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Phenomenology of dark matter via a bimetric extension of general relativity
Laura Bernard* and Luc Blanchet†
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Université Pierre et Marie Curie, 98 bis boulevard Arago, 75014 Paris, France
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We propose a relativistic model of dark matter reproducing at once the concordance cosmological model
Λ-cold-dark-matter (Λ-CDM) at cosmological scales and the phenomenology of the modified Newtonian
dynamics (MOND) at galactic scales. To achieve this we postulate a nonstandard form of dark matter,
consisting of two different species of particles coupled to gravity via a bimetric extension of general relativity
and linked together through an internal vector field (a “graviphoton”) generated by the mass of these
particles. We prove that this dark matter behaves like ordinary cold dark matter at the level of first-order
cosmological perturbation, while a pure cosmological constant plays the role of dark energy. The MOND
equation emerges in the nonrelativistic limit through a mechanism of gravitational polarization of the dark
matter medium in the gravitational field of ordinary matter. Finally we show that the model is viable in the
Solar System as it predicts the same parametrized post-Newtonian parameters as general relativity.
DOI: 10.1103/PhysRevD.91.103536

PACS numbers: 95.35.+d, 04.50.Kd, 95.36.+x

I. INTRODUCTION
The goal of the present article is to reproduce within
a single relativistic framework, consisting of a nonstandard
form of dark matter particles coupled to a bimetric extension
of general relativity (GR), both
(1) the concordance cosmological model Λ-CDM and
its tremendous successes at cosmological scales and
notably the cosmic microwave background (CMB)
at first-order cosmological perturbations (see [1–4]
for reviews), in which cold dark matter (CDM) is a
fluid of collisionless particles without interactions,
and Λ is a pure cosmological constant added to the
Einstein field equations; and
(2) the phenomenology of MOND (i.e. modified Newtonian dynamics or Milgromian dynamics [5–7]),
which is a basic set of observational phenomena
relevant to galaxy dynamics and dark matter distribution at galactic scales (see [8–10] for reviews),
including most importantly the almost flat rotation
curves of galaxies, the famous baryonic Tully-Fisher
(BTF) relation for spiral galaxies [11–13], and its
equivalent for elliptical galaxies, the Faber-Jackson
relation [14].
It has long been known, and so far disappointing, that the
cosmological model Λ-CDM, when extrapolated down to
galactic scales, seems to be fundamentally incompatible
with the phenomenology of MOND. Within the Λ-CDM
picture one can only take notice of that phenomenology and
suppose that it emerges from some (physical or astrophysical) mechanism taking place in the interaction between dark
matter and baryons. A lot of work on astrophysical
*
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feedbacks (e.g. supernova winds) has been done to reconcile
Λ-CDM with observations; see e.g. [15,16]. However,
because of the problem of fine-tuning of complicated
phenomena to simple empirical laws like the BTF relation,
and because of the baffling presence of the MOND acceleration scale a0 in the data, it appears to be practically
impossible that Λ-CDM could provide a satisfactory explanation of the MOND phenomenology [10]. By contrast, the
MOND empirical formula is extremely predictive and
successful for galaxy dynamics [8,9] but is antagonistic
to anything we would like to call a fundamental theory.
Furthermore, it has problems at larger scales where it fails to
reproduce about one-half of the dark matter we see in galaxy
clusters [17–22] and unfortunately has a priori little to say
about cosmology at still larger scales.
Most relativistic MOND theories extend GR with appropriate extra fundamental fields, so as to recover MOND in
the nonrelativistic limit; see Refs. [23–32]. None of these
theories assume dark matter, so they can be called pure
modified gravity theories. They have been extensively
studied in cosmology, notably the tensor-vector-scalar theory
[23–25] and noncanonical Einstein-æther theories [26,27], at
first-order perturbation around a cosmological background
(see e.g. Refs. [33–38]). However, because they do not
assume dark matter, the pure modified gravity theories have
difficulties at reproducing the cosmological observations,
notably the full spectrum of anisotropies of the CMB.
A different approach, called dipolar dark matter (DDM),
is more promising in order to fit cosmological observations.
This approach is motivated by the dielectric analogy of
MOND [39,40], a remarkable property of the MOND
formula which may have deep physical implications (but
of course, which could also be merely coincidental). The
idea is that the phenomenology of MOND could arise from
some property of dark matter itself, namely a spacelike
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vector field called the gravitational dipole moment and able
to polarize the DDM medium in the gravitational field of
ordinary matter. A relativistic version of this idea has been
proposed in Refs. [41,42] and correctly reproduces the
cosmological Λ-CDM model at the level of first-order
cosmological perturbations. The deviations from Λ-CDM
at second-order cosmological perturbations in that model
have also been investigated [43].
In the model [41,42] the phenomenology of MOND is
recovered when the DDM medium is polarized, i.e. when
the polarization field is aligned with the local gravitational
field. This is obtained at the price of a hypothesis of “weak
clustering” of DDM, namely the fact that the DDM
medium stays essentially at rest and does not cluster much
in galaxies compared to ordinary matter. This hypothesis is
made plausible by the fact that the internal force due to the
presence of the dipole moment will balance the gravitational force. Furthermore the hypothesis has been explicitly
verified in the case of the static gravitational field of a
spherical mass distribution (see the Appendix of Ref. [41]).
However, in more general situations, either highly dynamical or involving nonspherical gravitational fields, it is likely
that the polarization will not be exactly aligned with the
gravitational field, and in that case the model [41,42] would
deviate from MOND stricto sensu. We have in mind
situations like the dynamical evolution of galaxies including the formation of bars [44], the collision of spiral
galaxies yielding famous antenna structures [45] and the
formation of tidal dwarf galaxies [46], and the problem of
nonspherical polar ring galaxies [47].
In the present paper we propose a new relativistic model
for DDM, which is free of the weak clustering hypothesis
of the DDM and thus permits one to recover the phenomenology of MOND in all situations, either spherical or
nonspherical and/or highly dynamical. Furthermore we
shall show that this model also recovers the essential
features of the standard cosmological model Λ-CDM
and in particular is indistinguishable from it at first-order
perturbation around a cosmological background.
The present model is actually closer to the original
concept of gravitational polarization and dipolar dark
matter [39,40]. Indeed it involves two species of dark
matter particles, interacting together via some internal force
field. The DDM medium appears to be the gravitational
analogue of a plasma in electrodynamics, oscillating at the
natural “plasma” frequency, and which can be polarized by
the gravitational field of ordinary matter, mimicking the
presence of dark matter. The nonrelativistic approximation
of our model has already been reviewed in Sec. III of
Ref. [40] and exhibits all the desirable features we would
expect for gravitational polarization and MOND.1
1

Interpreting this polarizable dark matter medium as a sea of
virtual pairs of particles and antiparticles, we gave in Ref. [40] a
few numerical estimates that such a hypothetical medium would
have [48,49].

To achieve these results we assume that the two
species of dark matter particles are coupled to two
different metrics, reducing to two different Newtonian
potentials in the nonrelativistic limit [40]. Therefore,
in this new model and contrary to the previous one
[41,42], we do consider a modification of gravity, in the
form of a bimetric extension of GR. Furthermore,
the internal field is chosen to be a vector field whose
associated charge is the mass of particles—i.e. a “graviphoton.” Thus our model is a compromise between particle
dark matter and modified gravity, which can be seen as the
result of the antinomic phenomenologies of dark matter
when it is seen either in cosmology or in galaxies. Note that
the model is very different from BIMOND [28,29], a
bimetric theory that has been proposed for MOND and
which is a pure modified gravity theory without dark
matter.
As our model uses a bimetric extension of general
relativity, it is necessary to check the consistency of its
gravitational sector. In particular the number of propagating gravitational degrees of freedom should be investigated, together with their possible ghostlike behavior.
This work would be along the lines of studies of ghostfree bimetric theory motivated by a nontrivial generalization of de Rham-Gabadadze-Tolley (dRGT) massive
gravity [50–54]. In the spirit of the search for relativistic
MOND theories [23–32,41,42], we focus here on the
physical consequences of the model. The counting of
gravitational propagating modes is treated in Ref. [55].
However we shall indicate in Appendix C that some
aspects of the gravitational sector of the model are safe at
linear order around a Minkowski background.
Finally since the present theory involves a modification
of gravity it is very important to check its viability in the
Solar System (SS). We compute the first post-Newtonian
(1PN) limit of the model in the regime of the SS, i.e. when
typical accelerations are much above the MOND scale a0 ,
and find the same parametrized post-Newtonian (PPN)
parameters as in GR [56], which allows us to conclude that
the theory is viable in this regime.
The plan of this paper is as follows. In Sec. II we
describe the model using a relativistic action for the
ordinary matter, the two types of dark matter coupled
to two different metrics, and an internal vector field. We
also look at the perturbative solution of the field and
matter equations. In Sec. III we investigate the cosmology
of the model up to first order in perturbations. In Sec. IV
we investigate the nonrelativistic limit of the model,
describe the mechanism of polarization that yields the
MOND phenomenology at galactic scales (see [40] for a
review), and check the 1PN limit of the model. The paper
ends with a short conclusion in Sec. V and with appendixes presenting technical details, notably Appendix C
which investigates the gravitational sector of the model at
linear order.
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II. DIPOLAR DARK MATTER AND
MODIFIED GRAVITY
A. Dynamical action and field equations
Let us consider a model involving, in addition to the
ordinary matter simply described by baryons, two species
of dark matter particles. The gravitational sector is composed of two Lorentzian metrics gμν and gμν and one vector
field K μ sourced by the dark matter masses and which will
be called a graviphoton. The baryons are coupled in the
usual way to the metric gμν . Though we model the ordinary
matter only by baryons, we have in mind that all ordinary
matter fields (fermions, neutrinos, electromagnetic radiation, etc.) are coupled in the standard way to the ordinary
metric gμν . As a way to recover the dipolar behavior of dark
matter we assume that one species of dark matter particles
is, like the baryons, minimally coupled to the ordinary
metric gμν , while the other one is minimally coupled to the
second metric gμν . The vector field K μ links together the
two species of dark matter particles and is crucial in order to
ensure the stability of the dipolar medium.
The gravitational-plus-matter action of our model reads2





Z
pﬃﬃﬃﬃﬃﬃ R − 2λ
pﬃﬃﬃﬃﬃﬃ R − 2λ
4
− ρb − ρ þ −g
−ρ
S¼ d x
−g
32π
32π


pﬃﬃﬃﬃﬃﬃ R − 2λf
a20
μ
μ
þ −f
þ ðj − j ÞK μ þ WðXÞ :
ð2:1Þ
16πε
8π
We describe baryons and dark matter particles in their
respective sectors by their conserved scalar densities ρb , ρ
and ρ, without pressure, and define their four-velocities
uμb , uμ and uμ , normalized with their respective metrics,
i.e. gμν uμb uνb ¼ gμν uμ uν ¼ gμν uμ uν ¼ −1. We denote by
R ≡ R½g and R ≡ R½g the Ricci scalars associated with
the two metrics gμν and gμν . These metrics interact with
each other through an interaction term involving the Ricci
scalar R ≡ R½f associated with an additional Lorentzian
metric f μν , defined nonperturbatively from gμν and gμν by
the implicit relations
f μν ¼ f ρσ gρμ gνσ ¼ f ρσ gρν gμσ ;

ð2:2Þ

where f ρσ is the inverse metric, i.e. f ρσ f στ ¼ δρτ . Note that
(2.2) implies f 2 ¼ gg for the determinants [e.g.
f ¼ detðf μν Þ]. In applications the relations (2.2) will be
solved perturbatively and the solution in the form of a full
perturbative series is analyzed in Appendix A. The action
Greek indices μ; ν; … take space-time values 0,1,2,3 and
Latin ones space values 1,2,3. The signature of the three
Lorentzian metrics gμν , gμν and fμν is ð−; þ; þ; þÞ. In most of
the paper we use geometrical units with G ¼ c ¼ 1. Symmetrization of indices is defined by T ðμνÞ ¼ 12 ðT μν þ T νμ Þ.
2
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(2.1) is thus composed of an ordinary sector coupled to gμν ,
first term in (2.1), a dark sector coupled to gμν in the second
term, and an interacting sector with metric f μν in the third
term, which also entirely contains the contribution of the
internal field K μ . The ordinary and dark sectors are not
symmetrical due to the baryons in the ordinary sector, and
we may imagine that this is somewhat similar to the matterantimatter asymmetry.
The model is specified by several constants: the MOND
acceleration scale a0 [5–7] which has been introduced only
in the interacting sector, some cosmological constants λ, λ
and λf that have been inserted in the three sectors and will
be related to the true cosmological constant Λ of the model
Λ-CDM, and a dimensionless coupling constant ε ruling
the strength of the interaction between the two metrics and
which will be assumed to be very small, ε ≪ 1, in Sec. IV.
We can write the latter coupling constant as ε ¼ ðmP =MÞ2 ,
where mP is the Planck mass and M represents a new mass
scale that we shall not need to specify here except in
Sec. IV where M ≫ mP will be assumed.
Like in the previous model [41,42] we have in mind that
the MOND scale a0 is a fundamental constant and that the
observed cosmological constant Λ (to which we shall relate
the constants λ, λ, λf in the action) would be derived from it
in a more fundamental theory and so naturally satisfies the
appropriate scaling relation Λ ∼ a20 which is in very good
agreement with observations [9]. It would be interesting to
investigate whether the coupling constant ε (or mass M)
could also be related to the acceleration scale a0 .
The internal vector field K μ obeys a noncanonical kinetic
term WðXÞ, where
X≡−

Hμν Hμν
:
2a20

ð2:3Þ

We pose Hμν ¼ ∂ μ K ν − ∂ ν K μ and Hμν ¼ f μρ f νσ Hρσ since
the metric in this sector is f μν . Note that the vector field
strength in (2.3) has been rescaled by the MOND acceleration a0 . We refer to [57] for discussions on the stability
and Cauchy problem for vector field theories involving
noncanonical kinetic terms.
The function W is determined phenomenologically in
order to recover MOND from the nonrelativistic limit of the
model studied in Sec. IVA and to be in agreement with the
usual Solar-System tests as investigated in Sec. IV B. This
function, which is related to the MOND interpolating
function, should in principle be interpreted within some
more fundamental theory. However this task is not
addressed in this work. In the limit X ≪ 1, which corresponds to the MOND weak-acceleration regime below the
scale a0 , we impose
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On the other hand we also impose the following behavior of
W when X ≫ 1 so as to recover the usual 1PN limit of GR
in an acceleration regime much above a0 [see Sec. IV B]:
 
B
1
WðXÞ ¼ A þ b þ o b ;
ð2:5Þ
X
X
where A and B are constants and where the power b can be
any strictly positive real number, b > 0. The limit of the
action (2.1) in the strong-field regime X ≫ 1 is given in
Eq. (4.24) of Sec. IV.
The graviphoton K μ is sourced by the dark matter
currents jμ and jμ in the interacting sector of the action,
defined as follows. First we define the baryons and dark
matter currents in their respective sector by Jμb ¼ ρb uμb,
Jμ ¼ ρuμ and Jμ ¼ ρuμ . These currents are conserved in
the sense that ∇μ Jμb ¼ 0 and ∇μ J μ ¼ 0, where ∇μ is the
covariant derivative associated with gμν , and ∇μ Jμ ¼ 0,
where ∇μ is the covariant derivative of gμν . Then both dark
matter currents jμ and jμ in the action (2.1) are defined with
respect to the metric f μν , solution of Eq. (2.2). They are
thus given by
jμ ¼ βJ μ ;

jμ ¼ βJμ ;

ð2:6Þ

pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃ
where we pose β ≡ −g= −f and β ≡ −g= −f ,3 and
obey the conservation laws Dμ jμ ¼ 0 and Dμ jμ ¼ 0, where
Dμ is the covariant derivative associated with f μν .
As a preliminary check of the consistency of our model,
we investigate in Appendix C the gravitational part of the
action (2.1) at quadratic order around a Minkowski background and show that it reduces to the sum of the actions
for two noninteracting massless spin-2 fields. We conclude
that the model is consistent (i.e. ghost-free) at that order.
First we vary the action with respect to the metrics
gμν and gμν . For the moment we write the linear variation of
f μν as
1
1 ρσ
δf μν ¼ Aρσ
μν δgρσ þ Aμν δgρσ ;
2
2

ð2:7Þ

ρσ
where Aρσ
μν and Aμν denote some tensorial coefficients
obeying two implicit equations given in Appendix A and
which will be computed perturbatively in applications; see
for instance (A11) in Appendix A. We then obtain the two
Einstein field equations

1
ρσ
ρσ
βðEμν þ λgμν Þ þ Aμν
ρσ ðE þ λf f Þ
ε
μν ρσ
μν
¼ 16π½βðT μν
b þ T Þ þ Aρσ τ ;

ð2:8aÞ

1
ρσ
ρσ
βðEμν þ λgμν Þ þ Aμν
ρσ ðE þ λf f Þ
ε
ρσ
¼ 16π½βT μν þ Aμν
ρσ τ ;

ð2:8bÞ

where the Einstein tensors associated with their respective
metrics are Eμν ¼ Rμν − 12 gμν R, Eμν ¼ Rμν − 12 gμν R and
E μν ¼ Rμν − 12 f μν R. The stress-energy tensors of the matter
μ ν
μν
particles are given by T μν
¼ ρuμ uν and
b ¼ ρb ub ub, T
T μν ¼ ρuμ uν , each one being defined with its respective
metric. In addition, the stress-energy tensor of the internal
graviphoton field K μ , living in the sector f μν, reads
τ

μν



1
a20
0 μρ ν
μν
W H Hρ þ Wf ;
¼
8π
2

ð2:9Þ

where W 0 ≡ dW=dX. Next, varying the action with respect
to K μ we obtain
Dν ½W 0 Hμν  ¼ 4πðjμ − jμ Þ;

ð2:10Þ

which is obviously compatible with the conservation
laws Dμ jμ ¼ Dμ jμ ¼ 0.
Finally, we vary the action with respect to the particles.
Since the baryons are minimally coupled to the metric gμν ,
their equation of motion is simply the geodesic equation
aμb ¼ 0, where aμb ≡ uνb ∇ν uμb . On the contrary, because of
the presence of the internal field K μ , the motion of dark
matter particles is nongeodesic:
aμ ¼ uν Hμν ;

ð2:11aÞ

aμ ¼ −uν Hμν ;

ð2:11bÞ

where aμ ≡ uν ∇ν uμ and aμ ¼ gμν aν , and similarly aμ ≡
uν ∇ν uμ and aμ ¼ gμν aν . Note that the forces acting on the
two species of dark matter particles are spacelike and are
completely analogous to the usual Lorentz force acting on
charged particles.
The stress-energy tensors of the dark matter particles and
of the internal field are not conserved separately, but we can
derive a “global” conservation law. Indeed Eq. (2.10) can
be equivalently written by means of the stress-energy tensor
(2.9) as
1
Dν τνμ ¼ − ðjν − jν ÞHμν ;
2

ð2:12Þ

where we pose τνμ ¼ f μρ τνρ . As a result of Eq. (2.12) the
two dark matter equations of motion (2.11) can be
combined to give

3
Note that with our choice (2.2) for the metric f μν we have
ββ ¼ 1.
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T νμ

νρ

T νμ

νρ

where
¼ gμρ T and
¼ gμρ T . This conservation
law describes the exchanges of stress-energy between the
dark matter particles and the internal field.
B. First-order perturbation of the matter and
gravitational fields
We now make a crucial assumption regarding the two
fluids of dark matter particles, namely that they differ by
some small displacement vectors yμ and yμ from a common
equilibrium configuration where they superpose on top of
each other. This assumption permits one to obtain a
solution of the field equations, which is at the basis of
the cosmological, MOND and Solar-System solutions,
respectively investigated in Secs. III, IVA and IV B.
Such a solution suggests a description of the dark matter
medium as the analogue of a relativistic plasma in electromagnetism, polarizable in the gravitational field of
ordinary matter and oscillating at its natural plasma
frequency [39,40].
Looking for such a solution we make a perturbative
assumption regarding the two metrics gμν and gμν . We note
that if they are related by a conformal transformation,
gμν ¼ α2 gμν , then there is a simple, “conformal” solution of
(2.2) given by f μν ¼ α−1 gμν ¼ αgμν. Here we assume that
our solution differs from the latter conformal solution by a
small metric perturbation hμν ¼ 12 ðα−1 gμν − αgμν Þ. Then we
can solve Eq. (2.2) at first order in hμν as
gμν ¼ αðf μν þ hμν Þ þ Oð2Þ;

ð2:14aÞ

1
gμν ¼ ðf μν − hμν Þ þ Oð2Þ;
α

ð2:14bÞ

where second-order terms in hμν are systematically
neglected in this section and we define OðnÞ ≡ Oðhn Þ.
Our introduction of the factor α is motivated by the
application to cosmology in Sec. III in order to allow for
two different cosmological backgrounds for the metrics gμν
and gμν . For this application it will be sufficient to assume
that α is constant.
As we have seen the two dark matter fluids are described
by the conserved currents jμ and jμ defined by Eqs. (2.6).
We now suppose that they slightly differ from an equilibrium configuration described by the equilibrium current
jμ0 ¼ ρ0 uμ0 , conveniently defined with respect to the metric
f μν , so that f μν uμ0 uν0 ¼ −1 and Dμ jμ0 ¼ 0. In Appendix B
we give details of the plasmalike hypothesis. In particular
we obtain that
jμ ¼ jμ0 þ Dν ðjν0 yμ⊥ − jμ0 yν⊥ Þ þ Oð2Þ;

ð2:15aÞ

jμ ¼ jμ0 þ Dν ðjν0 yμ⊥ − jμ0 yν⊥ Þ þ Oð2Þ:

ð2:15bÞ
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Our explicit plasmalike solution is now obtained when we
insert the ansatz (2.15) into the graviphoton field equation (2.10). Indeed, posing for the two displacements yμ ¼
yμ0 þ 12 ξμ and yμ ¼ yμ0 − 12 ξμ , where ξμ ¼ yμ − yμ is the
relative displacement, we can straightforwardly integrate
this equation with the result
W 0 Hμν ¼ −4πðjμ0 ξν⊥ − jν0 ξμ⊥ Þ þ Oð2Þ:

ð2:16Þ

This is valid for any function WðXÞ in the action, where
X is defined by (2.3), showing that W 0 Hμν ¼ Oð1Þ. In
the MOND weak-field regime and also for first-order
cosmological perturbations where X ≪ 1, the function W
behave as W 0 ¼ 1 þ Oð1Þ; see Eq. (2.4). Thus Eq. (2.16)
tells us that H μν itself is a perturbative quantity and reduces
at first order to
Hμν ¼ −4πðjμ0 ξν⊥ − jν0 ξμ⊥ Þ þ Oð2Þ:

ð2:17Þ

This solution is analogous to a classic one in relativistic
plasma physics and is at the basis of our model of dipolar
dark matter. It implies that the stress-energy tensor (2.9) of
the internal field is of second order in the MOND regime and
in cosmology:
τμν ¼ Oð2Þ:

ð2:18Þ

On the other hand, in the limiting case X ≫ 1 appropriate to
the Solar System where we have the postulated behavior
(2.5) hence W 0 ∼ X−b−1 , Eq. (2.16) tells us that the dipole
moment scales as ξ⊥ ∼ X −b−1=2 and can be neglected since
b > 0. We shall use this result in Sec. IV B for the study of
the post-Newtonian limit of the theory in the Solar System.
We shall now investigate the matter equations and
Einstein field equations at first perturbative order in the
weak-field limit X ≪ 1, for which we have already derived
the solutions (2.17) and (2.18). Inserting (2.17) into the
equations of motion (2.11) of the dark matter particles, and
using (B4), we obtain
aμ ¼ −4πα−3=2 ρ0 ξμ⊥ þ Oð2Þ;

ð2:19aÞ

aμ ¼ 4πα3=2 ρ0 ξμ⊥ þ Oð2Þ:

ð2:19bÞ

Thus aμ and aμ are perturbative quantities of order Oð1Þ.
From now on we shall often view the dark matter, instead
of being composed of the two fluids jμ and jμ , as composed
of a single fluid with current jμ0 but endowed with the vector
field ξμ⊥ . In analogy with the previous model of dipolar dark
matter [41,42] we can call the vector field ξμ⊥ a dipole
moment. Note that ξμ⊥ is necessarily spacelike, because of
the projection orthogonal to the timelike four-velocity uμ0 of
the equilibrium configuration.
We next make use of the relations (2.15), or equivalently
(B3) and (B4), to transform the two equations of motion
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(2.19) into two equivalent equations. First, we obtain the
equation of evolution for the dipole moment:
̈ξμ þ ξρ Rμ νρσ uν uσ
⊥
⊥
0 0
¼ −⊥μσ ð2Dν hσρ − Dσ hνρ Þuν0 uρ0 − 4πðα−1=2 þ α1=2 Þρ0 ξμ⊥
þ Oð2Þ;

ð2:20Þ

where we denote ξ̈ μ⊥ ≡ uρ0 Dρ ðuσ0 Dσ ξμ⊥ Þ, and the Riemann
curvature tensor Rμ νρσ ≡ Rμ νρσ ½f of the metric f μν arises
from the commutator of covariant derivatives. Second, we
get
aμ0 þ ÿ μ0⊥ þ yρ0⊥ Rμ νρσ uν0 uσ0
¼ −2πðα−1=2 − α1=2 Þρ0 ξμ⊥ þ Oð2Þ;

ð2:21Þ

where we pose ÿ μ0⊥ ≡ uρ0 Dρ ðuσ0 Dσ yμ0⊥ Þ and recall that
yμ0 ¼ 12 ðyμ þ yμ Þ. The evolution of the vector yμ0 , which
is the “center of position” of yμ and yμ , is thus governed by
(2.21). We now specify the equilibrium configuration by
choosing yμ0 ¼ 0, which implies that the fluid at equilibrium obeys
aμ0 ¼ −2πðα−1=2 − α1=2 Þρ0 ξμ⊥ þ Oð2Þ:

ð2:22Þ

The equilibrium fluid is geodesic with respect to the metric
f μν in the special case where the two metrics have the same
background, i.e. α ¼ 1. We shall see that when the coupling
constant ε is very small (as will be assumed in Sec. IV to
reproduce MOND and to study the 1PN limit), α is indeed
very close to one so that the equilibrium fluid is almost
geodesic.
For the choice yμ0 ¼ 0 adopted here, we can easily relate
the dark matter stress-energy tensors T μν and T μν to the one
μ ν
of the equilibrium fluid, T μν
0 ¼ ρ0 u0 u0 , and to the dipole
moment ξμ⊥ and its time derivative ξ_ μ⊥ ≡ uρ0 Dρ ξμ⊥ :
βT

μν

 

1
μν
ρ σ
T 0 1 þ hρσ u0 u0
¼α
2

1
ðμ νÞ
þ j0 ξ_ ⊥ − Dρ ðξρ⊥ T μν
Þ
þ Oð2Þ;
0
2


1
ðμ νÞ
ρ σ
h
1
−
− j0 ξ_ ⊥
¼ α1=2 T μν
u
u
0
2 ρσ 0 0

1
ρ μν
þ Dρ ðξ⊥ T 0 Þ þ Oð2Þ:
2

¼

α−1=2 T μν
0b



1
ρ σ
1 þ hρσ u0b u0b þ Oð2Þ:
2

ð2:24Þ

Finally we provide the two Einstein field equations (2.8) at first order in both the metric perturbation
and the dipole moment and in the weak-field regime for
which we have Hμν ¼ Oð1Þ and τμν ¼ Oð2Þ, according
to (2.17) and (2.18). We apply a standard perturbation
analysis to relate both Einstein tensors Eμν and Eμν to the
Einstein tensor E μν of the metric f μν at first order in
the metric perturbation hμν . At zeroth order α−1 gμν and
αgμν reduce to the same background f μν and we get a
and
consistency condition on the matter tensors T μν
0
μν
T 0b in Eqs. (2.23) and (2.24) so that the two corresponding Einstein field equations for the background are the
same:
T μν
0b ¼

ðα − 1Þðε − 1Þ μν
T0 :
αþε

ð2:25Þ

We thus see that when the two metrics gμν and gμν have
the same background (i.e. α ¼ 1) the baryons must be
perturbative. In the application to cosmology in Sec. III
we shall adjust the parameter α so that (2.25) reflects the
correct baryonic and dark matter content of the cosmological background. In addition we find some constraint
relating the constants λ, λ, λf in the original action (2.1),
for the two backgrounds to be consistent. We shall
further restrict this constraint by requiring that the
observed cosmological constant Λ be a true constant
even at the level of cosmological perturbations (see
Sec. III). This entails
λ ¼ Λ;

λ ¼ α2 Λ;

λf ¼ αΛ:

ð2:26Þ

To work out the field equations to first order in
perturbations, we need to control to first order the tensorial
ρσ
coefficients Aρσ
μν and Aμν defined in Eq. (2.7). The results
are derived in Appendix A where we obtain
1 ρ σ
ðρ σÞ
Aρσ
μν ¼ ½δðμ δνÞ − hðμ δνÞ  þ Oð2Þ;
α

−1=2

ðρ σÞ

ρ σ
Aρσ
μν ¼ α½δðμ δνÞ þ hðμ δνÞ  þ Oð2Þ:

ð2:23aÞ

ð2:27Þ

As the last ingredient we need also to find the link between
the two Einstein tensors Eμν and Eμν and the one E μν of the
metric f μν . This is provided by



βT μν

βT μν
b

ð2:23bÞ

1
βEμν ¼ E μν − □L hμν þ Oð2Þ;
2

ð2:28aÞ

Concerning the baryons (defined with respect to the metric
gμν ) we get the simpler relation

1
βEμν ¼ E μν þ □L hμν þ Oð2Þ;
2

ð2:28bÞ
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where □L denotes a standard linear operator acting on the
metric perturbation for any background metric f μν .4 Finally,
we find that both Einstein field equations can be written into
the ordinary forms
Eμν

þ

Λgμν


16π
μν
¼
αðα þ 2εÞðT μν
b þT Þ
1 þ α2 þ 2αε

1
2 ðμ νÞρ
μν
− 4 ð1 − hÞT þ 3=2 hρ T 0 þ Oð2Þ;
α
α

2

E þ α Λg

μν

The two background FLRW metric intervals for the two
metrics gμν and gμν read (with the symbol ∘ referring to
quantities defined in the background):
∘ 2

ð3:1aÞ

∘ 2

ds ¼ a2 ½−dη2 þ γ ij dxi dxj ;


16πα2
μν
¼−
α4 ð1 þ hÞðT μν
b þT Þ
2
1 þ α þ 2αε

1 þ 2αε μν
3=2 1 þ αε ðμ νÞρ
−
h
T
þ
2α
T
ρ 0
αþε
α2
þ Oð2Þ:

A. Background cosmology

ds ¼ a2 ½−dη2 þ γ ij dxi dxj ;

ð2:29aÞ

μν

PHYSICAL REVIEW D 91, 103536 (2015)

ð2:29bÞ

When deriving Eqs. (2.29) we have used the consistency
relation (2.25) and explicitly assumed that α is constant (if
not, further terms have to be added to these equations).
III. FIRST-ORDER COSMOLOGICAL
PERTURBATIONS
We expand the model around a homogeneous and
isotropic Friedmann-Lemaître-Robertson-Walker (FLRW)
cosmology, writing both metrics gμν and gμν (and therefore
also f μν ) as first-order perturbations around some FLRW
background metrics and solving Eqs. (2.29) by applying
cosmological perturbation techniques to the three metrics.
In the end we shall compare the results with those of the
Λ-CDM model by looking at the ordinary sector with
metric gμν . The other sector with metric gμν will in principle
be unobservable directly, but since the two sectors are
coupled together in the action (2.1) via terms involving the
metric f μν , our solution for the perturbations of the ordinary
sector gμν will be strongly affected by our solution for the
dark sector gμν and vice versa.

ð3:1bÞ

where η denotes the conformal time and aðηÞ and aðηÞ are
the scale factors, such that dt ¼ adη and dt ¼ adη are the
cosmic time intervals, and xi are the spatial coordinates. The
spatial metric γ ij , assumed to be the same for the two
backgrounds, is the metric of maximally symmetric spatial
hypersurfaces of constant curvature K ¼ 0 or K ¼ 1. The
covariant derivative associated with the spatial metric γ ij will
be denoted Di . The prime will stand for the derivative with
respect to the conformal time η, and H ≡ a0 =a and H ≡
a0 =a denote the conformal Hubble parameters. Solving (2.2)
we obtain the FLRW background for the metric f μν :
∘ 2

dsf ¼ aa½−dη2 þ γ ij dxi dxj ;

ð3:2Þ

pﬃﬃﬃﬃﬃﬃ
whose scale factor is aa. Recall that we introduced the
parameter α in our perturbation assumptions (2.14) to
account for the fact that the baryons have been inserted in
the ordinary sector with metric gμν but not in the dark sector
with metric gμν . We thus see that, in cosmology,
a
α¼ :
a

ð3:3Þ

Since α has been assumed from the start in Sec. II B to be
constant we are thus looking for two background cosmologies with identical Hubble parameters5:
H ¼ H:

ð3:4Þ

We also assume that the three matter fluids are comoving
in their respective backgrounds; hence their background
velocities read
∘μ

∘μ

Its explicit expression will not be used, because we only need
that E μν ¼ 12 ðβEμν þ βEμν Þ þ Oð2Þ, but is given here for completeness:


1
;0 ;
a



ub ¼ u ¼

4

∘μ

u ¼




1
;0 :
a

ð3:5Þ

The background matter densities obey the standard evolution laws

□L hμν ¼ □ĥμν − 2Dðμ Ĥ νÞ þ fμν Dρ Ĥ ρ − 2Cμρσν ĥρσ


2 μν 1 μν
−
R;
ĥ − ĥf
3
4

∘0

∘

ρb þ 3Hρb ¼ 0;

where □ ¼ Dρ Dρ , ĥμν ¼ hμν − 12 fμν h, ĥ ¼ fμν ĥμν ¼ −h,
Ĥμ ¼ Dν ĥμν , and Cμρσν and R denote the Weyl curvature and
scalar curvature of the background, respectively.
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∘

ρ þ 3Hρ ¼ 0;

∘0

∘

ρ þ 3Hρ ¼ 0:
ð3:6Þ

Note that this also agrees with Hf ¼ 12 ðH þ HÞ.
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In Sec. II B we have shown how the two dark matter fluids ρ,
uμ and ρ, uμ are related together through the equilibrium
fluid configuration ρ0 , uμ0 ; see Eqs. (2.15) or equivalently
(B3) and (B4). In particular, such relations imply that in the
background the two dark matter fluid densities obey
∘

∘

∘

ρ ¼ α−3=2 ρ0 ;
∘

∘

ρ ¼ α3=2 ρ0 ;

ð3:7Þ

the two scale factors α ¼ a=a is to be related to the relative
proportion of baryonic and dark matter in the two cosmological backgrounds, given that the baryons have been
included into the ordinary sector of the action (2.1)
but not into the dark sector (nor in the interacting sector).
Thus, with this condition, the total matter density seen in
the background of the ordinary sector (and thus directly
measurable in cosmology) reads

∘

which implies that ρ ¼ α3 ρ. Hence Eqs. (3.6) can be
solved as
∘

ρb ¼

kb
;
a3

∘

ρ¼

k
;
a3

∘

ρ¼

k
;
a3

ð3:8Þ

with kb and k denoting two constants. Note also that
the equilibrium fluid ρ0 , uμ0 is obviously given in the
background by


1
k
∘μ
∘
u0 ¼
;0 ;
ρ0 ¼
:
ð3:9Þ
1=2
ðaaÞ
ðaaÞ3=2
The Friedmann equations of the two backgrounds are
now obtained from Eqs. (2.29) or, alternatively, directly
from Eqs. (2.8) as

∘

ρM ¼

2αε ∘
ρ:
αþε

When studying cosmological perturbations it will be convenient to define separately the effective baryonic and dark
matter densities as seen in the ordinary sector:
∘

ρB ¼

2αðα þ 2εÞ ∘
ρb ;
1 þ α2 þ 2αε

∘

ρDM ¼

ρB

2

3ðH þ KÞ − Λa

∘

ρM



16π
1 ∘ 2
∘
∘
a;
αðα
þ
2εÞðρ
¼
þ
ρ
Þ
−
ρ
b
1 þ α2 þ 2αε
α2
ð3:10aÞ

3ðH2 þ KÞ − α2 Λa2
¼

16π
∘
∘
∘
½−α4 ðρb þ ρÞ þ ð1 þ 2αεÞρa2 :
1 þ α2 þ 2αε
ð3:10bÞ

Finally we must impose the equivalence between the two
Friedmann equations (3.10). The left-hand sides of these
equations are obviously consistent because H ¼ H and
α ¼ a=a. Now the consistency of the right-hand sides is
ensured by the condition
kb ¼

ðα − 1Þðε − 1Þ
k;
αþε

ð3:11Þ

which is nothing but the general relation (2.25) when
translated to the case of comoving fluids in a FLRW
background. Physically it states how the ratio between
6

2αðα − 1 þ 2εÞ ∘
ρ:
1 þ α2 þ 2αε
ð3:13Þ

These definitions come directly from the right-hand side of
the Friedmann equation (3.10a) in the ordinary sector and
∘
∘
∘
satisfy ρM ¼ ρB þ ρDM. Let us then suppose that there is a
fraction p of baryons with respect to the total matter, so that
∘

2

ð3:12Þ

¼

1
:
p

According to the latest results from Planck we have p ≃ 6.4
[58]. Computing the ratio (3.14) from Eqs. (3.12) and (3.13)
and solving for α, we obtain an analytic expression in terms
of the baryonic fraction p and the coupling constant ε.6
In Sec. IV we shall recover the MOND phenomenology
for dark matter in galaxies and the correct post-Newtonian
limit in the Solar System when ε ≪ 1. The interesting
application of the present model will therefore be the limit
where ε → 0, in which case we get
α¼1−

2ε
þ Oðε3 Þ:
p

αðp; εÞ ¼

ð3:15Þ

Our conclusion is that, although we shall work out the
cosmology of the model for an arbitrary parameter α and a
general coupling constant ε, we can always have in mind
that α is very close to one; hence the two backgrounds of
gμν and gμν are very close to each other. This means in
particular that the equilibrium dark matter fluid is almost
geodesic with respect to the metric f μν . Indeed aμ0 ¼ OðεÞ
from Eq. (2.22), which constitutes a useful fact further

It reads explicitly
pð1 − 3ε þ 2ε2 Þ − 2ε2 þ

ð3:14Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 − εÞ½p2 ð1 þ 3ε − 4ε3 Þ þ 4pεð−1 þ ε þ 2ε2 Þ − 4ε2 ð1 þ εÞ
:
2½pð1 − εÞ þ ε
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discussed in Sec. IV B. Note also that Eq. (3.12) tells us that
in the limit ε → 0, the measured matter density at cosmological scales is
∘

∘

−29

ρM ∼ 2ερ ∼ 10

−3

g cm ;

PHYSICAL REVIEW D 91, 103536 (2015)

gravitational perturbation equations for the scalar, vectorial
and tensorial modes in the ordinary sector gμν :
∘

ð3:16Þ
∘

which is much smaller than the “bare” dark matter density ρ
which has been introduced into the action (2.1) and could
take a huge value. By extension we see that in the limit
ε → 0, the density of baryons ρb should be much smaller
than the bare density of dark matter ρ in the initial action
(2.1). The baryons could be seen as resulting from a small
“symmetry breaking” between the ordinary and dark
sectors of the model.

δFDM ¼ δF −

Δz − dA
;
α − 1 þ 2ε

ð3:17aÞ

V DM ¼ V þ

z0 þ 12 dB
;
α − 1 þ 2ε

ð3:17bÞ

V iDM ¼ V i þ

z0i þ 12 dBi
;
α − 1 þ 2ε

ð3:17cÞ

together with the usual variables δFb , V b and V ib for the
baryons. All relevant quantities are introduced in
Appendix D, notably the dipole moment variables z and
zi defined in (D19). Furthermore we shall use the effective
background baryonic and dark matter densities defined by
Eqs. (3.13). With those definitions we find the following
7

We have imposed the relations (2.26) in order to have a true
cosmological constant in the background and at the level of
perturbations. We could have imposed weaker conditions such
that it would be constant only in the background but would
deviate from a pure cosmological constant at the first order in
perturbations.

ð3:18aÞ

Ψ − Φ ¼ 0;

ð3:18bÞ
∘

∘

Ψ0 þ HΦ ¼ −4πa2 ðρB V b þ ρDM V DM Þ;

ð3:18cÞ

HX0 þ ðH2 þ 2H0 ÞX ¼ 0;

ð3:18dÞ

∘

B. First-order perturbations in the ordinary sector
We already concluded in Sec. III A that the background
evolution is standard, driven by a cosmological constant
and by the matter density defined by (3.12). We shall now
show that the perturbation equations for the metric gμν ,
which in our model represents the metric felt by the baryons
and ordinary matter fields (including ordinary electromagnetic radiation), take the same form as those for the Λ-CDM
model.7 For the sake of clarity we relegate the definition of
standard gravitational and matter perturbations to
Appendix D.
We now introduce new effective variables describing the
dark matter seen in first-order cosmological perturbations.
In terms of these variables the perturbation equations for
the ordinary metric gμν in our model take the standard form.
The effective density contrast and scalar-vector-tensor
(SVT) velocity of dark matter are defined by

∘

ΔΨ − 3H2 X ¼ 4πa2 ðρB δFb þ ρDM δFDM Þ;

∘

ðΔ þ 2KÞΦi ¼ −16πa2 ðρB V ib þ ρDM V iDM Þ;

ð3:18eÞ

Φ0i þ 2HΦi ¼ 0;

ð3:18fÞ

E00ij þ 2HE0ij þ ð2K − ΔÞEij ¼ 0;

ð3:18gÞ

where the unknowns are the five gravitational variables Ψ,
Φ, X, Φi , Eij and the six matter variables δFDM , V DM , V iDM and
δFb , V b , V ib . Recall that according to Eq. (D7), X is not
independent from the other variables.
As Eqs. (3.18) are exactly the same as the perturbation
equations of the standard cosmological model [59], we
conclude that the present model is indistinguishable from
standard Λ-CDM at the level of first-order perturbations
and therefore should reproduce the observed anisotropies
of the CMB. Indeed, these equations can be evolved
without any reference to the dipole moment, which is
unobservable in cosmology (but which will play a crucial
role at galactic scales; see Sec. IVA). Note also that this
result is obtained for any value of the coupling constant ε,
as this coupling constant has been absorbed into the
definition of the effective matter densities (3.12) and
(3.13), and that the MOND acceleration scale a0 does
not appear at this level in cosmology.
To be consistent with the field equations (3.18) and with
the equations of motion for the baryons which are standard,
the effective dark matter variables introduced in Eqs. (3.17)
must obey the continuity equation
δ0FDM þ ΔV DM ¼ 0;

ð3:19Þ

together with the Euler equations
V 0DM þ HV DM þ Ψ ¼ 0;

ð3:20aÞ

V 0iDM þ HV iDM ¼ 0:

ð3:20bÞ

The standard form of Eqs. (3.19) and (3.20) means that the
effective dark matter described by the effective variables
(3.17) obeys the ordinary geodesic equation with respect to
the metric gμν . In principle, all other variables in the model
are unobservable using current cosmological observations
performed in the ordinary sector.
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Besides the ordinary sector we have similar equations for
the dark sector gμν. It is very important to check that the latter
equations are consistent with Eqs. (3.18) and permit one to
determine all the variables of the model, even those that are
unobservable in the ordinary sector. The full investigation
of the dark sector is relegated to Appendix E where we shall
see that Eqs. (3.19) and (3.20) can equivalently be obtained
from the perturbation equations in the dark sector gμν. In
particular the continuity and Euler equations (3.19) and
(3.20) are consistent with the equations of motion (D15) and
(D22), provided that the equations in the dark sector are
satisfied. Finally, we show in Appendix E that all variables in
the model can be determined by solving well-defined linear
evolution equations.
IV. NONRELATIVISTIC AND
POST-NEWTONIAN LIMITS
A. Phenomenology of MOND at galactic scales
In this section, we investigate the nonrelativistic (NR)
limit of our model (i.e. formally when the speed of light
c → þ∞) and recover the Bekenstein and Milgrom [60]
modified Poisson equation for the gravitational field. The
MOND function μ that we shall obtain is directly related
to the function W introduced into the action (2.1). We have
already adjusted this function in Eqs. (2.4) and (2.5) in
such a way that the model will be in agreement with the
phenomenology of MOND at galactic scales [5–7].
Furthermore, thanks to this adjustment we shall investigate
the model in the Solar System in Sec. IV B.
We now work out the NR limit directly at the level of the
action (2.1). For convenience we restore for a while the
gravitational constant G and the speed of light c such that
the action has the dimension of the Planck constant. We
insert into the action the standard ansatz for the metric at
lowest order, namely
g00

2U
¼ −1 þ 2 þ Oðc−4 Þ;
c

g00

ð4:2Þ

Thus the two metrics gμν and gμν (and fμν as well) differ by
small post-Newtonian corrections from the same Minkowskian
background, which implies α ¼ 1 in the notation of Eqs. (2.14).
We adopt α ¼ 1 for this application, all over the present section
and also in the next one IV B.

ϕ
þ Oðc−4 Þ;
c2

ð4:3Þ

with K i ¼ Oðc−3 Þ, where ϕ denotes an appropriate
Coulomb-type potential. For the dipole vector field our
ansatz is
ξi⊥ ¼ λi þ Oðc−2 Þ;

ð4:4Þ

where λi is the dipole moment in the NR limit, together
with ξ0⊥ ¼ Oðc−1 Þ which is consistent with u0μ ξμ⊥ ¼ 0 in
the NR limit.
The baryonic and dark matter particles are described by
their Newtonian coordinate densities ρb , ρ and ρ and their
Newtonian coordinate velocities vb , v and v.9 These
quantities are linked by the usual continuity equations,
for instance ∂ t ρ þ ∇ · ðρ vÞ ¼ 0. It is well known that the
NR limit has to be performed holding these variables fixed.
Furthermore, denoting by v0 the ordinary velocity of the
equilibrium configuration we get from Eqs. (B4)
1 dλ
−2
−2
v ¼ v0 þ 12 dλ
dt þ Oðc Þ and v ¼ v0 − 2 dt þ Oðc Þ, where
d
dt ¼ ∂ t þ v0 · ∇ is the usual convective time derivative.
Thus
v−v¼

dλ
þ Oðc−2 Þ:
dt

ð4:5Þ

Note also that ξ0⊥ ¼ 1c v · λ þ Oðc−3 Þ.
The nonrelativistic action SNR is defined as the limit
when c → þ∞ of the action S to which we substract the
contributions coming
R from the rest masses of the particles,
for instance m ¼ d3 xρ , namely

ð4:1Þ

and g0i ¼ Oðc−3 Þ, gij ¼ δij þ Oðc−2 Þ, where U is the
Newtonian potential of the dark sector.
8

K0 ¼

SNR

together with g0i ¼ Oðc−3 Þ and gij ¼ δij þ Oðc−2 Þ, where
U represents the ordinary Newtonian potential felt by
ordinary baryonic matter and Oðc−n Þ denotes the small
post-Newtonian remainder. Similarly we write8
2U
¼ −1 þ 2 þ Oðc−4 Þ;
c

We also write a similar ansatz for the vector field K μ ,
namely


Z 


 2
dt :
¼ lim S þ ðmb þ m þ m Þc
c→þ∞

ð4:6Þ

The NR limit is straightforwardly computed from the action
(2.1) using the fact that the Ricci scalar density admits the
pﬃﬃﬃﬃﬃﬃ
limit −gR ¼ − c24 ð∇UÞ2 þ div þ Oðc−6 Þ where we can
discard the total divergence which does not contribute to
the dynamics. We obtain


1
1
SNR ¼ dtd x −
ð∇UÞ2 þ ð∇UÞ2 þ ð∇½U þ UÞ2
16πG
2ε





2
vb
v2
2


− 2a0 WðXÞ þ ρb U þ
þρ Uþϕþ
2
2


2
v
þ ρ U − ϕ þ
;
ð4:7Þ
2
Z

9

3

We use boldface notation to represent ordinary three-dimensional Euclidean vectors.
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where X ¼ ð∇ϕÞ2 =a20 in the NR limit. Note that when
applying the NR limit we assume that the cosmological
constant parameters λ, λ, λf scale like Λ ∼ a20 =c4 and are
therefore negligible when c → ∞ (see Ref. [41] for a
discussion). The NR action (4.7) is independent of c and
from now on we conveniently redefine G ¼ 1.
We then vary the action with respect to all fields and
particles. Of course, the results can alternatively be
obtained as the NR limit of the relativistic equations
derived in Sec. II. The baryons obey the standard
Newtonian law of dynamics,
dvb
¼ ∇U;
dt

ð4:8Þ
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W 0 ∇ϕ ¼ −4πP;

ð4:13Þ

which is the NR limit of Eq. (2.16). Thus, quite naturally the
internal force field is aligned with the polarization vector.
Let us now show that a mechanism of “gravitational
polarization” takes place when the coupling constant ε is
very small, ε ≪ 1. Indeed, we expect from the form of the
coupling term in (4.7) that the latter condition will enforce
the two potentials U and U to be opposite to each other. In
the limit ε ≪ 1, Eq. (4.11b) reduces to ΔðU þ UÞ ¼ 0;
hence we can take U þ U ¼ 0. Then Eq. (4.11) reduces to a
simple Poisson equation for the ordinary Newtonian
potential felt by baryonic matter,10
ΔU ¼ −4πðρb þ ρ − ρ Þ;

ð4:14Þ

but because of the internal potential ϕ, the dark matter
particles receive a supplementary Coulomb-type
acceleration:

while the equations of motion of the dark matter particles
now read

dv
¼ ∇ðU þ ϕÞ;
dt

ð4:9aÞ

dv
¼ ∇ðU þ ϕÞ;
dt

ð4:15aÞ

dv
¼ ∇ðU − ϕÞ;
dt

ð4:9bÞ

dv
¼ −∇ðU þ ϕÞ:
dt

ð4:15bÞ

where the Coulomb potential ϕ obeys the modified Gauss
equation


∇ · W 0 ∇ϕ ¼ 4πðρ − ρ Þ;
ð4:10Þ
and we recall that W 0 ¼ dW=dX. Note that Eqs. (4.9) imply
that dv0 =dt ¼ 12 ∇ðU þ UÞ which is consistent with aμ0 ¼ 0,
as we have found in Eq. (2.22) with α ¼ 1. Finally, the
Newtonian potentials U and U obey two equations, which
can be rearranged into
ΔU ¼ −

4π
½ð1 þ 2εÞðρb þ ρ Þ − ρ ;
1þε

ΔðU þ UÞ ¼ −

8πε 
ðρ þ ρ þ ρ Þ:
1þε b

ð4:11aÞ

With this mechanism we observe that the “effective”
gravitational to inertial mass ratio mg =mi of the two species
of dark matter particles is 1, and we can interpret the dark
matter medium as a “gravitational plasma” composed of
particles with masses ðmi ; mg Þ ¼ ðm; mÞ interacting via
the gravitoelectric field ϕ generated by the gravitational
masses (or charges) mg ¼ m (see [39,40] for further
discussions). We however note that in the present model
no negative masses have been introduced, since each species
of dark matter particles in the relativistic action (2.1) has
been coupled in a standard way to its respective metric.
In such a gravitational plasma the particles reach
equilibrium when the internal force exactly balances the
gravitational field, namely
∇ϕ ¼ −∇U:

ð4:11bÞ

With these equations in hands we now look for a plasmalike
solution. Namely, the densities ρ and ρ are related to the
density ρ0 of the equilibrium configuration by
1
ρ ¼ ρ0 − ∇ · P;
2

ð4:12aÞ

1
ρ ¼ ρ0 þ ∇ · P:
2

ð4:12bÞ

In these relations, which represent the NR limit of Eqs. (B3),
we define the polarization field P ¼ ρ0 λ, with λ being the
NR limit of the dipole moment in Eq. (4.4). Inserting (4.12)
into (4.10) and integrating we obtain

ð4:16Þ

At equilibrium the dark matter fluid is unaccelerated (in the
ordinary three-dimensional sense) while the ordinary matter is accelerated in the standard way. Under this condition
the polarization field (4.13) at equilibrium is therefore
P¼

W0
∇U;
4π

ð4:17Þ

where W 0 ðXÞ is now a function of the norm of the
gravitational field through X ¼ ð∇UÞ2 =a20 . At equilibrium
10

See the end of Sec. IV B for the discussion of a residual dark
matter contribution ρDM ¼ 2ερ coming from the right side of
Eq. (4.11a).
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the polarization P is thus aligned with the local value of the
gravitational field g ¼ ∇U, which is what we mean by
gravitational polarization.
Finally the MOND equation follows immediately from
Eq. (4.14), which can be transformed thanks to (4.12) into
∇ · ½∇U − 4πP ¼ −4πρb :

ð4:18Þ

Using the constitutive relation (4.17) the latter equation
takes exactly the form of the modified Poisson equation [60]:
 
 
j∇Uj
∇· μ
∇U ¼ −4πρb ;
a0

ð4:19Þ

where the MOND interpolating function is given by
μ ¼ 1 − W 0 . It is then easy to see that with the postulated
form (2.4) of the function W in the regime X → 0, one
recovers the correct MOND regime when g ≪ a0 , namely
 2
g
g
μ¼1−W ¼ þO 2 :
a0
a0
0

ð4:20Þ

On the other hand, we want to recover the ordinary
Poisson equation in the Newtonian regime g ≫ a0 . From
Eqs. (4.19) and (4.20) we see that it suffices to impose that
W 0 ðXÞ tends to zero in the formal limit when X → þ∞.
However, in order to suppress any residual polarization
(4.17) when gp≫
ﬃﬃﬃﬃ a00 , we prefer to impose the stronger
condition that XW → 0 when X → ∞, hence the behavior postulated in Eq. (2.5). The choice b > 0 rather than
b > − 12 is to ensure that W remains finite in the limit
X → ∞. In the next section IV B we shall study the 1PN
approximation of the theory in the Solar System under the
assumption (2.5).
It remains to show that the equilibrium defined by the
condition (4.16) is stable. To prove it we show that the dark
matter medium undergoes stable plasmalike oscillations.
Indeed, by computing the relative acceleration of the two
particle species combining Eqs. (4.15) and (4.5), and using
the solution (4.13) for the internal field, we obtain the
following harmonic oscillator governing the evolution of
the dipole moment λ11:
d2 λ
þ ω2 λ ¼ 2∇U:
dt2

ð4:21Þ

The derivation is of course analogous to the classic
derivation of the plasma oscillations in electrodynamics
[61]. The plasma frequency we get in the present context
reads
11

This equation can also be recovered from the more general
equation of evolution of the dipole moment (2.20).

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8πρ0
ω¼
:
W0

ð4:22Þ

In the MOND regime we have W 0 → 1, and this frequency
is simply the one associated q
with
ﬃﬃﬃﬃﬃ the self-gravitating
2π
dynamical time scale τ ¼ ω ¼ 2ρπ  .
0

B. Post-Newtonian limit in the Solar System
In this section we investigate the theory in the regime of
the SS where g ≫ a0 hence X ≫ 1. We have already
postulated in Eq. (2.5) the form of the function WðXÞ in
this regime,
 
B
1
WðXÞ ¼ A þ b þ o b ;
X
X

ð4:23Þ

in which b > 0. With this choice we have seen that we
recover the usual Poisson equation (4.19) since W 0 → 0,
and we
any polarization effect in the NR limit
pﬃﬃﬃsuppress
ﬃ
since XW 0 → 0; see Eq. (4.17). Furthermore it is clear
that the suppression of polarization effects goesp
beyond
ﬃﬃﬃﬃ 0 the
NR limit. Indeed Eq. (2.16) tells us that when XW → 0
the dipole moment ξμ⊥ is negligible and therefore the dark
matter medium becomes inactive.
In addition we want to impose that WðXÞ itself tends to
zero or a constant in the limit X → þ∞, which is the reason
for our choice b > 0. The constant A will simply add to the
value of the cosmological constant in the regime g ≫ a0 .
Our conclusion is that the action (2.1) in the strong-field
regime g ≫ a0 reduces to
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
−g
−g
ðR − 2λÞ þ
¼
ðR − 2λÞ
32π
32π
pﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃﬃﬃﬃ
−f
pﬃﬃﬃﬃﬃﬃ
ðR − 2λ0f Þ − −gρb − 2 −f ρ0 ;
þ
16πε
Z

Sstrong field

d4 x

ð4:24Þ
where we have posed λ0f ¼ λf − εa20 A. To derive (4.24) we
used the fact that when ξμ⊥ is negligible the coupling
between the currents jμ and jμ and the graviphoton field K μ
disappears because jμ ¼ jμ from Eqs. (2.15). Note the
residual contribution of dark matter in this action, and that
we shall discuss at the end of this section.12
Here we shall explore the consequences of the action
(4.24) in a post-Newtonian context, to study the 1PN limit
of this theory in the SS. As usual we can neglect all
Here ρ0 is the density of dark matter in the equilibrium
configuration defined with respect to f μν . Its contribution in
(4.24) comes from Eqs. (B3) in the case α ¼ 1 and is valid only
up to second-order terms Oð2Þ, negligible for the present
discussion.
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cosmological constant terms in the SS. The ordinary metric
gμν at 1PN order is parametrized by two potentials, the
“gravitoelectric” scalar potential V and the “gravitomagnetic” vector potential V i , say g1PN
μν ¼ gμν ½V; V i , by which
we mean that
g00

2V 2V 2
¼ −1 þ 2 − 4 þ Oðc−6 Þ;
c
c

4V i
þ Oðc−5 Þ;
c3


2V
gij ¼ δij 1 þ 2 þ Oðc−4 Þ:
c
g0i ¼ −

ð4:25aÞ



V þ V Vi þ Vi
;
¼ f μν
:
2
2

ð4:25cÞ

ð4:26Þ

ð4:27Þ

ΔV þ

13

8πε
ðσ þ 2σ 0 Þ:
1þε b

ΔV i − ∂ i ð∂ t V þ ∂ j V j Þ ¼ −

ð4:28bÞ

ð4:28aÞ

The two forms of the metrics that we postulated above
will be justified when we find a consistent solution of the 1PN
equations.

4π
½ð1 þ 2εÞσ ib þ 2εσ i0 ;
1þε
ð4:29aÞ

ΔðV i þ V i Þ − ∂ i ð∂ t ðV þ VÞ þ ∂ j ðV j þ V j ÞÞ
¼−

The 1PN metrics being properly parametrized, we insert
them into the action (4.24) and vary it with respect to V, V i ,
V and V i . We thus obtain two equations for V and V valid at
order 1PN, which can be rearranged into [extending (4.11) to
1PN order]
1
ð3∂ 2t V þ 4∂ t ∂ i V i Þ
c2
4π
½ð1 þ 2εÞσ b þ 2εσ 0 ;
¼−
1þε

¼−

1
ð3∂ 2t ðV þ VÞ þ 4∂ t ∂ i ðV i þ V i ÞÞ
c2

ð4:25bÞ

where we recall that hμν ¼ 12 ðgμν − gμν Þ by definition. The
nonlinear correction plays a crucial role for the 1PN limit as
it rules the value of the PPN parameter β [56]. Actually it
happens that the elegant prescription (2.2) we have adopted
for the metric f μν yields the correct value for the parameter β.
Working out Eq. (4.26) at 1PN order we find that the 1PN
parametrization of the metric f μν is simply obtained from the
half sum of the 1PN potentials parametrizing the two metrics
gμν and gμν , namely
f 1PN
μν

ΔðV þ VÞ þ

Similarly we obtain two equations for V i and V i :

In exactly the same way we parametrize the 1PN metric in
the dark sector with two other 1PN potentials V and V i ,
namely g1PN
¼ gμν ½V; V i .13 The point now is to find the 1PN
μν
parametrization of the metric f μν in the interacting sector of
the action (4.24). For this purpose we make use of the result
derived in Eq. (A8) of Appendix A for the perturbative
expansion of the metric f μν . Keeping only the leading
nonlinear correction we obtain (recall that we choose
α ¼ 1 for this application)
1
1
f μν ¼ ðgμν þ gμν Þ − f ρσ hμρ hνσ þ Oðh4 Þ;
2
2
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8πε i
ðσ þ 2σ i0 Þ;
1þε b

ð4:29bÞ

valid only at Newtonian order. The matter sources in these
equations are defined from the stress-energy tensor of the
baryons as
σb ¼

ii
T 00
b þ Tb
;
c2

σ ib ¼

T 0i
b
:
c

ð4:30Þ

These definitions are also valid if one includes some internal
energy and pressure into the baryonic part of the action
(4.24). A 1PN order we obtain for the matter sources


V 3 v2b

σ b ¼ ρb 1 − 2 þ 2 ;
σ ib ¼ ρb vib ;
ð4:31Þ
2c
c
which can easily be generalized to the case when adding
internal energy and pressure. Similarly we have posed for
the dark matter
σ0 ¼

ii
T 00
0 þ T0
;
c2

σ i0 ¼

T 0i
0
:
c

ð4:32Þ

Like in Sec. IVA the relevant physics of our model is
the limiting case where ε ≪ 1. Applying this limit on
Eqs. (4.28) and (4.29) we obtain the equations for the 1PN
potentials parametrizing the ordinary metric gμν felt by the
baryons as
□V ¼ −4πσ b ;

ΔV i ¼ −4πσ ib ;

ð4:33Þ

where we have used the harmonic coordinate condition in
the ordinary sector ∂ t V þ ∂ i V i ¼ Oðc−2 Þ, with the potentials in the dark sector being given by V ¼ −V and
V i ¼ −V i . As Eqs. (4.33) are the same as the standard
equations of the 1PN limit of GR (see e.g. Ref. [62]), we
conclude that the model has the same 1PN limit as GR and
is therefore viable in the SS. One can check directly from
Eqs. (4.33) that all the PPN parameters of the theory agree
with their GR values [56]. We emphasize again that the PN
limit works thanks to our particular prescription (2.2) for
defining the interaction metric f μν in the original action.
Indeed the nonlinear term coming from that prescription
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[see Eq. (4.26)] turns out to be exactly the one necessary to
ensure that βPPN ¼ 1.
To fully support the latter conclusions, let us look in
more detail at the fate of the residual dark matter contributions in Eqs. (4.28) and (4.29). Indeed, when taking the
limit ε → 0 one must be careful with the fact that the
effective dark matter observed in cosmology has been
found to be ε times the “bare” dark matter; see Eqs. (3.12)
or (3.13) with α ¼ 1. Posing thus σ DM ¼ 2εσ 0 and σ iDM ¼
2εσ i0 we could expect that there should be some remaining
dark matter terms σ DM and σ iDM in the right-hand sides of
(4.33). Similarly, we could expect the presence of a residual
dark matter contribution ρDM ¼ 2ερ in the right side of the
MOND equation; see (4.18) or (4.19).
However we now argue that this dark matter is negligible
with respect to baryonic matter, so that we can blindly apply
the limit ε → 0 as we did to obtain (4.33). This is due to a
property of “weak clustering of dipolar dark matter” which
is at work in the present model. According to this property
the dark matter medium should not cluster much during the
cosmological evolution, so that the dark matter density
contrast in a typical galaxy at low redshift after a long
cosmological evolution should be smaller than the density
contrast of baryonic matter. In the present model this property
is the consequence of the fact that the dipolar dark matter
particles obey the geodesic equation aμ0 ¼ 0 with respect to
the metric f μν ,14 while the baryons obey the geodesic equation
aμb ¼ 0 with respect to the ordinary metric gμν . Therefore the
baryons are accelerated relatively to the dark matter medium.
Using the result that in the limit ε → 0 the metric f μν is almost
flat, we see that aμ0 ¼ 0 implies that the dark matter fluid is
unaccelerated in the ordinary three-dimensional sense with
respect to some averaged cosmological matter distribution. In
the Newtonian approximation we have indeed seen that
dv0 =dt ¼ 12 ∇ðU þ UÞ ¼ 0. We thus expect that σ DM and
σ iDM (or ρDM in the MOND equation) will be negligible
compared to the baryonic contributions in generic galaxies
and in the Solar System and may even take very small typical
average cosmological values, e.g. σ DM ∼ 10−29 g cm−3 . The
property of weak clustering of dark matter in the present
model15 could be checked by implementing numerical
N-body cosmological simulations.
V. CONCLUSION

coupled to two different metrics and interacting through a
specific internal force field, could permit to interpret in
the most natural way the phenomenology of MOND by a
mechanism of gravitational polarization. In this approach
the dark matter medium appears as a polarizable plasmalike fluid of spacelike dipole moments, aligned with the
local gravitational field generated by ordinary baryonic
matter. On the other hand, that particular form of dark
matter reproduces the cosmological model Λ-CDM at
first-order cosmological perturbations and is thus consistent with the observed spectrum of anisotropies of the
CMB [2]. Furthermore we have shown that the theory is
viable in the Solar System as it predicts the same PPN
parameters as GR. Finally the gravitational sector of the
model is consistent (ghost-free) at linear order around a
Minkowski background.
Improvements with respect to the previous model of
dipolar dark matter [41,42] include the hypothesis of
weak clustering of dipolar dark matter, which is probably
built in the model, and the fact that the dark matter
medium is stable, as it undergoes stable plasmalike
oscillations when analyzed in perturbations. Another
important feature of the present model is that the
mechanism of alignment of the polarization with
the gravitational field, and consequently the validity of
the MOND equation stricto sensu, is expected to hold in
any nonstatic and nonspherical cases. This is important
because it has been shown that MOND works well in
describing the highly dynamical evolution and collision
of galaxies [44–46] and the nonspherical polar ring
structures of galaxies [47].
On the other hand, while Refs. [41,42] investigate a
pure model of modified dark matter in standard GR, the
present model is less economical in that it postulates
both a nonstandard form of dark matter and a modification of gravity in the form of a bimetric extension
of GR. Such a compromise between dark matter and
modified gravity is perhaps the price to pay for
reconciling within a single relativistic framework the
conflicting observations of dark matter at large cosmological scales and at small galactic scales. It would be
very interesting to test the model by performing N-body
cosmological numerical simulations and notably to
investigate the intermediate scale of galaxy clusters at
which the pure modified gravity theories generally meet
problems [9].

In this paper we have shown how a specific form of
dark matter, made of two different species of particles
Indeed, the acceleration aμ0 is given by Eq. (2.22) where we
recall that the parameter α is very close to one in the physically
relevant case ε → 0, i.e. α ¼ 1 þ OðεÞ from Eq. (3.15).
15
Recall that in the previous model of dipolar dark matter
[41,42], the weak clustering of dipolar dark matter was used as a
hypothesis but not as a property logically deduced within that
model.
14
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Hρμ f ρν

APPENDIX A: PERTURBATIVE SOLUTION FOR
THE METRIC f μν

hμν ¼
¼ 12 ðα−1 gμν − αgμν Þ which was used as the
metric perturbation in Sec. II B. The solution reads

In this Appendix we find the perturbative solution of the
implicit definition (2.2) of the metric f μν given the two
metrics gμν and gμν , namely

gμν ¼ αðf μν þ hμν þ xμν Þ;

f ρσ gρμ gνσ ¼ f ρσ gρν gμσ ¼ f μν :

ðA1Þ

Let us first gain an insight into the meaning of this
prescription by looking at the solution in terms of matrices.
For this purpose we pose Gνμ ¼ f νρ gμρ and Gνμ ¼ f νρ gμρ
and define the associated two matrices G ¼ ðGνμ Þ and
G ¼ ðGνμ Þ. With such a matrix notation the relation (A1)
becomes, with 1 ¼ ðδνμ Þ denoting the unit matrix,
GG ¼ GG ¼ 1;

ðA2Þ

which means that G is the inverse of G.
Next we look for the solution of Eqs. (A2) in the form of
the perturbative expansion
1
G ¼ ð1 − H þ XÞ;
α

G ¼ αð1 þ H þ XÞ;

ðA3Þ

where α denotes a constant, the matrix H represents
the first-order perturbation and is defined by H ¼
1
−1
2 ðα G − αGÞ, and the matrix X admits an expansion
series in powers of H starting at the second order in H.
The matrix equation to be solved is found to be
2
X2 þ 2X − p
Hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ 0, ﬃ whose appropriate solution reads
X
¼
−1
þ
1
þ
H 2 , where we have defined the matrix
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ H2 by its expansion series in powers of H, that is,
þ∞
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ X
γ p H 2p
1 þ H2 ¼

with

p¼0

ð−Þpþ1 ð2p − 3Þ!!
γp ¼
:
2p p!

where xμν ¼ Xρμ f ρν is at least of second order and is
given by
xμν ¼

G ¼ αðH þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ H2 Þ;

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
G ¼ ð−H þ 1 þ H2 Þ:
α

ðA5aÞ
ðA5bÞ

Notice that such a perturbative solution G obviously
commutes with G and therefore only one out of the two
equations (A2) is sufficient.
Having the above solution in hands we conveniently
lower back the contravariant index so as to restore
the metrics in a standard form. The expansion variable is

þ∞
X

ρ

γ p Hρμ1 H ρρ21 …Hρ2p−1
h
:
2p−2 νρ2p−1

ðA7Þ

p¼1

In particular f μν can be determined from the two metrics
gμν and gμν by the relation
þ∞
X
1
ρ
f μν ¼ ðα−1 gμν þ αgμν Þ −
γ p Hρμ1 Hρρ21 …Hρ2p−1
h
;
2p−2 νρ2p−1
2
p¼1

ðA8Þ
which
is
nevertheless
implicit
because
Hρμ ¼ f ρσ hμσ ¼ 12 f ρσ ðα−1 gμσ − αgμσ Þ still depends on
f ρσ . The first nonlinear correction term in Eq. (A8) plays
an important role when investigating the 1PN limit of the
theory in Sec. IV B.
Finally we can vary Eq. (A8) with respect to gμν and gμν
to determine perturbatively (i.e. order by order) the tensoρσ
rial coefficients Aρσ
μν and Aμν defined in Eq. (2.7) as
1
1 ρσ
δf μν ¼ Aρσ
μν δgρσ þ Aμν δgρσ :
2
2

ðA9Þ

From Eqs. (A1) we find that such coefficients must obey
the equations

ðA4Þ
It is interesting to note that the same expansion series plays
a crucial role in the definition of the mass term in resummed
ghost-free massive gravity theories; see e.g. [63]. Finally
our perturbative solution is

1
gμν ¼ ðf μν − hμν þ xμν Þ;
α
ðA6Þ

1 ρσ
ðσ ρÞ
ðAμν þ Gλμ Gτν Aρσ
λτ Þ ¼ δμ Gν ;
2

ðA10aÞ

1 ρσ
ðρ σÞ
ðAμν þ Gλμ Gτν Aρσ
λτ Þ ¼ Gμ δν ;
2

ðA10bÞ

together with the same equations with μ and ν exchanged.
These equations can be solved iteratively to any order. For
instance we find the solutions up to second order as


1 ρ σ
1 ρ σ
ðρ σÞ
δ
H
þ Oð3Þ; ðA11aÞ
¼
δ
−
H
δ
þ
H
Aρσ
μν
ðμ νÞ
α ðμ νÞ
2 ðμ νÞ


1 ρ σ
ðρ σÞ
ρ σ
H
þ Oð3Þ: ðA11bÞ
Aρσ
¼
α
δ
δ
þ
H
δ
þ
H
μν
ðμ νÞ
ðμ νÞ
2 ðμ νÞ
ρσ
One can check that the relations f μν Aρσ
and
μν ¼ g
μν ρσ
ρσ
f Aμν ¼ g , which are direct consequences of f 2 ¼ gg,
are satisfied to this order.
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APPENDIX B: PLASMALIKE HYPOTHESIS
The dark matter fluids are described by the conserved
currents jμ and jμ defined by Eqs. (2.6). Here we implement
the idea that they perturbatively differ from a single
equilibrium fluid described by the current jμ0 ¼ ρ0 uμ0 , such
that f μν uμ0 uν0 ¼ −1 and Dμ jμ0 ¼ 0. To do that, suppose for
simplicity that the equilibrium fluid
P is made of particles with
coordinate density ρ0 ðx; tÞ ¼ A mA δ½x − xA ðtÞ (with δ
being the usual three-dimensional Dirac function), satisfying the usual continuity equation ∂ t ρ0 þ ∂ i ðρ0 vi0 Þ ¼ 0,
where vi0 ðx; tÞ is the Eulerian velocity field. Then the
coordinate density of the displaced fluid is defined with
respect to that of the equilibrium fluid as ρ ðx; tÞ ¼
P
i
A mA δ½x − xA ðtÞ − yA ðtÞ, where yA ðtÞ is the displacement
of the particles’ positions. Introducing the Eulerian displacement field yi ðx; tÞ associated with yiA ðtÞ, we find that
ρ ¼ ρ0 − ∂ i ðρ0 yi Þ to first order in the displacement, while
i
i
j
the coordinate velocity reads vi ¼ vi0 þ dy
dt − y ∂ j v0 , where
d=dt is the convective derivative. Introducing the coordinate
current J 0 ¼ ρ and J i ¼ ρ vi such that ∂ μ Jμ ¼ 0, and two
displacement vectors yμ and yμ for the two fluids, we
obtain16
Jμ ¼ Jμ0 þ ∂ ν ðJ ν0 yμ − Jμ0 yν Þ þ Oð2Þ;

ðB1aÞ

Jμ ¼ Jμ0 þ ∂ ν ðJ ν0 yμ − Jμ0 yν Þ þ Oð2Þ:

ðB1bÞ

In what follows we systematically work at first order in the
displacement vectors yμ and yμ and assume that their
gradients are numerically of the same order as the metric
perturbation hμν , namely that ∇y ∼ ∇ y ∼h ¼ Oð1Þ, so that
the remainders Oð2Þ in Eqs. (B1) are of the same order as
those in Eqs. (2.14). The expressions (B1)
are covariantized
μ pﬃﬃﬃﬃﬃﬃ
μ
in the usual way by defining j ¼ J  = −f , etc., and we
obtain (see e.g. [64])
jμ ¼

jμ0

þ

Dν ðjν0 yμ⊥

−

jμ0 yν⊥ Þ

þ Oð2Þ;

ðB2aÞ

jμ ¼ jμ0 þ Dν ðjν0 yμ⊥ − jμ0 yν⊥ Þ þ Oð2Þ:

ðB2bÞ

We have taken advantage of the structure of the terms to
replace the displacement vectors by their projections
perpendicular to the four-velocity of the equilibrium fluid,
f μν þ uμ0 uν0 .
namely yμ⊥ ¼⊥μν yν and yμ⊥ ¼⊥μν yν , where ⊥μν
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p≡
Coming back to the scalar densities ρ ¼ −gμν Jμ Jν and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρ ¼ −gμν Jμ J ν , taking into account the relations (2.6)
between currents and using at first order β ¼ α2 ½1 þ h2 þ
Oð2Þ and β ¼ α−2 ½1 − h2 þ Oð2Þ, where h ≡ f μν hμν , we
obtain
16
Note that one can always choose y0 ¼ y0 ¼ 0 to define the
two displacement four-vectors yμ and yμ .

 


h 1
μ ν
μ
μ
−3=2
ρ¼α
ρ0 1 − − hμν u0 u0 þ a0μ y⊥ − Dμ ðρ0 y⊥ Þ
2 2
þ Oð2Þ;
3=2

ρ¼α

ðB3aÞ

 


h 1
μ ν
μ
μ
ρ0 1 þ þ hμν u0 u0 þ a0μ y⊥ − Dμ ðρ0 y⊥ Þ
2 2

þ Oð2Þ;

ðB3bÞ

where aμ0 ≡ uν0 Dν uμ0 is the acceleration of the equilibrium configuration and a0μ ¼ f μν aν0 . For the fourvelocities we get
 


1
μ
ρ σ
μ
μ
μ
−1=2
u0 1 þ hρσ u0 u0 − a0μ y⊥ þ Lu0 y⊥ þ Oð2Þ;
u ¼α
2
ðB4aÞ
μ

1=2

u ¼α

 


1
μ
ρ σ
μ
μ
u0 1 − hρσ u0 u0 − a0μ y⊥ þ Lu0 y⊥ þ Oð2Þ;
2
ðB4bÞ

in which we made use of
e.g. Lu0 yμ⊥ ¼ uν0 Dν yμ⊥ − yν⊥ Dν uμ0 .

the

Lie

derivative,

APPENDIX C: LINEARIZATION AROUND A
MINKOWSKI BACKGROUND
In this Appendix we derive the gravitational part Sg of
the action (2.1) at quadratic order in perturbation around
a Minkowski background. Ignoring for simplicity the
cosmological constants, we thus start from


Z
1
2 pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
Sg ¼
d4 x
−f R ; ðC1Þ
−gR þ −gR þ
32π
ε
where the interaction metric f μν is defined from the two
metrics gμν , gμν by the prescription (2.2). To linear order we
have gμν ¼ ημν þ kμν þ Oð2Þ, gμν ¼ ημν þ kμν þ Oð2Þ
and f μν ¼ ημν þ sμν þ Oð2Þ, where ημν is the Minkowski
metric and
1
sμν ¼ ðkμν þ kμν Þ:
2

ðC2Þ

With these notations the variable hμν defined by Eq. (2.14)
(with α ¼ 1) reads
1
hμν ¼ ðkμν − kμν Þ:
2

ðC3Þ

It is now straightforward to derive the quadratic part of
the action in terms of the two variables (C2) and (C3). We
find that the two sectors associated with those variables
decouple from each other, namely
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1
1
4
d x − ∂ μ hνρ ∂ μ ĥνρ þ Ĥ μ Ĥμ
Sg ¼
32π
2


1þε
1
μ
μ
νρ
þ Oð3Þ;
− ∂ μ sνρ ∂ ŝ þ Ŝμ Ŝ
þ
ε
2
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Z

μν

μ

h~ i ¼ Di B þ Bi ;
h~ ij ¼ 2Cγ ij þ 2Di Dj E þ 2Dði EjÞ þ 2Eij ;

ðC4Þ

μν

where we define ĥ ¼ hμν − 12 ημν h, Ĥ ¼ ∂ ν ĥ and similarly for ŝμν and Ŝμ . Thus the action appears at that order as
the sum of two massless noninteracting spin-2 fields, with
positive sign in the case where ε > 0. Since this action
enjoys two reparametrization invariances δhμν ¼ 2∂ ðμ ξνÞ
and δsμν ¼ 2∂ ðμ χ νÞ , where ξν and χ ν are two independent
functions, each spin-2 field propagates only two degrees of
freedom as expected for massless gravitons [65]. However
the full action of the model should still be investigated at
the nonlinear level for which the number of propagating
gravitational modes should be investigated. This question is
addressed in Ref. [55].

ðD1Þ
and similarly for the other metric interval ds2 ,
ds2 ¼ a2 ½−ð1 þ 2AÞdη2 þ 2h~ i dηdxi þ ðγ ij þ h~ ij Þdxi dxj :
ðD2Þ
The variables A, h~ i , h~ ij and A, h~ i , h~ ij , respectively, denote
the metric perturbations for the metrics gμν and gμν . An easy
computation yields the perturbation of the metric f μν as
ds2f


¼ aa −ð1 þ A þ AÞdη2 þ ðh~ i þ h~ i Þdηdxi



1~
1~
i j
þ γ ij þ hij þ hij dx dx :
2
2

ðD5aÞ

Dj Eij ¼ Eii ¼ Dj Eij ¼ Eii ¼ 0:

ðD5bÞ

Φ ¼ A þ B0 − E00 þ HðB − E0 Þ;

ðD6aÞ

Ψ ¼ −C − HðB − E0 Þ;

ðD6bÞ

X ¼ A − C − ðC=HÞ0 ;

ðD6cÞ

Φi ¼ E0i − Bi :

Note also that Eij is already a gauge-invariant quantity. The
same definitions apply of course to the dark sector gμν, for
the gauge-invariant quantities Φ, Ψ, X, Φi and Eij . From
Eqs. (2.14) we see that the second-rank tensor field hμν ¼
1
−1
2 ðα gμν

− αgμν Þ can be written as

h00 ¼ −aadA;

ðD8aÞ

h0i ¼

aa ~
aa
dhi ¼
ðDi dB þ dBi Þ;
2
2

hij ¼

aa ~
dhij ¼ aaðdCγ ij þ Di Dj dE þ Dði dEjÞ þ dEij Þ;
2
ðD8cÞ

ðD8bÞ

where for any spatial scalar, vector or tensor P (gauge
invariant or not) we denote the difference between P in the
ordinary sector and the corresponding quantity P in the dark
sector by
dP ≡ P − P:

17

In this section we omit indicating that second-order perturbations Oð2Þ are systematically neglected. Our notation h~ i , h~ i and
h~ ij , h~ ij is to avoid confusion with the components of the covariant
tensor hμν.

ðD6dÞ

Note that the scalar X so defined is not independent from the
two other scalars Φ and Ψ:
 0
Ψ
X ¼ΦþΨþ
:
ðD7Þ
H

ðD3Þ

Next we perform the standard SVT decomposition of the
metric perturbations (see [59] for a review). For the
ordinary sector associated to gμν we pose

Di Bi ¼ Di Ei ¼ Di Bi ¼ Di Ei ¼ 0;

As usual one can construct gauge-invariant quantities from
these variables [59]. We shall use in the ordinary sector

1. Gravitational perturbations

ds2 ¼ a2 ½−ð1 þ 2AÞdη2 þ 2h~ i dηdxi þ ðγ ij þ h~ ij Þdxi dxj ;

ðD4bÞ

and identically for the dark sector gμν. All spatial indices
are raised and lowered with γ ij and its inverse γ ij . The
vectors Bi , Ei , Bi , Ei defined in this way are divergenceless,
while the second-rank tensors Eij , Eij are divergenceless and
traceless:

APPENDIX D: COSMOLOGICAL
PERTURBATIONS
We assume that both metrics gμν and gμν , which as we
have seen in Sec. II B differ perturbatively from each other,
take the form of a linear perturbation around the FLRW
background (3.1). The metric intervals read then17

ðD4aÞ

ðD9Þ

It is evident that the difference of gauge-invariant quantities
is gauge invariant, but notice that the difference of any
quantities (scalar, vector or tensor) is a gauge-invariant
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quantity. Thus in the following we extensively use the fact
that dA, dB, dC, dE, dBi , dEi and dEij are gauge invariant.
In addition we have also at our disposal the differences of
gauge-invariant variables dΦ, dΨ, dX and dΦi defined
similarly to Eqs. (D6).
2. Matter perturbations
We have in our model three fluids: two fluids of dark
matter described by scalar densities ρ and ρ and fourvelocities uμ and uμ and the fluid of baryons described
by ρb and uμb . On the other hand, we have learned from
Sec. II B [see Eqs. (2.15) and also (B3) and (B4)] how to
relate the densities and four-velocities of the two dark
matter fluids via an auxiliary fluid described by ρ0, uμ0
corresponding to some equilibrium configuration and a
spacelike vector ξμ⊥ called the dipole moment. In addition,
we have the fluid associated with the cosmological constant
Λ. We already pointed out that in order to have a true
cosmological constant, even at first order in perturbations
(in agreement with the Λ-CDM model), we must relate the
three initial constants λ, λ and λf in the action (2.1) in
the way specified by Eq. (2.26), and that Λ then denotes the
observed cosmological constant. At perturbative level the
four-velocities of the two dark matter fluids read uμ ¼
∘μ
∘μ
u þ δuμ and uμ ¼ u þ δuμ , with a similar notation for the
baryons. The background quantities are given in Eqs. (3.5).
Recalling that the fluids ρ, uμ and ρ, uμ are defined with
respect to the metrics gμν and gμν , respectively, their firstorder perturbed velocities read
1
uμ ¼ ð1 − A; βi Þ;
a

1
uμ ¼ ð1 − A; βi Þ:
a

ðD10Þ

contrasts in the “flat slicing” gauge (indicated by the
superscript F), defined by
δF ¼ δ þ 3C;

Di vi ¼ 0;

δF0 þ ΔV ¼ 0;

and introduce the gauge-invariant variables
V ¼ v þ E0 ;

ðD12aÞ

V i ¼ vi þ Bi :

ðD12bÞ

Obviously we have similar definitions for the dark sector,
e.g. V ¼ v þ E0 , and for the baryons, e.g. V b ¼ vb þ E0 .
One can then express the four-acceleration aμ ¼ uν ∇ν uμ in
terms of these gauge-invariant quantities:
aμ ¼

1
ð0; Di ðV 0 þ HV þ ΦÞ þ V 0i þ HV i Þ;
a2

δF0 þ ΔV ¼ 0:

uμ0



1
1
i
1 − ðA þ AÞ; β0 :
¼
2
ðaaÞ1=2

ðD16Þ

The SVT decomposition and gauge-invariant variables
proceed in the same way:
βi0 ¼ Di v0 þ vi0 ;

Di vi0 ¼ 0;

ðD17aÞ

1
V 0 ¼ v0 þ ðE0 þ E0 Þ;
2

ðD17bÞ

1
V i0 ¼ vi0 þ ðBi þ Bi Þ:
2

ðD17cÞ

∘

For the scalar density we have ρ0 ¼ ρ0 ð1 þ δ0 Þ and adopt
the gauge-invariant definition
δF0 0 þ ΔV 0 ¼ 0:

ðD18Þ

Now the relations (B3) and (B4) translate immediately to
linear cosmological perturbations. With our choice of
equilibrium configuration the two displacement vectors
read yμ ¼ 12 ξμ and yμ ¼ − 12 ξμ , and the fluid at equilibrium
obeys the equation of motion (2.22). Since ξμ⊥ ¼ ⊥μν ξν is
spacelike it necessarily belongs to first-order perturbations,
because a nonvanishing background dipole moment would
∘
break the isotropy of space. Then the constraint u0μ ξμ⊥ ¼ 0
implies ξ0⊥ ¼ 0, so that we have the SVT form
ξμ⊥ ¼ ð0; λi Þ;
with λi ¼ Di z þ zi ;

ðD13Þ

and similarly for aμ ¼ uν ∇ν uμ. The scalar densities of dark
∘
∘
matters read ρ ¼ ρð1 þ δÞ and ρ ¼ ρð1 þ δÞ, where δ and δ
are the density contrasts. We choose to express the density

ðD15Þ

Similarly for the baryons, we define δFb ¼ δb þ 3C and get
0
δF þ ΔV b ¼ 0. We now turn to the equilibrium configuration ρ0 , uμ0 defined with respect to the metric f μν ; see
Eqs. (2.15) or (B3) and (B4). The background quantities
have been given in (3.9). At linear order we have
∘μ
uμ0 ¼ u0 þ δuμ0 , which reads explicitly

3
δF0 ¼ δ0 þ ðC þ CÞ;
2
ðD11Þ

ðD14Þ

and which obey the equations (Δ being the Laplacian
associated with the metric γ ij )

We perform the usual SVT decomposition
βi ¼ Di v þ vi ;

δF ¼ δ þ 3C;

ðD19aÞ
Di zi ¼ 0;

ðD19bÞ

where z and zi are by definition the SVT variables. Since the
background value is zero, they are directly gauge invariant.
Using Eqs. (B4), in which the acceleration aμ0 can be
neglected since it is of first order [aμ0 ¼ Oð1Þ; see (2.22)],
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i

i

the variables V, V and V, V defined in (D12) are related to
their partners V 0 , V i0 by18
1
V ¼ V 0 þ ðdE0 þ z0 Þ;
2

ðD20aÞ

1
V ¼ V 0 − ðdE0 þ z0 Þ;
2

ðD20bÞ

1
þ ðdBi þ z0i Þ;
2

ðD20cÞ

1
V i ¼ V i0 − ðdBi þ z0i Þ:
2

ðD20dÞ

V ¼
i

V i0

From Eqs. (B3) the corresponding gauge-invariant density
contrasts are related by
1
δF ¼ δF0 − ΔðdE þ zÞ;
2

ðD21aÞ

1
δF ¼ δF0 þ ΔðdE þ zÞ:
2

ðD21bÞ

Let us now deal with the dynamical equations of motion
(2.19), in which the four-accelerations in the SVT formalism
are given by e.g. (D13). Thus,
∘

V 0 þ HV þ Φ ¼ −4πρa2 z;
∘

V 0 þ HV þ Φ ¼ 4πρa2 z;
∘

V 0i þ HV i ¼ −4πρa2 zi ;
0i

∘ 2 i

V þ HV ¼ 4πρa z ;
∘ 2

i

ðD22bÞ
ðD22cÞ
ðD22dÞ

with ρa ¼ αρa . Similarly the equation of motion of the
equilibrium fluid found in Eq. (2.22) reads

∘

V 0i0 þ HV i0 ¼ −2πð1 − αÞρa2 zi :

ðD23aÞ
ðD23bÞ

Note that the latter equations are in fact implied by (D22)
when making use of the relations (D20). Finally, by
computing the differences dV and dV i from Eqs. (D22)
and using (D20) together with the definition of dΦ, we get
∘

z00 þ Hz0 þ 4πð1 þ αÞρa2 z ¼ −dA − dB0 − HdB;
18

ðD24aÞ

In order to prove the following relations we used the useful
formulas
h ¼ dA þ 3dC þ ΔdE;

∘μ ∘ν

hμν u0 u0 ¼ −dA:

∘

z00i þ Hz0i þ 4πð1 þ αÞρa2 zi ¼ −dB0i − HdBi ;

ðD24bÞ

which constitute the SVT form of the equation of evolution
(2.20) of the dipole moment. An alternative form of these
equations is provided in Appendix E; see (E4).

APPENDIX E: COSMOLOGICAL
PERTURBATIONS IN THE DARK SECTOR
In Sec. III B we investigated the cosmological perturbations of the ordinary sector with metric gμν . In this
Appendix we deal with the perturbation equations for
the dark sector with metric gμν . Actually it is simpler to
consider the equations for the differences between the
perturbation variables in the two sectors. We shall prove
that these equations permit one to determine all the
variables in the model, even those which cannot be
measured by traditional cosmological observations taking
place in the ordinary sector.
We write the perturbation equations for the difference of
the two metrics in a way similar to Eqs. (3.18). We limit
ourselves to the three equations with sources since the other
ones are trivial. We get
∘

ΔdΨ − 3H2 dX ¼ 4πa2 ρ½−ðp þ qÞδFb þ pδF þ qδF

ðD22aÞ

∘ 2

1
∘
V 00 þ HV 0 þ ðΦ þ ΦÞ ¼ −2πð1 − αÞρa2 z;
2
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þ rðΔdE þ dAÞ;

dΨ þ HdΦ ¼ −4πa ρ −ðp þ qÞV b þ pV þ qV


1
þ r −dE0 þ dB ;
2

ðE1aÞ

2∘

0


ðΔ þ 2KÞdΦ ¼ −16πa ρ −ðp þ qÞV ib þ pV i

1
i
i
þ qV − rdB ;
2
i

ðE1bÞ

2∘

ðE1cÞ

with coefficients
4αðε þ αÞ
4αð1 þ αεÞ
;
q¼−
;
2
1 þ α þ 2αε
1 þ α2 þ 2αε
2αð2α þ ε þ α2 εÞ
r¼
:
ðα þ εÞð1 þ α2 þ 2αεÞ

p¼

ðE2Þ

From the right-hand sides of Eqs. (E1), one may define some
effective variables for the matter fields, in a way similar
to (3.17).
Then the equations of continuity and of motion associated with these matter variables are consequences of the
equations themselves (via the Bianchi identities). The
coefficients (E2) manage to simplify to give
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1
dA0 þ ΔdB ¼ 0;
2

ðE3aÞ

1
∘
ðdB0 þ HdBÞ þ dA ¼ −8πðα þ εÞa2 ρz;
2

ðE3bÞ

1
∘
ðdB0i þ HdBi Þ ¼ −8πðα þ εÞa2 ρzi :
2

ðE3cÞ

∘

∘

00i

0i

∘ 2 i

z þ Hz þ 4πð1 − 3α − 4εÞρa z ¼ 0:

ðaðadΨÞ0 Þ0 ¼ −4πðq þ rÞa4 ρdΨ;

ðE7Þ

which can be transformed, via

Gladly, we see that these equations guarantee consistency
between Eqs. (D15)–(D22) and Eqs. (3.19) and (3.20).
Combining the two last equations (E3b) and (E3c) with the
equations of motion (D24), we obtain two further equations
for the dipole moment z and zi :
z00 þ Hz0 þ 4πð1 − 3α − 4εÞρa2 z ¼ dA;

where dF is a convenient intermediate notation. Thus, dC is
known once dF is known. Finally we combine the
differences of (3.18d) and (D7) together with dΨ ¼ dΦ
to obtain19

1
∘
dΨ ¼ − ðadFÞ0 − 8πðα þ εÞa2 ρz;
a

into the following evolution equation which permits determining dF and hence dE and dC:

ðE4aÞ

ðaðadFÞ00 Þ0 þ 4πkðq þ rÞðadFÞ0

ðE4bÞ

¼ −8πkðα þ εÞ½ðaz0 Þ0 þ 4πkðq þ rÞz;

i

From all these equations we can determine dA, dB, dB and
the dipole components z, zi . Next, using dΦi ¼ dE0i − dBi
one gets from the vector and tensor mode differences
dE00i þ 2HdE0i ¼ dB0i þ 2HdBi ;

ðE5aÞ

dE00ij þ 2HdE0ij þ ð2K − ΔÞdEij ¼ 0:

ðE5bÞ

The second equation is simply the difference of Eqs. (3.18g).
This then permits one to determine dEi and dEij . Then, from
the equality dΨ ¼ dΦ together with (E3b) we have

ðE8Þ

ðE9Þ

∘

where k ≡ ρa3 . The differences of gauge-invariant velocity
variables are also computed from
∘

dV 0 þ HdV þ dΦ ¼ −4πð1 þ αÞρa2 z;
∘

dV 0i þ HdV i ¼ −4πð1 þ αÞρa2 zi :

ðE10aÞ
ðE10bÞ

Finally we conclude that all variables in our model can be
fully and consistently determined by solving linear evolution equations.

1
dF ¼ dE0 − dB;
2

ðE6aÞ

1
∘
dC ¼ dF0 þ 2HdF − HdB þ 8πðα þ εÞρa2 z;
2

ðE6bÞ

The background equation H00 − 2HH0 ¼ −4πðq þ rÞHρa2
is also used in this calculation. We recall from Eq. (3.12) that the
∘
2αε ∘
ρ.
matter density observed in cosmology is ρM ¼ αþε
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