N
N

N

HAL

open science

Light propagation in a homogeneous and anisotropic
universe

Pierre Fleury, Cyril Pitrou, Jean-Philippe Uzan

» To cite this version:

Pierre Fleury, Cyril Pitrou, Jean-Philippe Uzan. Light propagation in a homogeneous and anisotropic
universe. Physical Review D, 2015, 91, 10.1103/PhysRevD.91.043511 . insu-03644761

HAL Id: insu-03644761
https://insu.hal.science/insu-03644761

Submitted on 29 Apr 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://insu.hal.science/insu-03644761
https://hal.archives-ouvertes.fr

PHYSICAL REVIEW D 91, 043511 (2015)

Light propagation in a homogeneous and anisotropic universe

Pierre Fleury, Cyril Pitrou,” and Jean-Philippe Uzan®
Institut d’Astrophysique de Paris, UMR-7095 du CNRS, Université Pierre et Marie Curie,
98 bis bd Arago, 75014 Paris, France,

and Sorbonne Universités, Institut Lagrange de Paris, 98 bis bd Arago, 75014 Paris, France
(Received 7 November 2014; published 10 February 2015)

This article proposes a comprehensive analysis of light propagation in an anisotropic and spatially
homogeneous Bianchi I universe. After recalling that null geodesics are easily determined in such a
spacetime, we derive the expressions of the redshift and direction drifts of light sources; by solving
analytically the Sachs equation, we then obtain an explicit expression of the Jacobi matrix describing the
propagation of narrow light beams. As a by-product, we recover the old formula by Saunders for the
angular diameter distance in a Bianchi I spacetime, but our derivation goes further since it also provides
the optical shear and rotation. These results pave the way to the analysis of both supernovae data and weak
lensing by the large-scale structure in Bianchi universes.
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I. INTRODUCTION

The standard cosmological model relies heavily on the
assumption that on the large scale it is well described by a
spacetime with homogeneous and isotropic spatial sections.
All cosmological observations tend to agree with this
geometrical assumption, and to back up the predictions
of the ACDM model with a primordial inflationary phase.

A lot of efforts are invested in order to determine whether
the source of the acceleration of the expansion of the
Universe is due to a cosmological constant or has a
dynamical origin (new matter fields dubbed dark energy
or gravity beyond general relativity); see e.g. Refs. [1,2].
It has also revived the importance of testing the validity of
the Copernican principle.

While a primordial shear decays if it is not sourced,
late-time anisotropy appears in many phenomenological
models of dark energy [3—7] and is a generic prediction of
bigravity models [8] and backreaction [9]. Contrary to the
former [10-14], the latter remains weakly constrained
by the observation of the cosmic microwave background
temperature field; this naturally stimulated analyses based,
e.g. on the observation of supernovae [15-27], or using
low-redshift galaxies [28,29]. Besides the strict detection
of anisotropy, drawing quantitative conclusions from such
analyses requires one to understand how light propagates
through an anisotropic universe. This issue has been
addressed since the late sixties [30-33], in particular, a
remarkably simple expression of the angular diameter
distance in Bianchi I models was found by Saunders
[30,31] using observational coordinates [34], and recently
rederived in Ref. [16].
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The purpose of this article is to provide a complete
analytical study of light propagation in Bianchi I space-
times. On the one hand, the integration of the null geodesic
equation (though already well known) allows us to derive
the expressions of the redshift, redshift drift and position
drift of an arbitrary light source. More importantly, on the
other hand, we solve the Sachs equation governing the
geometry of geodesic bundles. From the resulting Jacobi
matrix, we not only recover Saunders’ formula for the
angular diameter distance, but also characterize the whole
lensing properties generated by anisotropy. These results
pave the way to the computation of the lensing B-mode
signal induced in an anisotropic universe—as predicted in
Ref. [35]—since it provides the background result for the
general computation in perturbed Bianchi models.

The article is organized as follows. After summarizing
the main geometrical properties of a Bianchi I universe
in Sec. II, and the laws of geometric optics in curved
spacetime in Sec. III, we solve the null geodesic equation
and derive the expressions of the redshift and direction
drifts in Sec. IV. One technical key point of our con-
struction is the use of a conformal transformation, whose
dictionary is detailed in Sec. V. The heart of our derivation
is then exposed in Secs. VI and VII, in which, respectively,
we construct the Sachs basis and obtain the expression of
the Jacobi matrix—see in particular Eq. (7.8). An algo-
rithmic way of using our results is proposed in Sec. VIIL
Finally, in the Appendix we give a proof of the result of
Ref. [31].

II. THE BIANCHI I SPACETIME

The classification of spatially anisotropic and homo-
geneous spacetimes [36] is based on the Bianchi’s classi-
fication of homogeneous but not necessarily isotropic
three-dimensional spaces [37]. The spatial sections of these

© 2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.91.043511
http://dx.doi.org/10.1103/PhysRevD.91.043511
http://dx.doi.org/10.1103/PhysRevD.91.043511
http://dx.doi.org/10.1103/PhysRevD.91.043511

PIERRE FLEURY, CYRIL PITROU, AND JEAN-PHILIPPE UZAN

spacetimes are Bianchi spaces characterized by their
Riemann tensor (more precisely the Riemann tensor of
the induced metric on the spatial sections), and the full
geometry is then determined from the extrinsic curvature
of the spatial sections. The simplest of these spacetimes is
Bianchi I, which enjoys Euclidean spatial sections, that is
with a vanishing Riemann tensor of the induced 3-metric.
Its metric reads simply

ds? = g, dx*dx” = —de* + a*(1)y;;dx'dx/, (2.1)
where the spatial metric is given by
Yij = ezﬁl(t)(sij (22)
with the constraint
3
> Bi=0 (2.3)
i=1
The inverse spatial metric is y”/ = e %")5,;, such that

var™ = &/, With this choice of the metric parametrization,
the volume expansion is encoded in the scale factor a(z),
while the evolution of y;; is volume preserving, thanks to
the condition (2.3). The conformal time # is defined from
cosmic time ¢ by the usual relation df = ady.

The conformal shear (rate) tensor o;; is defined by

0, = (2.4)

(71")/ =B'vij»
J J

| =

where a prime denotes a derivative with respect to con-
formal time 7. Its geometrical interpretation is simple as
it is directly related to the traceless part of the extrinsic
curvature of space sections, whose components are just
aza,-j. The indices of ¢;; are respectively raised and lowered
by " and y;;. Note that y;,y*/ = 5! implies
ij_/ij__l ij\/ i prsi
o =pyt = 2(7 ) O“z(— i0;- (25)
Since the spatial sections are homogeneous, there
exists a class of preferred observers—called fundamental
observers—for which space indeed looks homogeneous.
They are comoving with respect to the Cartesian coordinate
system introduced in Eq. (2.1), and cosmic time ¢ represents
their proper time, so that the four-velocity of fundamental
observers reads w* = (0,)".
For a universe filled by a homogeneous fluid, the stress-
energy tensor is
pr = pu,u, + P(gm/ + uﬂub) + Hﬂl/’ (26)
with p and P being the energy density and the isotropic
pressure, and where I1,, the anisotropic stress. This latter
symmetric tensor is traceless and spatial, in the sense that
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utTl,, = 0 = II,. We further define the conformal aniso-
tropic pressure by z;; =I1;;/a* and '/ = I1Va? such that
the indjces of r;; are respectively raised and lowered by ;;
and y", as is the case for o;;.

The Einstein field equations then read

872G 2
szﬂTazp'f'%’ (27)
4G g
H=-T2a(p+3P) -, (2.8)
(01) = —2Ho'. + 8nGa’, (2.9)

where H = d’/a is the conformal expansion rate, and

3

o’ = Gijaij = Z (B)*.

i=1

(2.10)

III. GEOMETRIC OPTICS IN A GENERAL
CURVED SPACETIME

This section briefly reviews the essential equations
governing light propagation in curved spacetime, its main
purpose being to fix the notations. For further details, we
refer the reader e.g. to the textbook [38] or the review [39]
and our previous papers [40-42].

A. Light rays

Electromagnetic waves, described by Maxwell electro-
dynamics and identified to light rays in the eikonal
approximation, are shown to follow null geodesics [43].
If v denotes an affine parameter along such a geodesic,
its tangent vector k* = dx*/dv—which is also the wave
four-vector of the electromagnetic signal—is a null vector
(k*k, = 0) that satisfies the geodesic equation

Dk*
DR ov e — 0,
dv

(3.1)
where V,, denotes the covariant derivative associated to the
metric g, .

An observer whose worldline intersects the ray can
naturally define the notions of pulsation (or energy) w,
and spatial direction of observation @, by performing a
3 + 1 decomposition of k* with respect to his own four-
velocity u#, as

k= w(ut —d"), (3.2)
where @ = —u,k*, and d" is a unit spatial vector, i.e.
wd, =0 and d"d, = 1.
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B. Light beams

A (narrow) light beam is a collection of neighboring light
rays, i.e. an infinitesimal bundle of null geodesics. The
behavior of any such geodesic, with respect to an arbitrary
reference one, is described by the separation (or connect-
ing) vector &. If all the rays converge at a given event
O—the observation event “here and now” denoted with the
index “0” in the following—then & (v,) = 0. The evolu-
tion of & (v) along the beam is governed by the geodesic
deviation equation [43]

D?&+
W - Rﬂypgklfkﬂfo" (33)
where R,,,, denotes the Riemann tensor.

C. Sachs basis

For any observer whose worldline intersects the light
beam at an event different from O, the beam has a nonzero
extension since a priori £ # 0. The observer can thus
project it on a screen to characterize its size and shape.
This screen is by essence a two-dimensional spacelike
plane chosen to be orthogonal to the local line-of-sight d*.
Thus, if (s%,),_;, is an orthonormal basis of the screen,
then

B g
syu, = syd, =0,

SIIZSB# = 5AB' (34)
Note that, by virtue of Eq. (3.2), we also have sﬁkﬂ =0.

Now, consider a flow of observers lying all along the
beam [defining a four-velocity field u#(v)] who want to
compare the size, shape, and orientation of the pattern they
observe on their respective screen. To avoid any spurious
rotation of this pattern, one has to further impose that the
basis vectors (s{) ,_; , are Fermi-Walker transported along
the beam,

v
DsA:

Sy
dv

0, (3.5)

where

S = &8st = ¢ + utu — d'd (3.6)

is the screen projector. The transport rule (3.5) must be
understood as: s/ is parallel transported as much as
possible while keeping it orthogonal to u* and d*.

The set of vectors (s){),_;, satisfying Egs. (3.4) and

(3.5) is known as the Sachs basis.

D. Jacobi matrix

The screen projection of the connecting vector, {,=
sh&,, represents the relative position on the screen of
the two light spots associated with two rays separated
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by &. Similarly, and if we set by convention w, = 1, 84, =
—(dé4/dv), represents the angular separation of those
rays, as observed from O. The matrix relating £,4(v) to
0, via

a(v) = Dap(v<v,)0p (3.7)
is known as the Jacobi matrix. The equation governing

its evolution along the beam derives from the geodesic
deviation equation (3.3), and reads

d*D
3 = RacDes. (33)
where Rap = —R,,,,s3k"spk? is called the optical tidal

matrix. Note that the position of the screen indices
A,B,C,... does not matter, since they are raised and
lowered by d,p5. The initial conditions for Eq. (3.8) are

DAB(UO(_UO) = O, (39)
d*D
d—ABU<’UO<—U0) = _5AB' (310)
v

By definition (3.7), the Jacobi matrix relates the size
and shape of the beam to its observed angular aperture. It is
thus naturally related to the angular diameter distance Dy,
linked to the ratio of the area d>A of a (small) light source
to its observed angular size d’Q,,

d?A,

D, = dzﬁ;) = y/det D(vg<v,).

(3.11)

More generally, the Jacobi matrix encodes all the
information about the deformation of a light beam with
its propagation through a curved spacetime, i.e. gravita-
tional lensing. A canonical decomposition1 of D that makes
such effects explicit is

lAlthough the authors have never seen this decomposition
used in the literature so far, they advocate that it is more
meaningful than the standard one

1—k—y;
2 t+w

72— @

_ nFL
D = DV el |

(3.12)

which explicitly makes use of the angular distance in a
Friedmann-Lemaitre (FL) spacetime, DY, and the “convergence”
K, “shear” y; ,, and “rotation” @ with respect to it. Additionally to
the fact that such a decomposition relies on the choice of a
specific background (namely FL), the quantities «, y;,, and @
lose their geometrical meaning for finite (noninfinitesimal)
lensing effects. This is why, for instance, y appears in the
expression of the magnification. It is not the case for the
decomposition proposed in Eq. (3.13).
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D_DA[COSW Smw]exp[_rl FZ]. (3.13)

—siny  cosy r, I

rotation shear

According to this decomposition, the real size and shape
of a light source is obtained from its image by performing
the following transformations: (i) an area-preserving shear,
(ii) a global rotation, (iii) a global scaling.

IV. GEODESIC MOTION IN BIANCHI I

There is a simple and elegant way to determine geodesics
in a spacetime with spatial homogeneity, without explicitly
solving the geodesic equation (3.1). It relies on the basic
fact [44] that for any Killing vector {* of the metric, the
scalar k#{, is constant along the geodesic whose tangent
vector is k# (whether it is null or not).

A. Light rays

Since 0; is a Killing vector of the Bianchi I spacetime,
the quantity ¢(9;, k) = k; is a constant of geodesic motion.
Moreover, since k is a null vector, w* = (k')* = g"k;k; and
the wave four-vector thus reads

k; = cst, ki = a2y'k; # cst, (4.1)
)
—_— 4.2
0=" (4.2)
where
(4.3)

The components of the direction of observation vector d*
are, by definition,

d; = —k;/w, d = —k'/w. (4.4)
From now on, we set by convention a(z,) =1 and
Bi(ty) =0 at O (r = t,), hence the redshift is given by

(4.5)

3
Z [e_ﬁi(ts) kl‘]2 .

i=1

The constants of motion k; are directly related to the
direction in which the observer at O needs to look to detect
the light signal. Indeed, with the conventions specified
above, at the observation event (g;;), = 6;;, moreover we
have used the remaining freedom to set w, = 1, so that
—k; = (d;), is a unitary Euclidean three-vector.
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B. Parentheses: On timelike geodesics
The previous reasonings also apply to timelike geo-
desics. Consider a general observer, whose four-velocity v#
can be decomposed with respect to the four-velocity u# of
the fundamental (comoving) observers as

v = Eut + p* (4.6)

with v p, = 0 and u*u, = —1. Since v"v, = —1, we have
pp,=-1+ E?. Now the constancy of p; implies that
E? =1+a%,;p;p; > 1 as t increases (in an expanding
universe), so that the worldline of the observer tends to
align with the worldline of the fundamental observers,
i.e. the Hubble flow, exactly as in Friedmann-Lemaitre
spacetimes [45].

C. Redshift and direction drifts

1. Redshift drift

As originally pointed out by Sandage and McVittie
[46,47] a consequence of the expansion of the Universe
is the existence of a drift of the cosmological redshifts.
This effect is thought to be observationally accessible
[48,49] in the standard cosmological framework [50-53].

Consider a photon received at ¢, 4 6t,, corresponding to
the emission time 7, + dt,; by definition of the redshift,

t,+6t
1+z+5z5w(5+ )
o(t,+6t,)

gij(ts +5ts>kikj
9 (to+ 6ty kik;

(4.7)

We can expand the above formula at first order in 67, and
St using ¢ = y'/ /a?, which leads to

0z Oty

o ot
(H+6ijdldj)o——s

% didi
I+z a, g, tHoud d);

(4.8)
Since moreover 6t,/5t, = 1/(1 + z), we finally get the
redshift drift z, = 6z/6t, observed by O:

¢ =(1+2)H - H!, (4.9)

where

Hl(z,d") == (H + o;d'd). (4.10)

1
a
It is interesting to notice that Eq. (4.9) is identical to the
one obtained in a Lemaitre-Tolman-Bondi universe [51],
and indeed reduces to the Sandage formula [46,47] in the
isotropic case.

2. Direction drift

A consequence of anisotropic expansion is that, besides
redshift drift, the position of a comoving light source on the
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observer’s celestial sphere also changes with time. Let us
compute the velocity of this direction drift. The position x.
of the source is obtained by integrating the wave vector k'
with respect to the affine parameter,

. US . 1”5 .
X, = / kidv = </ a‘ze‘zﬂ"dv> dy,
UO 1)0

where we used k; = cst = d'. Like for redshift drift, we
can evaluate the above relation at a later observation time
t, + ot, corresponding to an emission time ¢, + 6. If the
source is comoving, then x! remains unchanged, so that

W)y e\
a~*eFidv | d!
v(to)

v <+5 S) . .
= (/ e a‘ze_zﬂfdv) (di + 6d.). (4.12)

(to+6t)

(4.11)

The direction drift velocity d o=0d/5t, is finally
obtained by performing a first-order expansion of
Eq. (4.12), using in particular v(z 4 6t) = v(t) + 6t/ o,
and the result is

.. g -1 ) d:
dl = “a2e g d', — 5 . 4.13
; (/ c ) ( 1+Z) (4.13)

V. THE CONFORMAL DICTIONARY

The determination of the Jacobi matrix in a Bianchi I
spacetime is greatly simplified by using the fact that two
conformal spacetimes have the same light cone.” Let the
conformal metric g,, be defined by

9w = azglw' (51)
Property—Any null geodesic for g,,, affinely parametrized
by v, is also a null geodesic for g,,, affinely parametrized
by ¥ with dv = a?dd. The associated wave four-vectors
then read k" = a’k*.

As a consequence, the covariant components of k are
unchanged by the conformal transformation, indeed
k

: (5.2)

= gﬂyl}” =a?g,a’k" =k,
The four-velocities of comoving observers for both geom-
etries are respectively u = 0, and u = 0,,, so that u* = au”,
thus

n»

’In four dimensions, this result can be related to the conformal
invariance of Maxwell theory. However, this property of the null
geodesics holds even in higher dimensions whilst Maxwell theory
is no more conformal invariant. From the physical point of view,
this is due to the fact that in the eikonal approximation all the
terms which are not conformally invariant are subdominant. It
follows that geometric optics enjoys more symmetries than the
microscopic theory it derives from.

PHYSICAL REVIEW D 91, 043511 (2015)

w = g, w'k’ = a”'g,, "'k = d/a. (5.3)
The 3 4+ 1 decomposition of k" is therefore
K = o — d") (5.4)

with @ = ad* implying d, = d, /a.
The Sachs basis (5 ),_, , for the conformal geometry is
related to the original one by
5 = as). (5.5)
One can indeed check that, with Eq. (5.5), the usual

orthonormality and Fermi-Walker transport conditions
are preserved by the conformal transformation,” i.e.

#ii, =0,
s4d, =0,
& A (5.7)

HT o
5488y = Oa>

LRV 54 = 0.

shu, =0,

sﬁdﬂ =0,
SZSBM = 4B

SUkPV 54 = 0,

In these relations, S, is the screen projector defined in
Eqg. (3.6) and we have an analogous definition for the
conformal geometry, which implies S, = a*s -

The separation four-vector & between two neighboring
geodesics is defined by comparing events only, independ-
ently from any metric. It is therefore invariant under
conformal transformations. However, its projection over
the Sachs basis changes (since the Sachs basis itself
changes), indeed

§A = Sﬁfy = a_lgflazéy = aEA' (58)

The above relation allows us to relate the Jacobi matrices
calculated in both geometries, and the result is

D,p(s<=0) = a;Dyp(s<o0), (5.9)
which, by virtue of Eq. (3.11), implies
Dy = a,D,. (5.10)

VI. SACHS BASIS IN A CONFORMAL
BIANCHI I GEOMETRY

Important remark.—In this section, all the calculations
are performed in the conformal geometry g,,. Since only
intermediary results are at stake, we temporarily drop all

3The connections V and V are related by

vyv,=V,v, - Va[25€‘”vy) Ina - g,,97VsInad. (5.6)
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the tildes on the vectors d" , EZ to alleviate notation.

However, we do not drop the tilde on @ because it could
lead to ambiguities.
By definition, the Sachs basis is purely spatial, so

B
u,s, =0.

(6.1)
The evolution of the nonzero spatial part of s, follows from
the Fermi-Walker transport (3.5), which takes the form

(sh) + Siopsh =0, (6.2)
where S’ = &' — d'd; (since u' = 0) and we used that the
only nonvanishing Christoffel coefficients are

i i
roj—Jj,

0 _
I lj_o-lj

(6.3)

A. General solution of the transport equation

Let (ny)4_;, be an arbitrary orthonormal basis of the
screen space (i.e. orthogonal to both u* and d*), not
necessarily Fermi-Walker transported along the light beam.
Explicit examples of such a basis will be given in Sec. VI C.
The Sachs basis (s/),_; , being also an orthonormal basis
of the same space, the two basis are related by a rotation

{ s = cosIn! + sinInf, (6.4)

sh = —sin9n + cos Inf.

Hence, provided the basis (n}y),_,, is known, the Sachs
basis is entirely determined by the angle 9.

In order to determine the evolution of this angle, it is
convenient to rewrite Eq. (6.2) in terms of the components
of s4 over a tetrad basis (e,),_; 5 rather than over the
coordinate basis (9;);,_, 5. The choice e, = exp(—p;)d,
and ef = exp(p;)6¢ implies that the components s4 =
g(sa,e,) read

(s4) +d“(dy)'sh =0, (6.5)
thus
(cos9) = (n1,8]) = (n1,)'s§ — nlad“(db)/sll’. (6.6)

=0

Since n; is normalized, (n;,)'n{ =0, so (n,) =
(n1)'nsny, + (nyy,) d°d,,, therefore

(cos §)' = (ny)'nSng,s| = (ny)'ns sin d, (6.7)
which finally reduces to
8 = =(n1,)'ng = (na,)'nf. (6.8)

PHYSICAL REVIEW D 91, 043511 (2015)

Summarizing, if a basis (nf,n%) can be found, then the

Sachs basis is completely determined by Eq. (6.4) with &
given by the integral of (n,,)'n{.

B. Evolution matrix

Let £ be the 2 x 2 matrix that relates the components shy
of the Sachs basis to their values at O, (s',), = s} (o).

si(n) = Eag(nen,)(sh),. (6.9)

It is straightforward to show that this evolution matrix is the
solution of

EAIAB + GAC5CB = O, (610)

Eap(Mo<o) = Sap. (6.11)

where 6,5 = sl’;‘sf;a,-j. Note that, by definition (6.9),

Eap(n<,) = 32(77)531'(770)- (6.12)

Note also that the position of i does matter in the above
relation, because the vectors s4(7) and s4(#,) do not live in
the same tangent spaces of the spacetime manifold M. The
former live in T, (M), their indices are raised and lowered
by 7;;(n7), while the latter live in T, (M), their indices are
raised and lowered by y;;(n,) = J;;.

In fact, inverting the position of the i indices in Eq. (6.12)
leads to the fransposed inverse (E~')T of the evolution
matrix, because

SAi(’?)S%(’Io) = SAi(U)gsc(ﬂoFﬂ)sic(’?)
= Epa(no<n)
= Ega (o). (6.13)

It is straightforward to check that (€71)7 satisfies a
differential equation almost identical to Eq. (6.10), except
for a minus sign before o4,

(€5A) = 0acEpe = 0.

Using the general solution for the Sachs basis con-
structed in Sec. VI A, the evolution matrix and its trans-
posed inverse take the form

(6.14)

[ cosd sind][ni(s1;) ni(s2:)o]
E= . l(l) 1(2) ’ (615)
| —sind cosd] [n(s1;), n5(82:)
[ cosd sind] [ny;(s)), mi(sh),]
(ENT=] . (i) mils2) . (6.16)
_—Sll’l19 COS19_ -n2i(sl])o nZi(SZZ)o-

with the angle 9 given by Eq. (6.26).

Let us close this subsection by showing that the
determinant of £ has a remarkably simple expression.
Indeed
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(det&) =Tr(E-'E) det €
= -Tr(E'6€)det €

= —TrodetE, (6.17)

where 6 = (6,5) is the projection of 6;; on the Sachs basis,
as defined below Eq. (6.11); its trace reads
TI'G:O'Q :GijSij:()';—Gijdidj, (618)

but, on the one hand, remember that Eq. (2.3) implies

3
ol =Y _p/ =0, (6.19)
=1
and, on the other hand,
- okik;  (=yUkik;) @
didl = LA At EA 6.20
Oij 2 202 o (6.20)
so that finally
@ 1
(det€) = ——det€ whence det€ =—.  (6.21)
@ @

We shall see in Sec. VII that the evolution matrix is a key
ingredient in the expression of the Jacobi matrix.

C. Explicit examples

This subsection provides three explicit examples of
orthonormal basis (n;,n,) which can be used for the
construction described in Sec. VI A, and the associated
rotation angle 9. For the last example, we also give the
expression of the evolution matrix.

1. Frenet basis

Since d* it is easy to construct a vector orthogonal to it
from its own derivative. Here again, calculations are easier
if one works with the components over the tetrad basis
(€4)4e1 3 We thus define

(d°)
() (d")

and complete it by n§ = &* ,,L.d”nj'. In terms of components
over the coordinate basis (9;), we have

(6.22)

a=
ny =

i = (o + 5 ) @aysiosa) . (629

nh =& dink. (6.24)

The equation (6.8) for the evolution angle 9 then reads

gabcda (db)/ (dc)//

Y= =y

, (6.25)
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which, in terms of components over the coordinate basis,
becomes

o erdifd;[(B)>di — Bidy] (6.26)
d'c;;S|ckd’ ' '

Interestingly, the two terms in the numerator of Eq. (6.26)
are sourced by distinct geometrical properties of the
Bianchi I spacetime. On the one hand, the term in (f))?
is essentially a Vandermonde determinant,

gijkdiﬁ}dj(ﬂ;¢>2dk - d1d2d3H(ﬁ:’ —ﬁ;) (6.27)

i>j

It depends on the triaxiality of the Bianchi spacetime, and
vanishes for an axisymmetric Bianchi I since two f; are
equal. On the other hand, the term in f} in Eq. (6.26) can be
rewritten in terms of matter’s anisotropic stress. Indeed,

using Eq. (2.9) and oJl = ﬂ;&{ (without summation), we get

sijkd,-ﬂ}djﬂ;gdk = 8”Ga2€ijkdi6fdfﬂ-2ndm. (6.28)
Thus, with the choice of Egs. (6.23)—(6.24) for (n, n,), the
angle d is ruled by an equation of the form
¥ = ’9{1& + Hitresss (629)
where 9; and 9. vanish in, respectively, an axisym-
metric and anisotropic-stress-free Bianchi I model.
Though having interesting properties, the Frenet basis
presented in this paragraph suffers from singularities: for a
beam propagating along a principal axis of the Bianchi

spacetime, d* = cst, so that n; cannot be defined. The next
two examples will be free from such problems.

2. Initial basis

Another way of constructing vectors which keep
orthogonal to @* is to use that k; are constants of motion
[see Eq. (4.1)], which implies that the covariant vector
d; = @ 'k; always points towards the same direction.
Thus, the Sachs basis (s), at O remains orthogonal to
d;(n) at any time:

Vi di(n)(sh), = 0. (6.30)
This motivates the following definitions,
N
n =
{ BN (631)
ny =& ydink,

with y11(17) = y;;(n)(s}s]),. Note that n} cannot be con-

structed from (s3), in the same way as n} is from (s}),,
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because then n; and n, would not be orthogonal to
each other.
In this example, the angle 9 reads

_gijkdialz;(sjls{)o

}’ij(slisjl)o

8 = (my,)'nf = —oynin) = (6.32)

All these quantities are well behaved, as long as y,; # 0.

3. Symmetrized initial basis

The construction of the previous example can be slightly
improved in order to be more symmetric. As mentioned
above, if we define

Uli = (51)o , vé = (szu)o , (6.33)
VR4 \/ 722
with
JO/AB(W) = J/ij(r/)(silsé)o (6.34)

as in Eq. (6.31), then v', is normalized and d;v', = 0, but v,
and v, are not orthogonal to each other. Let us call §(7) the
angle expressing their departure from orthogonality,

cos(%—f—&) = —sind =y;viv) = e (6.35)

2 o )
\/ 711722

Albeit not orthogonal itself, (v, v,) can easily be used to
obtain an orthonormal basis. Like for any couple of unit
vectors, v; + v, is orthogonal to v; — v,, which encourages
us to define

l)li + vé
V2F2sind

This could be used as the orthonormal basis of this last
example, however we will prefer its rotation by z/4,

(6.36)

1
ny

. ) . . 1 . .
ny =—(n', +nv), n, %(nfF -nt), (6.37)
so that (n'y), = (s%),, i.e. 9, = 0. In this case, and after a
few calculations, we obtain that the angle J reads

Nia

8 = (n2a)'nf = (n.q)'nt (6.38)

1 y !
=—tand [In (7/22)] ,
4 711

that can also be written (tan 8)a;;(vhv} — viv])/2.

(6.39)
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Finally, let us also give the (transposed inverse) evolution
matrix which, in the present example, enjoys the relatively
simple expression

cosd sin(5/2)

(E1)" = [ sin&] [005(5/2) o

—sind cosd | | sin(6/2)

Vim0
0 i

Note that the second matrix of Eq. (6.40) is not a rotation
matrix. From this result one can deduce the interesting
relation

w=detE' = \/ Y11722€088 = \/ Y1172 =712 (6.41)

which can also be checked by brute-force calculation.

(6.40)

VII. JACOBI MATRIX IN A CONFORMAL
BIANCHI I GEOMETRY

As in the previous one, all the calculations of this section
are performed in the conformal geometry g,,. However,
all the tildes will here be carefully written, because non-
intermediary results are derived.

A. General solution for the Jacobi matrix

Let us now solve the Jacobi matrix equation

(7.1)

where we recall that the optical tidal matrix is defined by

Iié'AB = —Rﬂypo-l;ﬂgzl;ﬂgg. (72)
The nonzero components of the Riemann tensor for the
conformal Bianchi I geometry being

R()i()j = O'fdkj - Gi'j’ ieijkf = 20k[i6j]f~ (7.3)
A straightforward calculation, using in particular Egs. (6.2)
and (6.20), then leads to

- 5 @'
Rap = @ |:(6AB)/ + 04c0cp + TGAB] . (7.4)

[0

Therefore, since d/dv = wd/dy, Eq. (7.1) reads
~ ~

~ @ ~ @ ~
Dy + EDAB = [(UAC)/ + 064pOpc + EGACj| Deg. (7.5)

Now notice that if a matrix M,p is solution of
My = 64cMcp, then it is also solution of Eq. (7.5).
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Comparing with Eq. (6.14), we deduce that the transposed
inverse (E71)T of the evolution matrix is such a solution.
However, it is not the Jacobi matrix, because it does not
satisfy the right initial conditions (3.9) and (3.10), but
rather

() palo<10) = 84, (7.6)
d(E)s

- (7.7)

(770<_770) = (UAB)O'
From this particular solution, one can obtain the Jacobi

matrix by use, for instance, of the method of the “variation
of the constant” to get

D(ng<n,) = (EHT /no o ' ETEdn. (7.8)
s
This formula is the main result of our article. Since
Eap(ns<o) = 54 (15)55i(1o), (7.9)
(ENAsMs<=16) = 5a:(n5)55 (1), (7.10)

it can also be rewritten in terms of the components of the
Sachs basis as

bAB (’7s<—’10) = (EAi)s(gngCj)O

x ( /}7 :70 @-@kdﬂ) Gp)or  (1.11)

This form of the Jacobi matrix, entirely determined by
the Sachs basis, reminds us about the recent results of
Refs. [54,55], based on the geodesic-light-cone coordinates
[56]. The connection between the two formalisms is left
for further studies.

B. An explicit expression

Of course, Eq. (7.8) cannot be considered explicit as
long as one does not have an expression for £, which was
precisely the purpose of Sec. VI. Here, we choose to use the
results of our third example (Sec. VIC 3): plugging the
expression (6.40) of &€ into Eq. (7.8), we obtain

B ) { cosd, sin 195] [cos(6s/2) sin(6,/2)
<— =
Il —sind, cosd | [ sin(5,/2) cos(8,/2)
}0/11(’75) 0
0 \/}0’22(’7s)
« /’70 iz l}:ZZ }:12‘| , (712)
n @7 Y Y
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where the various quantities are defined in Sec. VI C 3, and
thing, = thing(#;). In particular,

1 [ty ¥ !
SR
4ty @ 711

C. Angular diameter distance

(7.13)

The angular diameter distance is related to the Jacobi
matrix via Eq. (3.11), that is here

Dy = \/deté'“\/det / " ol ETEdy. (7.14)
’]b

We have already seen at the end of Sec. VIB that the
determinant of £7! is @, see Eq. (6.21), so that

Da = V@A, (7.15)

where A denotes the second determinant involved in
Eq. (7.14). As originally found by Saunders in Ref. [31],
this determinant admits the remarkably simple expression

A= LIk (7.16)
i#jEC
with
Mo ~
I = / o-3eidy, (7.17)
s

It is however surprising that the author of Ref. [31] gives this
nontrivial expression of A with no derivation. Since we did
not find any elsewhere in the literature, we propose one in
the Appendix. Note that, by computing directly the deter-
minant of the explicit expression (7.12), one can obtain an
alternative form—though mathematically equivalent—of
Saunders’ determinant

A:IHIZZ_I%Zv (718)

with

Mo ~_no
IAB = / w 37ABd’1' (719)
r’s

D. The weak shear regime

Our solution for the Jacobi matrix is completely general,
which means that it remains valid even for very anisotropic
Bianchi I spacetimes [with §; = O(1)]. However, because
cosmological observations suggest that our Universe is
extremely close to isotropic, it can be interesting in practice
to study the weak-shear behavior of our solution. We now
perform such an expansion of the Jacobi matrix—and the
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related quantities—at first order in f; < 1, in the conformal
Bianchi I geometry.

In this regime, the cyclic frequency of the photons and
the evolution matrix of the Sachs basis respectively read

o=1-B+0(), (7.20)
Eap = Bap + Bag + O(B}), (7.21)
where we have defined the first order quantities
3 . .
Bas(n) =Y Bi(n)(siy55),s (7.22)

i=1

Bn) =Y pink = ~Tre(Byy).  (7.23)
i=1

Note that, in terms of the notations of Sec. VIC,
Yag = Oap +2Bag + O(B?). The expression of the
Jacobi matrix is then easily found to be

~ ’70
Dap(ns<1o) = Sap [(r/s —1,) + / Bdn}
”S
+ ('ls - no)BAB(rls) -2

x / " Bagdy + O(82). (7.24)
s

Note that, at this order, the Jacobi matrix remains
symmetric. In terms of the decomposition of Eq. (3.13),
it means that the rotation angle vanishes y = O(f7). The
angular diameter distance is obtained by computing the
(square root of the) determinant of (7.24), which leads to

Da= (1-%) (no—ns)+2/"° Bdn+O(B7).  (7.25)
s

Finally, the optical shear, encoded into the exponential
matrix of Eq. (3.13) is at this order equal to the traceless
part of the Jacobi matrix D 4p,,

{—lﬁ I

= Q_OB s
r, FJ (ns = 10)Byagy (1)

’70
) / Bundn + OF).  (7.26)
}75

where (AB) means the traceless part with respect to Jup;
in particular Bspy = Byp — Bosp/2. Note that the above
shear does not need to be tilded, because D x D so
that (Fl s Fz) = (Fl N Fz)
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VIII. SUMMARY

Before concluding, let us summarize the main results of
this paper, under the form of a recipe for the reader who
would like to use them in practice. It is also the occasion to
recover the untilded quantities from the tilded ones using
the dictionary of Sec. V.

(1) Solve for the cosmology (Sec. II) to determine the
scale factor a(n), and the functions f3;(17) character-
izing the spatial conformal metric y;;. Set by con-
vention a(n,) = 1 and f;(n,) so that (g,,), = 1,
Note that, by virtue of the dictionary of Sec. V,
all conformal (tilded) quantities are equal to their
untilded counterpart at 7 = 5,. An example of such
dynamics can be found in Ref. [11].

(2) Pick a direction of observation d, on the sky and an
initial Sachs basis (s',), orthogonal to it. A possible
choice using spherical coordinates (6,, ¢,) is

(d"), = (sinf, cos @, sin @, sin @, cos b,),  (8.1)
(51)o = (cos 8, cos @, cos O, sin @,, — sin ),

(8.2)
(s5)o = (= singq, cos @,,0). (8.3)

(3) Set by convention @, = 1. The wave four-vector of
the photon is then characterized at any time by k; =
cst=d! and k' = @ = @/a where @ is given by
Eq. (4.3). This is enough to compute the redshift
z=1/w -1, the redshift drift (4.9), the direction
drift (4.13), and the angular diameter distance
Dj = aDp = Va’wA, where A is given by
Egs. (7.16) and (7.17). In the weak shear regime,
use the expression (7.25) for D,.

(4) In order to get the full Jacobi matrix D, first
determine the evolution matrix € using the method
described in Sec. VI, then plug it into Eq. (7.8) to
obtain D. An example of this procedure had been
given in Sec. VIIB. Apply finally the conformal
dictionary relation D = aD.

(5) Quantities such as optical shear and optical rotation
are obtained by performing the canonical decom-
position (3.13) of the obtained Jacobi matrix. Their
weak-shear expressions are the ones obtained in
Sec. VIID.

IX. CONCLUSION

This article detailed an analytic integration of all the
equations governing light propagation in a Bianchi I
spacetime. From a technical point of view, the symmetries
of the problem were central in our derivations. First, in
Sec. 1V, the invariance of the metric under spatial trans-
lation allowed us to solve the null geodesic equation
without any calculation. Second, the invariance of the
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equations governing light propagation under conformal
transformations allowed us to greatly simplify the calcu-
lation of the Jacobi matrix in Sec. VIL

As a first output, we obtained formulas for the redshift
and direction drift in a Bianchi I universe, which are
comparable to former papers generally restricted to
Lemaitre-Tolman-Bondi spacetimes [51,53]. As a second
output and sanity check, we recovered the already known
[16,30,31] expression of the angular diameter distance.
However, we emphasize that our results are more powerful,
because they also give access to the complete lensing
behavior of Bianchi I, including optical shear and rotation.
This new step will be the starting point of a deeper analysis
of light propagation in a perturbed Bianchi I spacetime,
which would allow us to evaluate the amplitude of the
comic shear B-mode signal associated with a violation of
local isotropy, as predicted by Ref. [35].

Our study can therefore be used to set constraints on the
spatial isotropy of the Hubble flow from the analysis of the
Hubble diagram, but also from possible future observation
such as the redshift drift [48,49] (see e.g. Ref. [52] for a
review of the observational possibilities concerning both
the time and direction drifts). Together with weak lensing
[35], this offers a set of tools to constrain any late-time
anisotropy of cosmic expansion.
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APPENDIX: DERIVATION OF
SAUNDERS’ FORMULA

Let us calculate Saunders’ determinant [31], defined as

A = det / " o1 ETEdn (A1)
’75
= det[(s4;)0Z" (55;)o)- (A2)
where we have denoted
Tii = / " o 15idy, (A3)
s

so that the quantity A is the determinant of the restriction of
Z = (ZV) on the 2-plane spanned by [(s4;),]4—; ». It turns
out that this restriction actually encodes the whole matrix
Z. Indeed, since Z"/k; = 0 (k; being a constant, it can safely
enter into the integral), it is easy to check that
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TV = [(sar)oZ* (s8)o) (5455)o} (Ad)

in other words, written in the basis [k, (s%),, (s3),], the
matrix Z reads

0 0
(sli)ozij(slj)o (sli)o:zij(SZj)o
(s2i)oIij(slj)o (SZi)OIij(SZj)o
We conclude that if (0,7, ,7Z_) denote the three eigenval-
ues of Z, then A =7 ,7_ is the product of the last two.

Let us now calculate this product.
The characteristic polynomial of Z reads

0
=0 (AS)
0

72(X) = det(T - X1) (A6)
= ~J (T = Te(T)] + XL =X (A7)
=-XI.T_+X*(Z,+7I.)-X3, (A8)

where we have used that detZ = 0, and the fact that the
roots of y7 are (0,Z,,Z_); thus

1
A=T7.7 = 7 [(TrZ)? — Tr(Z?)). (A9)
Written explicitly, the expression above is
A = T1722 +Illz'33 + T22733
_ (113)2 _ (1'12>2 _ (1'23)2’ (AIO)

but it can be further simplified using again that Zk; = 0,
which implies

k k

7" = —k—izn - k—jzw, (A11)
k k

7% —ézu - 172123, (A12)

= fops Kips (A13)
ks ks

Plugging these relations in Eq. (A10) indeed leads to

A kIIIZIB + k21'121'23 + k31’13z‘23

Al4
kykyks (A14)
Finally, with the definitions
123 1'13 IIZ
L=—— L=——, L=——, (A15)
kyks kyiks kyky

we recover Saunders’ formula
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Of course, we also have to check that the ;s defined in
Eq. (A15) agree with the expressions given in Eq. (7.17).
Consider for instance /,, starting from

7% 1

}’I(, ~
= [ T @7'8%dn.
kaks — kaks Jy

s

I, = (A17)

Because % =y — &*d’, and (y") is diagonal, we have
B PP
— g2l e=25 212213

= e (a7 ky) (@7 ks) (A18)
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= e’ @ 2kyks, (A19)

whence

I, = / " @3y, (A20)
r]s

In Eq. (A18) we have used that Y 3,5 =0, and in

Eq. (A19) the relation k; = k; established in Sec. V.
Equation (A20) agrees with Eq. (7.17), and it is clear that
the same calculation can be done for /5, /5.
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