCHSynth† and COV-ARCH-Synth†-L2). We should mention these synthetic tests represent a best-case scenarii, as we only address issues
associated with the probability distributions of measurements and
of records dates. The application to geophysical data incorporates
obviously many more subtleties, in particular a temporal smoothing
associated with sediment depositional processes (Pavón-Carrasco
et al. 2014).

3.1.1 Data misfit and bias
(18)

(19)

The time ω−1 entering eq. (17) will depend on the degree l. It is
simply given by (Gillet et al. 2013; Bouligand et al. 2016)

(20)
∀l, ωl−1 = σl2 /σ̇l2 ,

We consider first inversions using a Huber measure of residuals. We
report in Table 1 the normalized data misfit, defined as the ensemble
average r.m.s prediction error


Ne 
No 
 1 
rk, j 2
1 

,
(21)
M=
Ne j=1 No k=1 σ̃k, j
with σ̃k,i defined in eq. (10) and No , the number of data. We also
give the normalized prediction bias, defined as the ensemble average
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(12)
with a similar definition for h lm

1589

1590

G. Hellio and N. Gillet

Table 1. Ensemble average data misfit and bias in the synthetic case. B and M are defined in eqs (21) and (22). They are estimated both globally and separately
for the different types of observations (D, I and F), for the COV-ARCH-Synth and COV-LAKE-Synth ensembles (COV-ARCH-Synth∗ is obtained with no
dating errors and COV-ARCH-Synth∗∗ with no dating errors and without bootstrap on ages), using a Huber measure of the residuals. COV-ARCH-Synth†
(resp. COV-ARCH-Synth†-L2) is obtained in presence of outliers with a Huber (resp. L2) norm of the residuals.
Archeo &
lava

COV-ARCH-Synth
COV-LAKE-Synth
COV-ARCH-Synth∗∗
COV-ARCH-Synth∗
COV-ARCH-Synth†
COV-ARCH-Synth†-L2

No
M
B
M
B
M
B
M
B
M
B
M
B

D
3217
1.53
0.02
1.52
0.01
1.21
0.09
1.55
0.04
1.71
−0.01
1.21
0.01

I
4633
1.54
0.06
1.52
0.04
1.20
0.04
1.53
0.08
1.93
−0.09
1.20
−0.01

prediction error,
B=

Ne
No
1 
rk, j
1 
.
Ne j=1 No k=1 σ̃k, j

(22)

The two above quantities are given separately for D, I and F data.
Biases are close to zero for both ensembles of models, for all three
field components. Misfits for sediment data are close to unity. For
archeomagnetic and lava records, misfits are similar for both ensembles of models. They are larger than one by ≈20 and 50 per
cent for intensity and directional data, respectively. We suspect it
to be related to incompatibilities between different (D, I and/or F)
data, whose ages are drawn independently one to the other within
each bootstrap. To check this hypothesis, we consider inversion of

Sediments
F
3424
1.22
−0.03
1.19
−0.01
1.20
−0.04
1.25
−0.04
2.30
0.12
1.09
−0.01

D
10 273
–
–
1.07
−0.01
–
–
–
–
–
–
–
–

I
12 101
–
–
0.96
0.02
–
–
–
–
–
–
–
–

Global
F
4 710
–
–
0.91
0.03
–
–
–
–
–
–
–
–

1.45
0.02
1.14
0.01
1.20
−0.03
1.46
0.03
2.00
−0.01
1.17
−0.01

Arch-Synth data with unperturbed dates. It leads to similar misfits when performing bootstraps (case COV-ARCH-Synth∗), while
misfits are significantly lower when no bootstrap is applied (case
COV-ARCH-Synth∗∗) – see Table1. It confirms the incompatibility
of the dates chosen with the bootstrap method for archeomagnetic
data. This effect would be much reduced if considering either larger
measurement errors (the avenue followed by e.g. Korte et al. 2009,
at the expense of potentially losing precious information), or by
selecting the most probable draws of dates (as performed by Hellio
et al. 2014, a method unfortunately unaffordable with global data
sets). This is less of a problem for sediment data (i) because of larger
data errors that allow for more freedom in the model reconstitution,
and (ii) since dates of the different field components in one core
result from the same draw (see Section 2.2).
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Figure 2. PSD of the covariance for the several spherical harmonic degrees l. In red the PSD for the axial dipole, in green for the equatorial dipole (g11 and
h 11 ), in magenta for degree l = 2 and in blue for degrees 3 to 10 (variance decreases with degree).
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3.1.2 Model recovery and uncertainties

 2 (l) =

1
(2l + 1)σl2 (te − ts )
 te 
l




( glm (t) − ĝlm (t))2 + ( h lm (t) − ĥ lm (t))2 dt, (23)
×
ts

m=0

and the time-averaged dispersion within the ensemble (normalized
by the a priori variance per degree) as a function of l,
2 (l) =

1
(2l + 1)σl2 (te − ts )Ne
 te 
Ne 
l




×
(glm i (t) − glm (t) )2 + (h lm i (t) − h lm (t) )2 dt.
ts

the corresponding values in the geophysical data set). In this latter
case, error bars exclude the reference curve at some periods (see
around 430 BC and after 1800 AD), and the 250 yr fluctuations are
now poorly recovered. Despite so far, results were obtained with a
Huber measure of residuals, our models are spoiled by the presence
of outliers, with normalized data misfits significantly larger than
unity (see Table 1). It also transpires into anomalously high values
of the time-averaged spatial power spectrum at the top of the Earth’s
core (of radius c = 3485 km),
 ts  2l+4
l

 m 2

a
1
gl (t) + h lm (t)2 dt, (25)
(l + 1)
R(l) =
te − t s t e c
m=0
near the limit of resolution (see harmonic degrees 4 and 5 in Fig. 5).
We thus consider the case where instead, an L2 norm is employed
together with a 3σ rejection criterion (with no reweighting of the
errors, i.e. σ̃k = σk ). Normalized misfits (resp. biases) obtained for
COV-ARCH-synth†-L2, given in Table 1, are now reasonably close
to 1 (resp. 0). The prediction in Paris is now very close to the
case without outliers for both the mean model and the dispersion.
Finally, spectra for both the ensemble average model and the dispersion within the ensemble of models are also very close to the
case obtained in absence of outliers—the overestimation at degrees
4–5 has disappeared. A similar behavior (reduction of the misfit to
the true curve, and of the too large power at degrees 4 and 5, while
using an L2 instead of a Huber norm) is observed when including
sediment data. For the geophysical application below, we thus prefer employing an L2 measure of normalized residuals rather than a
Huber norm.
3.2 COV-ARCH and COV-LAKE
3.2.1 Data misfits and biases

i=1 m=0

(24)
The curves  2 (l) show that taking into account sediment data, despite their large associated uncertainties, increases the resolution
on Gauss coefficients: some partial information is retrieved up to
degree l = 5 with COV-LAKE-Synth, instead of l = 4 with COVARCH-Synth. Furthermore, the curves 2 are for all degrees very
close to  2 : we thus conclude that in absence of outliers, and for
realistic allocated data errors, our method provides a reasonable
measure of the posterior model uncertainty (despite data misfit
slightly larger than one, as shown in Table 1). In the spatial domain,
we recover larger uncertainties in the southern hemisphere and generally where the data sampling is low (see in Fig. A1 the snapshot
CMB maps of the dispersion within our ensemble of solutions). The
dispersion is weaker when including sediment records, and we also
witness the decrease of the data constraint towards the past.

We now apply the method described in Section 2 to the archeomagnetic and sediment data sets presented in Section 2.1. Data misfits
and biases, as defined by eqs (21) and (22), are detailed in Table 2
for COV-ARCH and COV-LAKE, separately for each data type. We
recall that we use for the geophysical application an L2-norm for
the data misfit. For archeomagnetic and lava data, we obtain for
both COV-ARCH and COV-LAKE misfits about 10 per cent larger
than the ones found with the synthetic study in presence of outliers.
As for the synthetic study, misfits much closer to unity are found
for sediment cores. These tend to lower the global misfit, contrary
to what was observed by Licht et al. (2013), where the misfit for
ASDI FM is higher than that for A FM. The origin of this difference is related to the errors assigned to sediment series, since we
use the (larger) values proposed by Panovska et al. (2013) for our
sediment measurement uncertainties. The distribution of normalized data residuals (see Fig. B1) is close to Gaussian for directional
data, while it is a bit more peaked towards zero for intensities.

3.1.3 Impact of outliers
An example of model predictions at the Earth’s surface is given in
Fig. 5 for COV-ARCH-Synth. In absence of outliers, the PDF of the
prediction accounts well for the reference intensity curve, although
some oscillations of period about 250 yr are partially smeared out.
We now experiment a case with 12 per cent outliers (data set COVARCH-Synth†, chosen to be at the same dates and locations of
the data identified as outliers in the geophysical application, for
which |rk |/σ k > 2; to assign physically realistic intensity values
to outliers, we replace the measurement values in Arch-Synth by

3.2.2 Time evolution of Gauss coefficients and their dispersion
We show in Fig. 6 the temporal behaviour of the dipole and
quadrupole coefficients for COV-ARCH and COV-LAKE. All coefficients are compared with the corresponding series obtained by
Licht et al. (2013), and with the historical model gufm1 (Jackson
et al. 2000). First of all, gufm1 series always lay within the COVARCH and COV-LAKE ensembles, which is very encouraging because our models are independent of gufm1 (we do not account
for any historical data), unlike Licht et al. (2013) who anchored
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The two ensembles COV-ARCH-Synth and COV-LAKE-Synth are
shown in Fig. 3, through the ensemble mean and the 3σ spread
within the ensemble of models, for some dipole and quadrupole field
Gauss coefficients. For all of them, the reference series is contained
within the 3σ . Considering the sediment data, the dispersion within
the ensemble is significantly decreased, especially for epochs before
1500 AD. Our modelling strategy allows to retrieve some of the
centennial oscillations observed in the reference series (e.g. g20 ).
The ensemble average model obtained from Lake-Synth is closer to
the reference series, in comparison with that inverted from ArchSynth. This is particularly obvious for some coefficients such as h 12 ,
for which COV-ARCH-Synth, contrary to COV-LAKE-Synth, fails
at recovering the amplitude of the strong oscillations seen in the
reference curve.
The recovery of the reference model within the posterior model
uncertainties is confirmed with Fig. 4, where we show the timeaveraged normalized error as a function of l (measured as the difference between the ensemble average model x and the reference
model x̂, normalized by the a priori variance per degree),
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Figure 4. Diagnostics  (circled plain lines) and  (dotted lines with stars)
as a function of harmonic degree l, as defined in eqs (23) and (24), for the
field models inverted from Arch-Synth (red) and Lake-Synth (blue) data
sets. Diagnostics for the axial and equatorial dipoles are shown separately
(with larger markers for g10 ).

their models to data generated from gufm1 predictions in 1990. We
also note that including sediment data generally improves the fit
of the ensemble average model to gufm1, whereas it is generally
better for A FM than for ASDI FM. As observed with the synthetic

study in Section 3.1, the dispersion within the ensemble is larger for
COV-ARCH than for COV-LAKE. The ensemble spread is almost
constant during the whole period considered when accounting for
sediment data, due to their more homogeneous temporal distribution
(see Fig. 1).
Having a closer look at individual coefficients, the axial dipole
for COV-ARCH (resp. COV-LAKE) is smoother than that of A FM
(resp. ASDI FM). Our estimates for g10 are also in average weaker
by ≈3 μT prior to 1500 AD in comparison with those of Licht et al.
(2013). Although this could be due to the particular prior we chose
for g10 , the corresponding coefficient for CALS3k.4 is even less
energetic, particularly for periods before 500 AD. COV-LAKE (and
to a lesser extent COV-ARCH) models agree well with the constant
axial dipole decay predicted by gufm1. We recall that gufm1 is only
constrained by directional data before 1832 and the first absolute
intensity measurements: as a consequence, Jackson et al. (2000)
had to scale the dipole prior to this date (see Suttie et al. 2011) and
assumed a constant dipole decay eqn 10d4a-10807 dg10 /dt = 15
nT.yr−1 . Several studies discussed this issue. Gubbins et al. (2006)
argued, on the basis of paleomagnetic data analysis, in favour of a
linear decay much slower than the one considered by gufm1. Finlay
(2008), using the database from CALS7K (Korte et al. 2005) to
constrain the axial dipole between 1590 and 1832, found a constant
axial dipole to be more likely over this period. Suttie et al. (2011)
re-estimated the data errors of the data set used by Finlay (2008)
and found a dipole decaying at an approximately constant rate of
12 nT.yr−1 over the historical period. We propose here a constant
decay of the axial dipole of 16 ± 2 nT.yr−1 over the past three
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Figure 3. Synthetic Gauss coefficients series (reference series in black) for some coefficients of the dipole and quadrupole field, compared with the mean
model retrieved from the Arch-Synth (red) and Lake-Synth (blue) data sets, together with their corresponding uncertainties, as measured by ±3σ (dotted lines).

Global archeomagnetic field models

1593

Table 2. Same as Table 1, for COV-ARCH and COV-LAKE.

COV-ARCH
COV-LAKE

M
B
M
B

D

Archeo & lava
I

F

D

Sediments
I

F

1.27
−0.04
1.30
0.02

1.34
−0.03
1.35
0.03

1.22
−0.01
1.24
0.01

–
–
0.98
−0.07

–
–
0.99
−0.10

–
–
0.81
0.05

centuries for COV-LAKE and 11 ± 3 nT.yr−1 for COV-ARCH.
Prior to the historical era, both COV-LAKE and COV-ARCH are
mostly constant: over the period spanning 1000 to 1700 AD, COVLAKE shows a small growth of 2 ± 1 nT.yr−1 (to be compared
with 0 ± 1 nT.yr−1 from COV-ARCH). This contrasts with recent
findings by Poletti et al. (2018), who favour a linear decrease from
750 AD.
From ≈1700 AD, most model coefficients agree reasonably well
with gufm1. In particular the sharp increase in g22 , the intense maximum in h 22 around 1800 or the strong decrease in h 12 are nicely
reproduced. This latter feature is better recovered when considering sediment data. The axial dipole put aside, g20 is the coefficient
showing the most significant non-zero average through time, with

Global
1.28
−0.02
1.05
−0.04

a negative shift. We note the very good agreement between COVLAKE and ASDI FM for g21 before 1500 AD. We also note that
g22 from COV-LAKE and COV-ARCH show similar time-averages,
while before 1000 AD, g22 from ASDI FM is significantly shifted
upwards (in contrast with A FM); the same discrepancy holds between CALS3k.4 and ARCH3k.1.
Two clear oscillations appear in the g11 series for the archeomagnetic models (COV-ARCH and A FM), with maxima at epochs
100 AD and 1100 AD. Although slightly smoother, they also show
up in the corresponding COV-LAKE coefficient, but not so clearly
on ASDI FM. Over the time window considered here, h 11 presents
saw-tooth patterns on longer timescales, retrieved in all field models, including or not sediment data. Centennial oscillations are seen
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Figure 5. Top: predictions of the COV-ARCH-Synth model for the intensity in Paris (dotted lines: ±3σ ), without outliers using a Huber norm (red), with
12 per cent outliers using a Huber norm (green) or an L2 norm and a 3σ rejection criterion (cyan), compared with the reference model prediction (black).
Bottom: time-averaged spatial spectra R(l) for the average solution (same colour code, in dotted lines the corresponding spectra for the dispersion within the
ensembles) and the reference model (black).
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in h 22 and h 12 series, which local extrema occur around the same
epoch for both COV-ARCH and A FM. Such quasi-periodic patterns in particular for h 22 are also present in the AmR and ARCH3k
archeomagnetic field models (see fig. 9 in Sanchez et al. 2016).
Comparing with models including sediment data, such features,
however, almost disappear.

3.2.3 On large-scale structures of the radial field
We now detail main field patterns at the CMB. We first focus on
the time-averaged field over the past 3000 yr, whose ensemble averages for COV-ARCH and COV-LAKE are shown in Fig. 7, together
with the dispersion within the ensemble of time-averaged models.
Interestingly, non-axisymmetric patches appear persistent over the
whole studied era. Several of these features are found in both COVARCH and COV-LAKE, as for instance the local extrema at mid to
low latitudes around 100◦ E, 30◦ E and 100◦ W in the northern hemisphere. These patterns, in particular with COV-LAKE, look symmetric with respect to a magnetic equator slightly shifted northwards
of the geographical equator, reminding the patches put forward by
Jackson (2003) from modern observations. Already documented
high-latitude lobes are also recovered, for example, under Northern America, and below the Eastern Antarctica (Constable 2007).
Comparing our time-averaged fields with the corresponding timeaveraged fields of ARCH3k.1 and CALS3k.4 (Figs 7a and b), we
see some similar structures, for example, the high-latitude lobes in
the southern hemisphere for CALS3k.4 and COV-LAKE. The midlatitude patches symmetric to the equator present in COV-LAKE
and COV-ARCH appear in the northern hemisphere for ARCH3k.1
and CALS3k.4, but these smoother models show no corresponding
southern patterns.

We note discrepancies between our two time-averaged models:
for instance, the areas of weak Br , located under South Atlantic in
COV-ARCH, and south of Madagascar in COV-LAKE. However,
the uncertainty on these two low Br areas are relatively large. Indeed,
for the time-averaged COV-ARCH, below almost all oceans of the
southern hemisphere the dispersion within the ensemble of timeaveraged models is as high as 70 μT. The resolution is better for
COV-LAKE, but the error under the Indian Ocean still reaches some
50 μT. This calls for some caution regarding the low Br areas of the
southern hemisphere seen in Fig. 7.
Examples of CMB maps of Br at specific epochs (200 BC and
1400 AD) are shown in Fig. 8, together with their associated uncertainties. Posterior model errors are much reduced under Europe (and
generally the northern hemisphere), where a higher density of data is
available. The dispersion is also significantly lower for COV-LAKE
than for COV-ARCH, at any given epoch. Flux patches discussed
above for the time-averaged maps are retrieved on the snapshot field
maps, with a stronger contrast. Local extrema are generally higher
for COV-LAKE than for COV-ARCH. Most differences between the
two ensemble average models show up in the southern hemisphere,
and at older epochs when fewer archeomagnetic data are available.
On the contrary, at more recent times (Figs 8 c and d), we retrieve
in both models most radial field patterns positioned at similar locations, and this in both hemispheres – see in particular the lowto mid-latitude patches in the southern hemisphere that show up
in 1400 AD, although some of them lay in areas of relatively high
uncertainties.
We show in Fig. 9 the time-averaged spatial spectra R(l) at the
CMB for several models including ours. The power stored in model
uncertainties (dotted lines) takes over that of the ensemble average
model above spherical harmonic degree about 5 for both COVARCH and COV-LAKE, to then reach the prior power spectrum of

Downloaded from https://academic.oup.com/gji/article/214/3/1585/5026176 by CNRS - ISTO user on 10 May 2022

Figure 6. Dipole and quadrupole Gauss coefficients series for COV-ARCH (red), A FM (green), COV-LAKE (blue) and ASDI FM (green). For each model,
the ±3σ standard deviation is shown in dotted lines. The historical model gufm1 is superimposed in black between 1600 and 1990 AD.

Global archeomagnetic field models

1595

CHAOS-6. It confirms the result found with synthetic experiment
in Section 3.1 that no information is to be expected at l > 5 (see
also Sanchez et al. 2016). The decrease of R(l) towards large degrees for the ensemble average model is steeper than (resp. similar
to) that found for regularized models also truncated at degree 10
for COV-ARCH (resp. COV-LAKE). The power stored into degrees
from 1 to 5 for COV-ARCH, very similar to that of SHA.DIF.14k,
is significantly higher than that of AmR, based on a dynamo spatial
norm, for l ≥ 3. The power for the ensemble average COV-LAKE
model is close to the reference spectrum of CHAOS-6 for l ≤ 3. At
degrees 4 and 5, it is significantly higher than R(l) found for all others models, including the prior model. Although not incompatible
with the large natural fluctuations of the spatial spectrum found in
geodynamo simulations (see Fig 3 in Bouligand et al. 2016), it indicates some possible remaining impact of outliers onto COV-LAKE
(despite the use of a rejection criterion, see section 3.1.3).

4 DISCUSSION

for COV-LAKE, which presents the weaker uncertainties. Similar
conclusions are found with COV-ARCH, and as in Dumberry &
Finlay no clear drift shows up in the southern hemisphere. The
most robust feature is a westward drift, at a speed of ≈0.20 to
0.25◦ yr−1 (i.e. it takes about 1500 to 1800 yr to circulate around
the globe). Dominated by large length-scales, it is reproduceable
from one realization to the other. The drift estimate is nevertheless
subject to important uncertainties in link with the too-short-studied
era (as illustrated with fig. 2 in Dumberry & Finlay 2007).
We detect no significant variation with latitude of the travelling
speed of these structures, which are carried by harmonic degrees l
≤ 5. As in Dumberry & Finlay (2007), they appear more obvious at
mid to high latitudes. In comparison with their results, we obtain a
comparable (although slightly weaker) drift speed. Eastward motion
of field patterns appear less obvious (though still potentially there),
and some westward patterns conversely can be followed here over
almost all longitudes. We cannot perform a direct comparison with
the stronger westward drift of equatorial field patches, highlighted
by Finlay & Jackson (2003) from historical records, due to the larger
wavelengths/longer periods considered here.

4.1 Westward drift of field patches at the CMB
We revisit the quest for azimuthal drift of field patches. Following
Dumberry and Finlay (2007), we show in Fig. 10 some examples
of time–longitude diagrams for radial field anomalies at the CMB
(once removing the axisymmetric time-averaged, and filtering out
periods longer than 2000 yr). We focus on the northern hemisphere

4.2 Low-intensity anomalies at the Earth’s surface
A frequently raised issue in the geomagnetic community concerns
the persistence over time of the weak-intensity area observed in
modern times above the South Atlantic (SAA, or South Atlantic
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Figure 7. Time-averaged, over the past three millennia, of the ensemble average radial magnetic field Br at the CMB (a–d), and the associated dispersion within
the ensemble of time-averaged models (e and f). Contours are every 100 μT for the average and 10 μT for the dispersion.
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Anomaly). Archeomagnetic and sediment data allow us to follow
backwards the evolution of the intensity at the Earth’s surface. We
recover well in both COV-ARCH and COV-LAKE the SAA (see
Figs 11c and d), and trace it only back to ≈1800 AD (contrary to
e.g. CALS3k.4b where it is persistent over a longer era, see Fig. C1).
Towards earlier epochs, we observe several of these low-intensity
patches. The most obvious anomaly is located above the Indian
Ocean between ≈ 600 and 1400 AD (a less intense one is also
found above the Western Pacific in the same time interval) as illustrated in Figs 11(a) and (b). Present, although weaker, when using
archeomagnetic data only, the Indian Ocean anomaly of the Middle
Age is overtaken in COV-ARCH by a poorly resolved low-intensity
area above the Southern Atlantic (see the corresponding dispersion maps), absent from COV-LAKE. This feature does not show
up in alternative models such as CALS3k.4b, where it is replaced

by a low-intensity area wider in longitude and closer to the equator (see Fig. C1). This configuration suggests, given the relatively
large value of the dipole at the considered period, the existence of
relatively strong reversed flux patches in the southern hemisphere
around 70◦ E (Terra-Nova et al. 2017), as that of Fig. 8(d).
Gallet et al. (2009) propose a link between geomagnetic jerks
(abrupt change in the field orientation and extremum of its intensity,
see Gallet et al. 2003) and epochs characterized by a large fraction
of the quadrupolar field (i.e. periods when reducing the field to
an eccentric dipole requires strong eccentricities). From this, they
speculate that several low-intensity events may have occurred in the
past. The rationale behind this is that, for instance, the SAA above
the Earth’s surface is well approximated by an eccentric dipole (see
Domingos et al. 2017). Our above observation of an Indian Ocean
anomaly thus corroborates the suggestion by Gallet et al. (2009).
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Figure 8. Snapshots of the radial magnetic field Br at the CMB. left: ensemble average COV-ARCH and COV-LAKE models in 200BC and 1400 AD. Contours
are every 100 μT. right: Corresponding dispersion within the ensembles. Data present at each epoch (± 50 yr) are indicated with red and blue dots. Contours
are every 25 μT.
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Figure 10. Time–longitude diagrams of the radial field at the CMB, for the COV-LAKE ensemble average model, at 20◦ N, 40◦ N and 60◦ N. The axisymmetric
time-averaged has been removed, and periods longer than 2000 yr have been filtered out. The black full (resp. dotted) line corresponds to a westward drift of
0.20◦ yr−1 (resp. 25◦ yr−1 ).

4.3 Confronting regional series and global field models
4.3.1 Regional master curves
We now investigate how global model predictions at Earth’s surface
compare with regional studies. Fig. 12 shows the regional master
curves, represented as a PDF, obtained using the stochastic method
introduced by Hellio et al. (2014) with archeomagnetic data from
the COV-ARCH data set in a radius of 1250 km around Paris—the
best documented area for centennial variations. We focus on the
period from 400 AD. The regional curve obtained for the intensity
shows six maxima over 400–2000 AD, five of them coinciding with
extrema highlighted by Genevey et al. (2016), including data in a
radius of 700 km around Paris—the missing one corresponding to
a separation in two of their local maximum around 1400 AD.
Intensity predictions from COV-ARCH present instead only two
local maxima: a broad peak centred around 800 AD, and one less
pronounced around 1600 AD that coincides with that of the regional
study. Inflections of the global model ensemble average prediction
sign some of the missing maxima. Note that corresponding COVLAKE predictions are very similar, as expected given the very good
coverage of archeomagnetic data over this area. The fact that global
models fail to reproduce some oscillations isolated in regional studies is intriguing, since the a priori information chosen for our global

study allows for such time variations. For completeness, predictions
of COV-ARCH at others locations around the globe are given in
Fig.D1. Three main differences between the regional curve and the
global model predictions could explain such a discrepancy:
(1) Different ways to handle dating errors: Contrary to our strategy for building the global models, Hellio et al. (2014) did not
apply a blind bootstrap on the dates of the samples. Instead they
only selected the draws with the highest probabilities, following
Markov Chain Monte Carlo rules. They showed that this process
potentially increases the contrast of the recovered curve. However,
around Paris where data contain relatively small dating uncertainties, we tested that performing or not the selection within the draws
does not change much the shape of the regional PDF.
(2) Difference of a priori information: The prior on F series in
Hellio et al. (2014) is derived from the same stochastic framework
as the one employed in this paper, summing cross-covariance functions on Gauss coefficients. The only change concerns the axial
dipole, defined as a Matérn AR-2 process in the study of Hellio
et al. (2014) and as a damped oscillator in this study (see Section 2.4.2). It significantly differs from the smoothing constraint
applied by Genevey et al. (2016). Since both regional approaches
give reasonably close master curves (with at least five local maxima
in Paris), this hypothesis appears unlikely.
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Figure 9. Time-averaged (over the past 3 millennia) power spectra of the field at the CMB for COV-ARCH (red) and COV-LAKE (blue), compared with
spectra of alternative field models (see legend for details). That of CHAO-6 in 2005, used to define the a priori information (see Section 2.4.2), is shown in
black for comparison. The time-averaged power spectra of the a posteriori dispersion within the ensemble are shown in dotted lines for COV-ARCH (red) and
COV-LAKE (blue).
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Figure 11. Intensity at the Earth’s surface. Ensemble average model (in colour scale, contours are every 5 μT) and dispersion within the ensembles (in grey
scale, contours are every 0.5 μT) at epochs 800 AD (top) and 2000 AD (bottom) for COV-ARCH (left) and COV-LAKE (right). Data present at each epoch
(±50 yr) are indicated with red and blue dots for archeomagnetic and sediment records, respectively.

(3) Interdependence of data constraints: However, a major difference between our global approach and regional studies concerns
the (implicitly) assumed interdependence of the data constraints.
Indeed, the prior for the regional PDF in Fig. 12 is obtained considering an axial dipole as a background, reducing much any potential

influence of directional data (see Hellio et al. 2014, appendix A).
On the opposite, the iterative process involved in the global field
modelling (see Section 2.3) correlates all data constraints together,
since the Jacobian that enters the Kalman gain matrix is built upon
the complex field of the current iteration. As such, directional data
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Figure 12. PDF of intensity, declination and inclination at Paris (λ = 48.9◦ N, φ = 2.3◦ E), obtained with the regional method by Hellio et al. (2014) for
directional and intensity data sets including all archeomagnetic data of the global data set, used to build COV-ARCH, in a radius of 1250 km around Paris.
Model predictions from COV-ARCH are shown in red with their ±3σ confidence interval.

around the considered region of the globe are likely to affect the
global model (through the data kernels, e.g. fig. 13 in Constable
2007), and thus its local intensity predictions. For a given magnetic
field model (especially with non-dipole contributions), these data
are not independent. The corresponding curves for directions are
shown in Figs 12(b) and (c). As for the intensity master curve, if the

general trend of global and regional PDFs correspond well, some
centennial oscillations that appear in the regional curves are not
fully recovered by the global model.
The above hypothesis calls for further work to either isolate
incompatibilities between several archeomagnetic records (e.g.
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through their dates), or best couple the information contained into
directional and intensity records around a site (possibly accounting
for some a priori magnetic field model). Nevertheless, it should not
hide the fact that the presence of outliers tends to filter out oscillations at ≈250 yr periods, as witnessed with the synthetic tests in
Fig. 5.

4.3.2 Importance of sediment series

4.4 COV-ARCH and COV-LAKE, data sets for
assimilation studies
We have seen that our method, provided reasonable data errors are
assigned, produces realistic estimate of posterior uncertainties on
Gauss coefficients. We show in Fig. 14, for some of the existing
global models, the diagnostic (l) defined in eq. (24). The relative
dispersion for COV-ARCH and COV-LAKE increases monotically
with the degree to reach 100 per cent for l = 5 and l = 6, respectively.
For the ensembles of A FM and ASDI FM models,  is much less
sensitive to the spherical harmonic degree, providing significantly
smaller uncertainties for l ≥ 3. The relative dispersion within the
ensemble of CALS3K.4b and pfm9k.1b models are rather similar,
and for l ≤ 3, it is about twice the one we obtain for COV-LAKE.
With such regularized field models,  reaches a maximum at l
= 5, then it starts decreasing to reach very low values at large
degrees. This behaviour is due to the spatial damping used to ensure

5 C O N C LU D I N G R E M A R K S
In this study we introduce two ensembles of spherical harmonic
magnetic field models spanning the past three millennia and truncated at degree 10: (i) COV-ARCH calculated from archeological
and lava flow data and (ii) COV-LAKE calculated from the latter
data set plus lake and marine sediment records. Instead of the usual
spatio-temporal regularizations employed so far, we construct our
prior information from spatial and temporal statistics of the geomagnetic field, as available from satellites, ground observatories
and paleomagnetic measurements. This information is carried by
temporal cross-covariance functions, onto which we project Gauss
coefficients. We show that these efforts put on the modelling side
provide statistically coherent posterior errors on the model parameters.
We observe a better agreement between COV-ARCH and COVLAKE, in comparison with the corresponding A FM and ASDI FM
ensembles, probably in link with the larger uncertainties reassigned
to our sediment data set following Panovska et al. (2015). We also
show a satisfying agreement between our models and models calculated from historical and contemporary data. It is worth noting that
COV-LAKE Gauss coefficients better fit gufm1 than COV-ARCH.
This could be expected, since sediment data improve notably the
spatial and temporal data distribution.
Our models suggest that the axial dipole (directly measured since
the first absolute measurements in 1832) decays at a rate of ≈16 ± 2
nT.yr−1 for COV-LAKE and ≈11 ± 3 nT.yr−1 for COV-ARCH since
1700 AD. It is preceded by an era, from 1000 AD onwards, where
the centennial trend of g10 is weak. We find trace of the SAA back to
1800 AD in both COV-ARCH and COV-LAKE ensembles, preceded
by another low-intensity patch above the Indian Ocean over 600–
1400 AD. We observe several flux patches at low to mid-latitudes
on the radial field at the CMB, which persist over the whole studied
era, and look in COV-LAKE approximately symmetric with respect
to a geomagnetic equator slightly shifted northwards. We confirm
the existence of a westward drift of flux patches at a speed of ≈0.20
to 0.25◦ yr−1 at the CMB. We show that predictions from our models
at precise locations on ground agree well with the corresponding
regional master curves, but that they fail at reproducing some of the
centennial oscillations. This calls for a better consideration of the
interplay between the constraints from the several field components.
One further improvement to this work concerns the treatment of
sediment records. Indeed, Nilsson et al. (2014) argue that significant uncertainties are to be linked with the estimation of age/depth
models. To tackle this issue they perform timescale re-adjustments
that we could account for in a next generation of model. Panovska
et al. (2012) also pointed out systematic errors on declination, due
to the recovery of cores. They suggest that only variations in declination should be used in global modelling. These issues may be
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We now illustrate with Fig. 13 the influence of sediment data on different global models at locations around which few (New Zealand)
or no (Antarctica) archeomagnetic data are available. The closest
records from Palmer Deep, Antarctica (Figs 13a and b) are more
than 2700 km away. Over the past centuries, and despite the few
data present at this location, our models recover well gufm1 predictions, which lays within the model prediction uncertainties (of
course no model do as well as CALS3k.4 that was constrained to
reproduce gufm1). ASDI FM (and to a lesser extent COV-LAKE)
ensembles present more variations than the smoother CALS3k.4
and pfm9k.1b. Despite this, ensemble average predictions for directional data from all models agree rather well. The situation is quite
different for intensity predictions, which are significantly stronger
for pfm9k.1b in comparison with others models, prior to ≈1200 AD.
Before 500 AD, COV-LAKE predictions are well within the observation uncertainties, slightly lower than intensities from all others
models, and recovering the longer oscillations present in ASDI FM.
Nilsson et al. (2014) argued that CALS10k.1b underestimated the
intensity for the last 2000 yr in South America, according too much
importance to this specific marine record. This underestimation
should also happen at the record site. However, we obtain a lower
intensity prediction from COV-ARCH than from COV-LAKE, suggesting that this sediment core tends instead to increase F locally:
another explanation must be found to explain the high values for F
from pfm9k.1b.
Finally, we show in Fig. 13(c) the predictions of the models at the
Mavora lake in New Zealand (Turner et al. 2015), contained in our
data set but not accounted for when building ASDI FM. It illustrates
how one sediment core does change drastically the predictions,
particularly in the southern hemisphere where the data distribution is
sparse. This argue in favour of more sediment records in the southern
hemisphere, or in areas poorly covered in the northern hemisphere,
in order to significantly improve archeomagnetic models.

the spectral convergence of these models, providing unrealistically
small posterior errors towards small length-scales.
Field models Gauss coefficients may be used as data in archeomagnetic assimilation studies (e.g. Fournier et al. 2013). In this context, assessing realistic uncertainties on the glm is crucial in order to
obtain an unbiased estimate of the core state. Fig. 14 advocates in
favour of using the ensemble of COV-ARCH and COV-LAKE models for re-analyses of centennial to millennial geomagnetic field
changes.
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Figure 13. (a and b) Model predictions in Antarctica (λ = 64.9◦ S, φ = 295.8◦ E) for COV-LAKE (blue), ASDI FM (green), pfm9k.1b (cyan), CALS3k.4
(magenta) and gufm1 (black) with the 3σ uncertainties when provided (corresponding dotted lines). (c) Model predictions in New Zealand (λ = 45.3◦ S, φ =
168.2◦ E) for COV-LAKE (blue) and ASDI FM (green). Note that these latter data are used in the construction of COV-LAKE, but not in that of ASDI FM.

overcome by adjusting the error model, or by modifying the observation operator—for example, involving scaling factors to be inverted for (Panovska et al. 2015), and/or considering sediment data
as time-weighted averages. Having this in mind, one may consider
extending backwards the global geomagnetic field reconstruction
by applying the method proposed here to ancient sediment core. On

longer periods, some studies (Yiou et al. 1985) have also shown
that geomagnetic fluctuations could lead to detectable variations in
the production of cosmogenic isotopes, such as 14 C or 10 Be (Simon
et al. 2016). These independent records may be used either as observations or to better constrain the temporal spectrum of the field
at millennial timescales, and thus improve our prior information.
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Figure 14. Comparison of the diagnostic  as a function of harmonic degree
l, for the different models discussed in this study. Models calculated from
archeological and lava data are represented with circles, and those including
also sediment data with stars. We plot separately the diagnostic for the axial
and equatorial dipoles of COV-ARCH and COV-LAKE (with larger markers
for g10 ).
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Le Goff, M., 2016. New archeointensity data from French Early Medieval
pottery production (6th–10th century AD). Tracing 1500 years of geomagnetic field intensity variations in Western Europe, Phys. Earth planet.
Inter., 257, 205–219.
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Figure A1. Standard deviation σ Br within the ensembles of COV-ARCH-Synth and COV-LAKE-Synth, for the radial component at the CMB, in 500 BC and
1500 AD. Contours are plotted every 25 μT. Red (resp. blue) dots: location of archeomagnetic and lava (resp. sediment) data at the corresponding epoch
(±50 yr).
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Figure B1. Distribution of normalized residuals for the COV-ARCH and COV-LAKE ensemble of field models. Superimposed in black, the Gaussian PDF
determined by the mean and standard deviation of the residuals (see values in Table2).
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Figure C1. Intensity at the Earth’s surface for COV-LAKE (left) and CALS3k.4b (right) every 200 yr from 1000 to 1800 AD (from top to bottom).
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Figure D1. Comparison of predictions from COV-ARCH (average model in red) and archeomagnetic observations (green dots) at several locations. In red
dotted lines the ±3σ model predictions.

