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S U M M A R Y
A semi-analytical, semi-numerical method of seismogram synthesis is presented for piecewise
heterogeneous media resulting from an arbitrary source. The method incorporates the discrete
wavenumber Green’s function representation into the boundary–volume integral equation nu-
merical techniques. The presentation is restricted to 2-D antiplane motion (SH waves). To
model different parts of the media to a necessary accuracy, the incident, boundary-scattering
and volume-scattering waves are separately formulated in the discrete wavenumber domain
and handled flexibly at various accuracies using approximation methods. These waves are ac-
curately superposed through the generalized Lippmann–Schwinger integral (GLSI) equation.
The full-waveform boundary method is used for the boundary-scattering wave to accurately
simulate the reflection/transmission across strong-contrast boundaries. Meanwhile for volume
heterogeneities, the following four flexible approaches have been developed in the numerical
modelling scheme present here, with a great saving of computing time and memory:

(i) the solution implicitly for the volume-scattering wave with high accuracy to model subtle
effects of volume heterogeneities;

(ii) the solution semi-explicitly for the volume-scattering wave using the average Fresnel-
radius approximation to volume integrations to reduce numerical burden by making the
coefficient matrix sparser;

(iii)the solution explicitly for the volume-scattering wave using the first-order Born
approximation for smooth volume heterogeneities; and

(iv)the solution explicitly for the volume-scattering wave using the second-order/high-order
Born approximation for practical volume heterogeneities.

These solutions are tested for dimensionless frequency responses to a heterogeneous alluvial
valley where the velocity is perturbed randomly in the range of ca 5–20 per cent, which is not
rare in most complex near-surface areas. Numerical experiments indicate that several times of
site amplification can be expected as a result of heterogeneities introduced in a homogeneous
valley. The test also confirms that the first-order Born approximation to the volume-scattering
wave is strictly valid for velocity perturbation less than 10 per cent and approximately used
for up to 15 per cent for general applications. The second-order Born approximation to the
volume-scattering wave is strictly valid for velocity perturbation less than 15 per cent and
approximately used for up to 20 per cent for general applications.

Key words: discrete wavenumber representation, generalized Lippmann–Schwinger integral
equation, piecewise heterogeneous media, 2-D SH waves, wave propagation.

I N T RO D U C T I O N

The nature of depositional processes in the earth tends to produce a system of multilayered heterogeneous media. Both vertical and lateral
inhomogeneities have been identified at all scales from ultrasonic frequency, sonic frequency, exploration seismic frequency, to crustal seismic
frequency, respectively, for different scales of interpretation of the observed records. In general, each geological sequence is characteristic of
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relatively consistent lithologic constitution, spreading over a relatively large tectonic region. Heterogeneities inside the geological sequence
can be described by a reference medium property accompanied with random medium perturbations of different scales. Wave scattering by
such small-scale volume heterogeneities, leading to amplitude/phase fluctuations and wave attenuation, has been extensively studied (e.g.
Chernov 1960; Aki 1980; Wu 1989a). Numerical modelling schemes have to be highly accurate to yield reliable results about subtle scattering
effects by volume heterogeneities. On the other hand, the irregular interfaces that separate different geological formations, constitute a
large-scale geometric system with strong-contrast impedance boundaries to control the principal characteristics of wave propagation (e.g.
Kennett 1984, 1986; Campillo 1987a, 1990; Maupin 1989). It poses a special requirement for seismic modelling schemes to simulate
subtle reflection/transmission effects across interfaces. Clearly, such inherent piecewise heterogeneous media of sedimentary basins challenge
numerical modelling techniques being able to separate large-scale boundary waves and small-scale volume-scattering waves, and subsequently
to handle them separately with scales of approximate accuracies in terms of incident wavelengths. The purpose of this paper is to develop
such media-oriented numerical techniques for wave propagation in piecewise heterogeneous media.

The finite-difference and finite-element methods are universal numerical techniques to simulate wave propagation in complex media.
However, these methods are characteristic of an implicit use of boundary continuity conditions across interfaces and hence cannot separate
wavefields that come from different types of media. The explicit use of boundary continuity conditions will lead to a category of semi-analytical,
semi-numerical methods that are more accurate in the simulation of reflection/transmission across irregular interfaces. These semi-analytical,
semi-numerical methods either directly solve the boundary integral equation using boundary conditions or expand the solution into a set of
plane waves with coefficients to be determined using boundary conditions. The boundary integral equation discrete wavenumber method
(Bouchon 1982; Campillo & Bouchon 1985; Bouchon et al. 1989) incorporates the discrete wavenumber Green’s function representation into
the boundary integral equation techniques to model multilayered media having irregular interfaces. The discrete wavenumber decomposition
allows the consideration of more complex structures (Campillo 1987b) and has been used for regional seismograms (Campillo & Paul 1992).
The method has been extended to P-SV waves for 2-D (Gaffet & Bouchon 1989; Kawase & Aki 1989) and 3-D problems (Bouchon et al. 1996)
for studying the effect of topography on surface motion. Chen (1990) combined the wavefield plane wave expansion, the discrete wavenumber
Green’s function representation and the boundary integral equation to develop a global generalized reflection/transmission matrices method
for irregular layered media. The application to the 1987 Whittier–Narrows earthquake was demonstrated (Chen 1995) for interpretation of
the observed records. This method can be viewed as an extension of the generalized R/T coefficients method for horizontally layered media
(Kennett 1983; Luco & Apsel 1983) to irregular layered cases. The coupled mode method (Kennett 1984; Maupin & Kennett 1987; Kennett
1998) represents the wave train as a superposition of modal contributions for the flat-layered reference structure and incorporates the effect
of lateral variations at irregular interfaces into the matrices of reflection and transmission coefficients of the different modes.

An efficient alternative with an explicit use of boundary continuity conditions is to directly solve the boundary integral equation using the
boundary-element (BE) method. The method has been extensively used to study the effects of topography or sedimentary basin structures on
ground motions at the surface during the last several decades (e.g. Wong & Jennings 1975; Sánchez-Sesma & Esquivel 1979; Dravinksi 1983;
Lee & Langston 1983; Sánchez-Sesma & Campillo 1991; Gibson & Campillo 1994) and has gained popularity among theoretical seismologists.
The BE method can be directly extended to complex geological structures (Fu 1996) for exploration-oriented seismic modelling. Because of
the computational intensity, the BE method is often limited to cases of low frequencies for regional wave propagation at regional distances.
At higher frequencies, the computation becomes extremely prohibitive because of the very large size of the resulting matrices to be inverted.
Using a boundary connection technique, an efficient modification to the BE method has been made to investigate regional wave propagation
over more than 1000 km in the Tibet area (Fu & Wu 2001) and for theoretical study of the scattering effects of random topography on regional
wave attenuation and amplification (Fu et al. 2002).

The major advantages of the plane wave decomposition and BE methods mentioned above are:

(i) the geometrically accurate description of irregular interfaces;
(ii) the explicit use of the boundary conditions of continuities for displacement and traction across interfaces; and
(iii) the ability to separate wavefields generated by different parts of the medium.

However, these boundary methods are limited by their abilities to handle volume heterogeneities. The presence of volume heterogeneities
leads to a coupled boundary–volume interaction that requires an extension of the traditional boundary methods to accounting for volume
heterogeneities. To pursue an explicit use of boundary conditions when modelling piecewise heterogeneous media, we must formulate wave
propagation involving volume heterogeneities in terms of integral equations. Some progress has been made to model piecewise heterogeneous
media using integral equation numerical techniques. Fu (2003) incorporates the boundary integral representation into the Lippmann–Schwinger
integral equation to model rough topography in complex near-surface areas. The former is very convenient to deal with the traction-free
condition and can give a full description to arbitrarily rugged topography with irregular acquisition geometry. The latter can be used to handle
generally heterogeneous media in the near-surface region and has been accurately solved using a velocity-weighted wavefield (Fu et al. 1997).
In the generalized Lippmann–Schwinger integral (GLSI) equation, all the integral kernels are related to the Green’s function in the background
medium, which avoids the necessity of the Green’s function of a heterogeneous medium. The numerical method is used to study the influence
of widely observed strong scattered noises caused by rugged topographies and strong volume heterogeneities in complex near-surface areas in
exploration seismology. Fu (2002a) extends the GLSI equation numerical method to heterogeneous layered media having irregular interfaces.

In the present work, the discrete wavenumber representation is incorporated into the boundary–volume integral equation to simulate 2-D
SH-wave propagation in multilayered media with volume heterogeneities. The incident, boundary-scattering and volume-scattering waves
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Figure 1. Configuration of the problem considered.

are respectively formulated in the discrete wavenumber domain and subsequently handled flexibly at various accuracies using approximation
methods. In this context, the well-known singularity problem of the Green’s function is avoided by choosing the frequency to be complex and
using truncated series in place of actual Green’s functions. The full-waveform method presented in the paper is able to deal with fast spatial
fluctuations of media properties. It is highly accurate to be sensitive to subtle effects of arbitrary volume heterogeneities on wave propagation.
The major disadvantage of the numerical method is the considerable computer time and memory requirements because of the prohibitively
expensive boundary–volume integral equation system. In particular, inverting the matrix generated by the volume integral equation takes a
very large part of computational time. An efficient approach to this problem is to transform the implicit volume integral equation into an
explicit integration expression. The approximation is related to our primary concern of how much the volume heterogeneities contribute
to the total wavefield in comparison with the boundary-scattering wave. In practical applications, the volume heterogeneities inside each
geological formation might be relatively smooth spatially at seismic wavelengths. Wave propagation in piecewise heterogeneous media is
actually influenced profoundly by the large-scale geometric system. Therefore, we develop approximate solutions to the boundary–volume
integral equation. The solutions are approximated from the semi-explicit volume integral equation by the Fresnel-zone aperture theory to the
full explicit volume integral equation by the Born series approximation. These approximations are scaled to adapt the numerical method to the
smoothness of the volume media in terms of incident wavelength. It is worth mentioning that at crustal seismic frequencies the heterogeneous
crustal waveguide might be so smooth that one-way approximation to regional wave propagation can be applicable (Wu 1996).

P RO B L E M D E F I N I T I O N A N D S C AT T E R I N G I N T E G R A L R E P R E S E N TAT I O N

Piecewise heterogeneous media that the earth presents consist of a series of geological formations with different scales of internal volume
heterogeneities, separated by irregular interfaces over a half-space. Wave propagation in such media can be formulated as the superposition
of incident, boundary-scattering and volume-scattering waves. The problem configuration for the jth formation �(j) is depicted in Fig. 1. It
is bounded by the top interface ∂�( j−1) and the bottom interface ∂�( j), expressed respectively by z = ξ ( j−1)(x) and z = ξ ( j)(x). The side
boundaries at two edges of �(j) are assumed to extend to infinity. The uppermost interface ∂�(0) is a free surface and an arbitrary seismic
source is embedded in �(j). For simplicity, the present study is restricted to the 2-D SH problem (or acoustic problem). The elastic properties
in �(j) are described by the shear modulus µ(j)(r) and density ρ(j)(r) with the corresponding reference values µ

(j)
0 and ρ

( j)
0 . r = (x , z) is the

position vector. The solution domain of the problem is defined as �̄( j) ∈ �( j) + ∂�( j−1) + ∂�( j). Seismic response u(r) for steady-state scalar
wave propagation in �̄( j) satisfies the following scalar equation

∇2u(r) + [
K ( j)(r)

]2
u(r) = −s( j)(r, ω), r ∈ �̄( j), (1)

where the wavenumber [K ( j)(r)]2 = ω2ρ( j)(r)/µ( j)(r) with the corresponding reference wavenumber [K ( j)
0 ]2 = ω2ρ

( j)
0 /µ

( j)
0 and s(r, ω) is the

body force occupying a region �(j)
s . The seismic response u(r) also satisfies the following boundary conditions:

(i) The traction-free condition on the free surface, ∂u (r)/∂n = 0 at r ∈ ∂�(0).
(ii) The continuities of displacement and traction at the interface ∂�( j),


u( j)

− (r) = u( j)
+ (r)

µ( j) ∂u( j)
− (r)

∂n
= µ( j+1) ∂u( j)

+ (r)

∂n
, r ∈ ∂�( j),

(2)

where ‘−’ denotes the top side of ∂�( j) toward �(j) and ‘+’ denotes the underside of ∂�( j) toward �(j+1).
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(iii) The radiation boundary condition imposed on the far-field behavior at infinity,


lim
|r|→∞

u(r) = 0

lim
|r|→∞

∂u(r)

∂r
= i K0u(r)

. (3)

To explicitly use the boundary condition defined by eq. (2) in the solution of the problem, we need to transform eq. (1) into an integral
equation in terms of boundary and volume integrals of the solution domain. This integral representation for seismic response u(r) enables us
to separate the wavefields contributed from different scattering sources and subsequently handle them respectively for different purposes. The
scattering sources in the solution domain �̄( j) include the top boundary ∂�( j−1), the bottom boundary ∂�( j), the seismic source s (r, ω) and
the volume heterogeneities in �(j). That is, the total seismic response u(r) at a location r ∈ �̄( j) is composed of

u(r) = u0(r) + u1(r) + u2(r) + u3(r). (4)

u0 (r) is the incident field in the background medium and can be represented as

u0(r) =
∫

�
( j)
s

s( j)(r′, ω)G( j)(r, r′)dr′. (5)

u1 (r) is the boundary field scattered by the top boundary ∂�( j−1) and satisfies the following boundary integral equation:

u1(r) =
∫

∂�( j−1)

[
G( j)(r, r′)t ( j−1)(r′) − u( j−1)(r′)

∂G( j)(r, r′)
∂n

]
dr′, (6)

where ∂/∂n denotes differentiation with respect to the outward normal of the boundary ∂�( j−1) and t ( j−1)(r) = ∂u( j−1)(r)/∂n the normal
gradient of the displacement on ∂�( j−1). Similarly, u2 (r) is the boundary field scattered by the bottom boundary ∂�( j) and satisfies the
following boundary integral equation:

u2(r) =
∫

∂�( j)

[
G( j)(r, r′)t ( j)(r′) − u( j)(r′)

∂G( j)(r, r′)
∂n

]
dr′. (7)

u3 (r) is the volume field scattered by the volume heterogeneities in �(j) and satisfies the following Lippmann–Schwinger integral equation:

u3(r) = [
K ( j)

0

]2
∫

�( j)
O ( j)(r′)w( j)(r′)G( j)(r, r′)dr′, (8)

where the relative slowness perturbation O ( j)(r) = ρ( j)(r)µ( j)
0 /ρ

( j)
0 µ( j)(r) − 1. w( j)(r) is used to denote the displacement at internal points

inside �(j), while u(j−1)(r) and u(j)(r) in eqs (6) and (7) denotes the displacement at boundary points of �(j). The causal Green’s function is
defined everywhere in the free space, relating an observation point r to a scattering point r

′
. It satisfies the homogeneous Helmholtz equation

in the reference medium:

∇2G( j)(r, r′) + [
K ( j)

0

]2
G( j)(r, r′) = −δ(r − r′), (9)

for all r, r′ ∈ �̄( j). For 2-D problems, the Green’s function is given by

G( j)(r, r′) = i H (1)
0

[
K ( j)

0 |r′ − r|]
4

, (10)

where i = √−1 and H (1)
0 is the Hankel function of the first kind and of zeroth order. These integral equations naturally satisfy Sommerfeld

non-reflecting and decay boundary conditions defined by eq. (3).
For piecewise homogeneous media [i.e. O ( j)(r) = 0], u3 (r) = 0 and eq. (4) reduces to a standard boundary integral equation. In the

next section, these integrals in eqs (5) to (8) for piecewise heterogeneous media are formulated by the discrete wavenumber Green’s function
representation and then assembled into a set of simultaneous matrix equations using the boundary conditions of continuity for displacement
and traction across all interfaces. This global matrix presents a recursive relation for wave propagation in piecewise heterogeneous media.

D I S C R E T E WAV E N U M B E R R E P R E S E N TAT I O N

A pioneering work on the discrete wavenumber representation of wavefield can be found in Larner (1970). A discrete wavenumber numerical
method was developed to study the effect of topography (Bouchon 1973) and sediment-filled valleys (Bard & Bouchon 1980) on surface
motion. To use the discrete wavenumber method to discretize the boundary/volume integrals, we first need to express the Green’s function
G(j)(r, r

′
) in the form of a horizontal wavenumber integral (Morse & Feshbach 1953):

G( j)(r, r′) = i

4π

∫ +∞

−∞

[
γ ( j)

]−1
exp

[
ik(x − x ′) + iγ ( j)|z − z′|] dk, (11)

where k is the horizontal wavenumber and the vertical wavenumber γ ( j) =
√

[K ( j)
0 ]2 − k2. The discretization of the wavenumber integral

requires a spatial periodicity in the x direction. We assume that the interface irregularity and volume heterogeneity are localized, resulting in
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periodic interfaces and media. We also assume the distribution of sources is periodic. That is,


ξ ( j)(x) = ξ ( j)(x + nL)

O ( j)(x, z) = O ( j)(x + nL , z)

s( j)(x, z, ω) = s( j)(x + nL , z, ω),

(12)

where n = 0, ± 1, ± 2, . . . , and L is the spatial periodicity length in the x direction. The periodicities of both the medium and source will
produce the following periodic wavefields:


u(x, z) = u(x + nL , z)

t(x, z) = t(x + nL , z)

w(x, z) = w(x + nL , z),

(13)

which allows a plane wave expansion of these wavefields (Waterman 1975). Eq. (11) is then replaced by

G( j)(r, r′) = i

2L

+∞∑
n=−∞

[
γ ( j)

n

]−1
exp

[−ikn x ′ + iγ ( j)
n |z − z′|] exp(ikn x), (14)

where kn = 2πn/L and γ ( j)
n =

√[
K ( j)

0

]2 − k2
n with Im[γ ( j)

n ] > 0.
The integrations over the periodic interfaces [∂�( j−1) and ∂�( j)] and the periodic media (�(j) and �s) can be broken up into a sum of

integrals over individual periods. Considering dr
′ = dx

′
dz

′
for volume integrals, we substitute eqs (11) in (5) to obtain

u0(x, z) = i

4π

∫ +∞

−∞

exp(ikx)dk

γ ( j)

∫ +∞

−∞
dx ′

∫ ξ s+(x ′)

ξ s−(x ′)
s( j)(x ′, z′) exp

[−ikx ′ + iγ ( j)|z − z′|] dz′, (15)

where ξ s
+ and ξ s

− are the top and bottom boundaries of the source medium �(j)
s . Using the periodic condition in eq. (12), we have

u0(x, z) =
+∞∑

n=−∞

i exp(ikn x)

2Lγ
( j)
n

∫ L

0
dx ′

∫ ξ s+(x ′)

ξ s−(x ′)
s( j)(x ′, z′) exp

[ − ikn x ′ + iγ ( j)
n |z − z′|]dz′. (16)

For the boundary integrals, we express ∂G( j)(r, r
′
)/∂n = n · ∇G( j)(r, r

′
) with n = (nx , nz) and ∇G( j)(r, r

′
) = [∂G( j)/∂(x − x

′
), ∂G( j)/∂(z

− z
′
)]. For the top boundary ∂�( j−1), we have



nx

[
x ′, ξ ( j−1)(x ′)

] = −ξ ( j−1)
x (x ′)/J ( j−1)(x ′)

nz

[
x ′, ξ ( j−1)(x ′)

] = 1/J ( j−1)(x ′)

dr′ = J ( j−1)(x ′)dx ′

J ( j−1)(x ′) =
√

1 + [
ξ

( j−1)
x (x ′)

]2
,

(17)

where ξ ( j−1)
x (x

′
) = ∂ξ ( j−1)(x

′
)/∂x

′
. Similarly for the bottom boundary ∂�( j), we have



nx

[
x ′, ξ ( j)(x ′)

] = −ξ ( j)
x (x ′)/J ( j)(x ′)

nz

[
x ′, ξ ( j)(x ′)

] = 1/J ( j)(x ′)

dr′ = J ( j)(x ′) dx ′

J ( j)(x ′) =
√

1 + [
ξ

( j)
x (x ′)

]2
.

(18)

Using the above expressions, eq. (6) can be transformed into

u1(x, z) =
∫ +∞

−∞

dk

4πγ ( j)

∫ +∞

−∞

[
i J ( j−1)(x ′)t ( j−1)

(
x ′, ξ ( j−1)(x ′)

) − (
ξ ( j−1)

x (x ′)k − γ ( j)sgn
(
z − ξ ( j−1)(x ′)

))

·u( j−1)
(
x ′, ξ ( j−1)(x ′)

) ]
exp

[
ik(x − x ′) + iγ ( j)

∣∣z − ξ ( j−1)(x ′)
∣∣]dx ′.

(19)

Considering the interface periodicity, the above expression reduces to

u1(x, z) =
+∞∑

n=−∞

exp(ikn x)

2Lγ
( j)
n

∫ L

0

[
i J ( j−1)(x ′)t ( j−1)

(
x ′, ξ ( j−1)(x ′)

) − (
ξ ( j−1)

x (x ′)kn − γ ( j)
n sgn

(
z − ξ ( j−1)(x ′)

))

·u( j−1)(x ′, ξ ( j−1)(x ′))
]

exp
[−ikn x ′ + iγ ( j)

n

∣∣z − ξ ( j−1)(x ′)
∣∣] dx ′.

(20)

Similarly for the bottom boundary ∂�( j), eq. (7) can be rewritten in the form

u2(x, z) =
+∞∑

n=−∞

exp(ikn x)

2Lγ
( j)
n

∫ L

0

[
i J ( j)(x ′)t ( j)

(
x ′, ξ ( j)(x ′)

) − (
ξ ( j)

x (x ′)kn − γ ( j)
n sgn

(
z − ξ ( j)(x ′)

))

·u( j)
(
x ′, ξ ( j)(x ′)

)]
exp

[ − ikn x ′ + iγ ( j)
n

∣∣z − ξ ( j)(x ′)
∣∣]dx ′.

(21)
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486 L.-Y. Fu and M. Bouchon

For the volume integral over �(j), eq. (8) becomes

u3(x, z) =
i
[

K ( j)
0

]2

4π

∫ +∞

−∞

exp(ikx)dk

γ ( j)

∫ +∞

−∞
dx ′

∫ ξ ( j)(x ′)

ξ ( j−1)(x ′)
O ( j)(x ′, z′)w( j)(x ′, z′) exp

[−ikx ′ + iγ ( j)
∣∣z − z′∣∣]dz′. (22)

Considering the medium periodicity over �(j), the above equation reduces to

u3(x, z) =
+∞∑

n=−∞

i
(

K ( j)
0

)2
exp(ikn x)

2Lγ
( j)
n

∫ L

0
dx ′

∫ ξ ( j)(x ′)

ξ ( j−1)(x ′)
O ( j)(x ′, z′)w( j)(x ′, z′) exp

[−ikn x ′ + iγ ( j)
n |z − z′|]dz′. (23)

To obtain the total wavefield u(r) using eq. (4), we need to compute the individual scattering components. Using eq. (16), we can directly
calculate the source term u0 (x, z) from the known source distribution. However, the terms u1 (x, z), u2 (x, z) and u3 (x, z) cannot be determined
as a result of the unknowns in the integrals of eqs (20), (21) and (23). It is necessary to use the boundary conditions for calculation of these
unknowns.

S I M U LTA N E O U S M AT R I X E Q UAT I O N S A N D F U L L - WAV E F O R M S O L U T I O N S

We assume that the infinite sum over the horizontal wavenumber could be properly truncated:

G( j)(r, r′) = i

2L

+M∑
n=−M

(
γ ( j)

n

)−1
exp

[−ikn x ′ + iγ ( j)
n |z − z′|] exp(ikn x), (24)

where M is an integer large enough to ensure the convergence of the series and accuracy requirement. To avoid numerical singularity in eq.
(24) when γ ( j)

n → 0, the frequency is chosen to be complex. The choice of the imaginary part of the frequency has been discussed in Bouchon
& Aki (1977). The entire periodic media, including interfaces, volume medium and source medium, are then discretized in x at equal �x
intervals, resulting in an odd number of points Nx along the x direction. We set L = Nx �x and Nx = 2M + 1 that defines the sampling of the
wavenumber space. That is, the wavenumber summation in eq. (24) is restricted to the intervals (Bouchon et al. 1989):[
− π

�x
,

π

�x

]
or

[
−π

L
Nx ,

π

L
Nx

]
.

In addition, the discretization interval �x should be selected to ensure an enough number of points per seismic wavelength. Using �x
determined above, the volume �(j) is discretized into N (j)

p points and �(j)
s into N (j)

s .
We first evaluate the integral over the source domain �(j)

s by discretizing eq. (16):



u0(xi , zi ) =
N

( j)
s∑

l=1

b( j)
il s( j)

l , i = 1, 2, . . . ,
(
2Nx + N ( j)

p

)
,

b( j)
il = i�z

2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − z′
l

∣∣] .

(25)

We then evaluate the integral over the top boundary ∂�( j−1) by discretizing eq. (20):


u1(xi , zi ) =
Nx∑
l=1

[
g( j,1)

il t ( j−1)
l + h̄( j,1)

il u( j−1)
l

]
, i = 1, 2, . . . ,

(
2Nx + N ( j)

p

)
,

g( j,1)
il = i J ( j−1)(x ′

l )

2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − ξ ( j−1)
(
x ′

l

)∣∣] ,

h̄( j,1)
il = −1

2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

[
ξ ( j−1)

x

(
x ′

l

)
kn − γ ( j)

n sgn
(
zi − ξ ( j−1)(x ′

l )
)]

,

· exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − ξ ( j−1)(x ′
l )
∣∣] .

(26)

Similarly for the integral over the bottom boundary ∂�( j), we have


u2(xi , zi ) =
Nx∑
l=1

[
g( j,2)

il t ( j)
l + h̄( j,2)

il u( j)
l

]
, i = 1, 2, . . . ,

(
2Nx + N ( j)

p

)
,

g( j,2)
il = i J ( j)

(
x ′

l

)
2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − ξ ( j)
(
x ′

l

)∣∣] ,

h̄( j,2)
il = −1

2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

[
ξ ( j)

x

(
x ′

l

)
kn − γ ( j)

n sgn
(
zi − ξ ( j)(x ′

l )
)]

,

· exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − ξ ( j)(x ′
l )
∣∣] .

(27)
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For the volume integral over �(j), we can discretize eq. (23) as


u3(xi , zi ) =
N

( j)
p∑

l=1

d̄ ( j)
il w

( j)
l , i = 1, 2, . . . ,

[
2Nx + N ( j)

p

]
,

d̄ ( j)
il = i�zO ( j)

l (K ( j)
0 )2

2Nx

M∑
n=−M

exp(ikn xi )

γ
( j)
n

exp
[−ikn x ′

l + iγ ( j)
n

∣∣zi − z′
l

∣∣] .

(28)

Substituting eqs (25)–(28) into eq. (4), we obtain

u(xi , zi ) =
N

( j)
s∑

l=1

b( j)
il s( j)

l +
Nx∑
l=1

[
g( j,1)

il t ( j−1)
l + h̄( j,1)

il u( j−1)
l + g( j,2)

il t ( j)
l + h̄( j,2)

il u( j)
l

]
+

N
( j)
p∑

l=1

d̄ ( j)
il w

( j)
l . (29)

Letting


h( j,1)
il = h̄( j,1)

il − δil ,

h( j,2)
il = h̄( j,2)

il − δil ,

d ( j)
il = d̄ ( j)

il − δil ,

(30)

where δ il is the Kronecker delta function, eq. (29) for i = 1, 2, . . . , [2Nx + N ( j)
p ] can be compacted as a matrix equation:

g( j,1)t( j−1) + h( j,1)u( j−1) + g( j,2)t( j) + h( j,2)u( j) + d( j)w( j) = −s( j), (31)

where s(j) is the [2Nx + N ( j)
p ] × [N ( j)

s ] source matrix with its elements calculated from eq. (25), g(j,1) and h(j,1) are the [2Nx + N ( j)
p ] × (Nx)

top-boundary coefficients matrices, g(j,2) and h(j,2) are the [2Nx + N ( j)
p ] × (Nx) bottom-boundary coefficients matrices and d(j) is the [2Nx

+ N ( j)
p ] × [N ( j)

p ] volume coefficients matrix. Assuming that the source is located in the shallowest volume �(1) as is the case in seismic
exploration and using the traction-free condition t(0) = 0 on the free surface ∂�(0), eq. (31) for �(1) becomes

h(1,1)u(0) + g(1,2)t(1) + h(1,2)u(1) + d(1)w(1) = −s(1). (32)

We assume that the medium in the lowermost formation �(N+1) is homogeneous bounded by the lowermost interface ∂�(N ) and an arc at
infinity. In this case, eq. (31) for �(N+1) reduces to

g(N+1,1)t(N ) + h(N+1,1)u(N ) = 0. (33)

Defining the boundary coefficient matrices and the unknown boundary displacement-traction vector as


A( j)
1 = [g( j,1), h( j,1)],

A( j)
2 = [g( j,2), h( j,2)]

Q( j) = [t( j), u( j)],

, (34)

eq. (28) can be further compacted as

A( j)
1 Q( j−1) + A( j)

2 Q( j) + d( j)w( j) = −s( j). (35)

For each subregion �(j), the matrices A(j)
1 , A(j)

2 and d(j) are full with the complex coefficients being functions of frequency, material property
and geometry. Using the continuity of the displacement-traction vector across interfaces, we can build the following global matrix equation
that describes wave propagation in the whole model.


A(N+1)
1 Q(N ) = 0,

A(N )
1 Q(N−1) + A(N )

2 Q(N ) + d(N )w(N ) = 0,

...

A(i)
1 Q(i−1) + A(i)

2 Q(i) + d(i)w(i) = 0,

A(i−1)
1 Q(i−2) + A(i−1)

2 Q(i−1) + d(i−1)w(i−1) = 0,

...

A(2)
1 Q(1) + A(2)

2 Q(2) + d(2)w(2) = 0,

A(1)
1 u(0) + A(1)

2 Q(1) + d(1)w(1) = −s(1).

(36)

We see that these matrix equations are coupled in the manner of a Markovian chain. Solving the linear equation system of eq. (36)
results in seismic responses u(r) for all nodes in the medium. The Gaussian elimination algorithms can be used for small-scale problems.
For large-scale problems or models with complex geometry, the resultant total coefficient matrix is sparse and the corresponding equation is
better to be solved by (i) an improved block Gaussian elimination algorithm if seismic survey is set at the surface (Fu 2002a), or (ii) conjugate
gradient algorithms. The condition number of the system guarantees fast algorithm convergence because the boundary–volume integral
formulations often give rise to coefficient matrices such that their magnitudes are always larger for the main diagonal terms. In addition, our
numerical calculations are performed in the frequency domain, which can be easily vectorized and parallelized. For some problems of practical
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488 L.-Y. Fu and M. Bouchon

interest, it contains many more non-zero elements and can be too large to solve. We can reduce the numerical burden by Bouchon’s sparsity
approximation using a threshold criterion to remove very small entries in the coefficient matrices. The approach is based on the significant
spatial decay of Green’s functions. Using various threshold criteria, Ortiz-Alemán et al. (1998) demonstrated encouraging results with great
savings on both computing time and memory requirements.

A P P RO X I M AT E S O L U T I O N S

The efficiency of the seismic modelling presented above relies on:

(i) the maximum frequency to be calculated,
(ii) the total number of nodes that depends on points per wavelength, and
(iii) the sparsity of the coefficient matrices depending on the geometrical complexity of the used model.

The major drawback of the numerical method is the considerable computer time and memory requirements as indicated clearly by eq.
(36). For each �(j), we have total [2Nx + N (j)

p ] nodes and the same number of independent equations. Solving these equations involves inverting
a matrix of the order [2Nx + N ( j)

p ] × [2Nx + N ( j)
p ]. Up to several orders of magnitude less computations can be made to the pure full-wave

numerical method by a variety of approximations, such as Born, Rytov, Fresnel and others, to the prohibitively expensive boundary and volume
integrals in eq. (36).

Some surveys on the Born approximation to topography and irregular interfaces for the boundary-scattering wave can be found in
Levander (1990). Kennett (1972) used the Born approximation in the propagator matrix formalism to model smooth irregular surfaces with
small height and small slope. Hudson et al. (1973) studied the accuracy of perturbation theory (Gilbert & Knopoff 1960) applied to Rayleigh
wave scattering from triangular grooved surfaces. Perturbation theory to simulate the boundary-scattering wave is usually appropriate for
slightly rough surfaces where the scattered field is regarded as only slightly altered by the presence of roughness. Fu et al. (2002) carried
out numerical experiments of wave scattering from gentle to rugged surfaces for regional phases. They demonstrate that for gentle rough
surfaces the Born approximation can model, to a large degree, both the large-scale and small-scale energy components. However, the error in
the small-scale component increases rapidly with propagation distance where the energy fluctuations are obviously flattened because of the
Born approximation. For rugged surfaces, the Born approximation significantly destroys the large-scale energy components that are measured
by a scattering Q. However, it can preserve a relative variation in the small-scale energy components for a certain propagation distance. The
above review suggests that the large-scale boundary structures control the principal characteristics of wave propagation. Perturbation theory
solutions are restricted to smooth roughness and weak-contrast situations. The full-waveform solutions are required to accurately simulate the
reflection/transmission across strong-contrast irregular boundaries.

In this paper, the boundary-scattering wave is simulated in a full implicit way, but approximate solutions are pursued for the volume-
scattering wave. The approximation is based on the fact that the volume heterogeneities within each geological formation may be relatively
smooth spatially at seismic wavelengths. As indicated from theoretical studies (Aki 1973) on scattering in Gaussian random media, traveltime
anomalies across seismic arrays require the presence of large-scale velocity fluctuations in the lithosphere. This result has been quantified by
numerical experiments (Frankel & Clayton 1986). The small-scale fluctuations are too smooth to produce traveltime anomalies comparable in
size to those reported for actual arrays. However, the small-scale heterogeneities in the lithosphere generate the high-frequency seismic coda.
Wu & Aki (1985) characterized the lithosphere by two scale lengths (ca 10 and 1 km) based on theoretical analysis of traveltime variations
and coda amplitude. Levander & Holliger (1992) used the finite-difference synthetics to characterize small-scale heterogeneity and large-scale
velocity structure of the continental crust. These previous studies imply that the volume heterogeneities within a geological formation are
smooth and could be accurately modelled using approximate methods. Literature is abound with studies aimed at describing the effect of
volume scattering in the crust and upper mantle on traveltime, amplitude and waveform variations. Much of the theoretical work is based on
weak-scattering theory (e.g. Chernov 1960; Sato 1982; Wu 1982) considering single scattering. More accurate calculations can be obtained
using energy transfer theory considering the effect of multiple scattering (Wu 1985; Sato & Fehler 2000). An efficient alternative that includes
multiple scattering and is more flexible in both the time and frequency domains is the Neumann series (or the Born series) originated in
the context of classical integral equation theory. Schuster (1985) incorporated the Born series into the boundary integral equation in solving
multibody scattering problems. The method is based on perturbing the boundary integral equation matrix into two parts, with one being
inverted and the other expressed by the Born series. In this paper, the Born series is used to approximate the volume integral equation matrix,
but the boundary integral equation matrix is kept to be inverted. The accuracies of approximate solutions are quantified by applying them to
dimensionless frequency responses of heterogeneous alluvial valleys with a vertical incident SH wave.

Eq. (8) is approximated by the Born series. Rewriting eq. (4) for r ∈ �( j):

w( j)(r) = u( j)
0 (r) + u( j)

1 (r) + u( j)
2 (r) + [

K ( j)
0

]2
∫

�( j)
O ( j)(r′)w( j)(r′)G( j)(r, r′) dr′, (37)

where the interaction between individual volume scatterers in �(j) is handled with a fully implicit manner that accounts for arbitrary multi-
scatterings between the volume scatterers. The above equation is a non-linear Fredholm integral equation in the sense that the field-dependent
scattering sources are involved, i.e. adding scatterers does not linearly add their scattered fields but changes the distribution of the whole
field-dependent scattering sources. For layered geological formations, the contribution to w(j)(r), however, comes mainly from the seismic
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source and the strong-contrast boundaries [∂�( j−1) and ∂�( j)], which can be expressed as

f ( j)(r) = u( j)
0 (r) + u( j)

1 (r) + u( j)
2 (r). (38)

It is the background field calculated from piecewise homogeneous media. The contribution to w(j)(r) from the volume scatterers in �(j) can
be regarded as fluctuations in amplitude and phase over the background field. The strength of the volume-scattering field depends on both the
interaction between volume heterogeneities determined by the two-point kernel function G(j)(r, r

′
) and the scale of the volume heterogeneity

expressed by O(j)(r
′
). Letting λ( j) = [K ( j)

0 ]2 and κ ( j)(r, r
′
) = G( j)(r, r

′
)O ( j)(r

′
), eq. (37) can be rewritten in the standard form

w( j)(r) = f ( j)(r) + λ( j)

∫
�( j)

κ ( j)(r, r′)w( j)(r′) dr′. (39)

As might be deduced from the 1/r decay in G(j)(r, r
′
), the interaction between volume heterogeneities is only important if the scatterers are

fairly close (Domany et al. 1984). Therefore, the minimum aperture theory using the average Fresnel radius can be employed to design an
optimal integration region �

(j)
F , centered at r. Assuming the volume �

(j)
F is discretized by �x into N (j)

F points, we generally have �
( j)
F � �( j).

Therefore, this Fresnel-zone approximation to volume integrations can reduce numerical burden by making the coefficient matrix sparser:

w( j)(r) ≈ f ( j)(r) + λ( j)

∫
�

( j)
F

κ ( j)(r, r′)w( j)(r′) dr′, (40)

which functions somewhat analogous to the Bouchon’s sparsity approximation to boundary integrations as mentioned previously.
We define an integral operator K(j) by

K( j)w( j)(r) =
∫

�( j)
κ ( j)(r, r′)w( j)(r′) dr′, r ∈ �( j). (41)

It is easy to check K( j)(φ1 + φ2) = K( j)φ1 + K( j)φ2 and K( j)(λ φ) = λ K( j)φ if λ is a constant. That is, K(j) is a linear mapping transformation
between suitable vector spaces of functions. In operator form, eq. (39) can be rewritten

w( j) = f ( j) + λ( j)K( j)w( j), (42)

or more standard

[I − λ( j)K( j)]w( j) = f ( j). (43)

K(j)w(j)is continuous on �(j) as a result of the continuity of the Green’s function, so the linear map I − λ(j)K(j) has an inverse and eq. (43)
has the unique solution w( j) = [I − λ( j) K( j)]−1 f ( j). If || λ( j) K( j)|| < 1, the iterative solution is possible with eq. (42). We start with eq. (42)
and substitute f ( j) + λ( j) K( j)w( j) for w(j) on the right side of this equation. We obtain w( j) = f ( j) + λ( j) K( j) f ( j) + [λ( j)]2[K( j)]2w( j) and
repeated application yields

w( j) =
N−1∑
n=0

[
λ( j)

]n[
K( j)

]n
f ( j) + [

λ( j)]N [K( j)
]N

w( j). (44)

Here we define [K( j)]n+1 f ( j) = K( j) [K( j)]n f ( j). Eq. (44) will tend to [I − λ( j) K( j)]−1 f ( j) provided the series
∑

[λ( j)]n[K( j)]n f ( j) converges
and ||[λ( j)]N [K( j)]N w( j)|| → 0, both being true under the assumption ||λ( j) K( j)|| < 1. The series expansion

∑
[λ( j)]n[K( j)]n for [I − λ( j)

K( j)]−1 is called the Neumann series (or the Born series). Using the Born series approximation, the implicit eq. (43) becomes an explicit
summation:

w( j) =
∞∑

n=0

[
λ( j)

]n[
K( j)

]n
f ( j), (45)

in which the first-order Born approximation (n = 1) has been used extensively and successfully in both acoustic and elastic wave scattering
if the scattered field is comparatively weak (Wu 1982, 1989b). For strong-contrast volume heterogeneities, adding more terms of the Born
series would provide a satisfactory approximation solution.

Using eq. (45), the boundary–volume integral equation numerical method reduces to a relatively inexpensive boundary integral equation
method. The matrix eq. (35) will be reduced from the order [2Nx + N ( j)

p ] × [2Nx + N ( j)
p ] to (2Nx) × (2Nx), which is expected with a great

saving of computing time and memory by several orders. The mathematical formulations are demonstrated as follows. Using the first-order
Born approximation, eq. (4) for r ∈ ∂�( j−1) + ∂�( j) can be expressed as

u( j)(r) = u( j)
0 (r) + u( j)

1 (r) + u( j)
2 (r) + [

K ( j)
0

]2
∫

�( j)
O ( j)(r′)G( j)(r, r′)

[
u( j)

0 (r′) + u( j)
1 (r′) + u( j)

2 (r′)
]

dr′. (46)

Considering eqs (25) to (27), the integral in the above expression can be discretized as

I (r) = [
K ( j)

0

]2
�x�z

N
( j)
p∑

k=1

O ( j)
(
r′

k

)
G( j)(r, r′

k)




N
( j)
s∑

l=1

b( j)
kl s( j)

l +
Nx∑
l=1

[
g( j,1)

kl t ( j−1)
l + h̄( j,1)

kl u( j−1)
l + g( j,2)

kl t ( j)
l + h̄( j,2)

kl u( j)
l

]
 . (47)

Using eqs (28) and (31), the above equation can be rewritten in the matrix form:

I (ri ) =
N

( j)
p∑

k=1

d̄ ( j)
ik

[
s( j)

k + g( j,1)
k t( j−1) + h̄

( j,1)
k u( j−1) + g( j,2)

k t( j) + h̄( j,2)
k u( j)

]
. (48)
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Letting



s̃( j)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik s( j)

k ,

g̃( j,1)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik g( j,1)

k , g̃( j,2)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik g( j,2)

k ,

h̃( j,1)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik h̄( j,1)

k , h̃( j,2)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik h̄( j,2)

k ,

(49)

eq. (48) for i = 1, 2, . . . , 2Nx can be compacted as

I = s̃( j) + g̃( j,1)t( j−1) + h̃( j,1)u( j−1) + g̃( j,2)t( j) + h̃( j,2)u( j). (50)

Substituting in eq. (46) and considering eq. (31) for the background field, we have

[
g( j,1) + g̃( j,1)

]
t( j−1) + [

h( j,1) + h̃( j,1)
]

u( j−1) + [
g( j,2) + g̃( j,2)

]
t( j) + [h( j,2) + h̃( j,2)]u( j) = −s( j) − s̃( j). (51)

Setting the source vector and the boundary coefficient matrices as



S̃( j) = s( j) + s̃( j),

Ã( j)
1 = [

g( j,1) + g̃( j,1), h( j,1) + h̃( j,1)
]
,

Ã( j)
2 = [

g( j,2) + g̃( j,2), h( j,2) + h̃( j,2)
]
,

(52)

eq. (51) can be further compacted as

Ã( j)
1 Q( j−1) + Ã( j)

2 Q( j) = −S̃( j). (53)

Therefore, the boundary–volume matrix equation system of eq. (36) reduces to a boundary matrix system:




Ã(N+1)
1 Q(N ) = 0,

Ã(N )
1 Q(N−1) + Ã(N )

2 Q(N ) = 0,

...

Ã(i)
1 Q(i−1) + Ã(i)

2 Q(i) = 0,

Ã(i−1)
1 Q(i−2) + Ã(i−1)

2 Q(i−1) = 0,

...

Ã(2)
1 Q(1) + Ã(2)

2 Q(2) = 0,

Ã(1)
1 u(0) + Ã(1)

2 Q(1) = −S̃(1).

(54)

The first-order Born approximation considers only single scattering between a boundary point r ∈ ∂�( j−1) + ∂�( j) and an internal point r
′ ∈

�( j). It neglects multiple-scattering energy. Similarly for the second-order Born approximation, using eq. (38) we can express eq. (4) for r ∈
∂�( j−1) + ∂�( j) as

u( j)(r) = f ( j)(r) + [K ( j)
0 ]2

∫
�( j)

O ( j)(r′)G( j)(r, r′) f ( j)(r′) dr′

+[
K ( j)

0

]4
∫

�( j)
dr′

∫
�( j)

O ( j)(r′)O ( j)(r′′)G( j)(r, r′)G( j)(r, r′′) f ( j)(r′′) dr′′.
(55)

The first two terms on the right side of this equation are the first-order Born approximation. The third term can be treated in a similar way:

I (r) = [
K ( j)

0

]2
�x�z

N
( j)
p∑

k=1

O ( j)(r′
k)G( j)(r, r′

k)
[
s̃( j)

k + g̃( j,1)
k t( j−1) + h̃( j,1)

k u( j−1) + g̃( j,2)
k t( j) + h̃( j,2)

k u( j)
]
. (56)

Using eq. (28), the above equation can be further discretized in the form

I (ri ) =
N

( j)
p∑

k=1

d̄ ( j)
ik

[
s̃( j)

k + g̃( j,1)
k t( j−1) + h̃( j,1)

k u( j−1) + g̃( j,2)
k t( j) + h̃( j,2)

k u( j)
]
. (57)
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Letting


˜̃s
( j)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik s̃( j)

k ,

˜̃g
( j,1)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik g̃( j,1)

k , ˜̃g
( j,2)
i =

N
( j)
p∑

k=1

d̄ ( j)
ik g̃( j,2)

k ,

˜̃h
( j,1)

i =
N

( j)
p∑

k=1

d̄ ( j)
ik h̃( j,1)

k , ˜̃h
( j,2)

i =
N

( j)
p∑

k=1

d̄ ( j)
ik h̃( j,2)

k ,

(58)

eq. (57) for i = 1, 2, . . . , 2Nx can be compacted as

I = ˜̃s
( j) + ˜̃g

( j,1)
t( j−1) + ˜̃h

( j,1)
u( j−1) + ˜̃g

( j,2)
t( j) + ˜̃h

( j,2)
u( j). (59)

Substituting in eq. (55) and letting the boundary coefficient matrices and the source matrix be


˜̃S
( j) = s( j) + s̃( j) + ˜̃s

( j)
,

˜̃A
( j)

1 =
[

g( j,1) + g̃( j,1) + ˜̃g
( j,1)

, h( j,1) + h̃( j,1) + ˜̃h
( j,1)

]
,

˜̃A
( j)

2 =
[

g( j,2) + g̃( j,2) + ˜̃g
( j,2)

, h( j,2) + h̃( j,2) + ˜̃h
( j,2)

]
,

(60)

we obtain a concise matrix equation for �(j):

˜̃A
( j)

1 Q( j−1) + ˜̃A
( j)

2 Q( j) = − ˜̃S
( j)

. (61)

Therefore, the global matrix equation system for the second-order Born approximation is


˜̃A
(N+1)

1 Q(N ) = 0,

˜̃A
(N )

1 Q(N−1) + ˜̃A
(N )

2 Q(N ) = 0,

...

˜̃A
(i)

1 Q(i−1) + ˜̃A
(i)

2 Q(i) = 0,

˜̃A
(i−1)

1 Q(i−2) + ˜̃A
(i−1)

2 Q(i−1) = 0,

...

˜̃A
(2)

1 Q(1) + ˜̃A
(2)

2 Q(2) = 0,

˜̃A
(1)

1 u(0) + ˜̃A
(1)

2 Q(1) = − ˜̃S
(1)

.

(62)

The second-order Born approximation considers two scatterings, one between a boundary point r ∈ ∂�( j−1) + ∂�( j) and an internal point
r

′ ∈ �( j), the other between two internal points r
′ ∈ �( j) and r′′ ∈ �( j). We see that the generalization of the scheme to multi-order Born

approximation is straightforward for multiple scatterings.

N U M E R I C A L T E S T S U S I N G S E M I C I RC U L A R C A N YO N A N D A L L U V I A L VA L L E Y S

The proposed numerical method and the implementing computation program are tested by modelling a semicircular canyon topography, a
semicircular homogeneous valley and a semicircular heterogeneous valley. Previously published results for these typical topography structures
are used for comparison. The semicircular canyon topography of radius a is shown in Fig. 2(a) in an elastic homogeneous half-space. The
frequency response distribution along the horizontal surface and the canyon topography to vertical incident SH wave is shown in Fig. 2(b) for
the dimensionless frequency η = 1.0 and compared with those by Sánchez-Sesma & Campillo (1991) and Fu & Wu (2001). The latter has
been verified by Trifunac’s analytical solution (Trifunac 1973). The dimensionless frequency is defined as η = 2a/λ = aω/πβ, where ω is the
circular frequency and β is the velocity of shear-wave propagation. We see an excellent agreement between these three results, particularly
around the two sharp edges at x = ± a. Some minor departures between the solid line and the dotted line are observed along the surface outside
the canyon possibly because of the imaginary part of the frequency introduced to the discrete wavenumber Green’s function computation.
This artificial damping to suppress the fictitious waves affects the dimensionless frequency responses considerably. It seems to indicate the
difficulty of the same amount of imaginary part of the frequency to ensure accurate amplitude responses for both parts of the horizontal
surface and the semicircular canyon. The time-domain responses of the semicircular canyon topography to vertical incident SH wave are
shown in Fig. 2(c) in comparison to Fig. 2(d) computed by Fu (1996). The remarkable agreement can be seen between the two solutions.
Synthetic seismograms with the time axis shifted properly are calculated using a Ricker wavelet in the frequency range of ca 0.0–4.0 Hz.
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492 L.-Y. Fu and M. Bouchon

Figure 2. Comparison with other methods for a semicircular canyon topography with vertical incident SH wave. (a) Semicircular canyon topography of radius
a and the surrounding homogeneous half-space with the densityρ and shear wave velocityβ. (b) Frequency responses by our method (dotted line), Fu & Wu
(2001) (solid line) and Sánchez-Sesma & Campillo (1991) (open circles) for the dimensionless frequency η = 1.0. (c) Time responses along the topography in
the frequency range of 0–4 Hz. (d) Time responses by Fu (1996).

Observation points are set along the surface both inside and outside the canyon and the shear wave velocity is 2000 m s−1. Although the
semicircular canyon is too simple for realistic topography, the reflection and diffraction along the canyon irregularity are quite complex in the
time domain. We see that the amplitude distribution of the seismograms in the time domain is consistent with that in the frequency domain
(Fig. 2b). However, the destructive/constructive interferences between the direct, reflected and diffracted waves are much more clearly seen
in the time domain, particularly near the edges and inside the canyon. In summary, the comparison in Fig. 2 shows the validity of the present
method and computation program.

The seismic response of alluvial valleys has been extensively studied in the seismological and engineering perspectives to gain physical
insight into ground motion behaviour of alluvial valleys. For instance, Bard & Bouchon (1985) demonstrated the existence of resonance patterns
from the numerical results on seismic responses of symmetrical and homogeneous sediment-filled valleys. Sánchez-Sesma (1983) studied
the elastic response of 3-D axisymmetric canyons and valleys. Pedersen et al. (1995) modelled azimuth dependence of wave amplification
in alluvial valleys. However, numerical modelling of the site amplification has often been found to systematically underestimate the actual
amplification observed in the field, implying that modelling should consider the more complex nature of the earth. Our primary concern here
is how much the localized volume heterogeneities inside an alluvial valley affect wave amplification. We first calculate the frequency and time
responses of a semicircular homogeneous valley to verify our computation program and also to provide a comparison for various heterogeneous
valleys. Fig. 3(a) shows a semicircular homogeneous valley of radius a, with the density ρ̄ and the shear wave velocity β̄, in the surrounding
homogeneous half-space with the density ρ and shear wave velocity β. The frequency response distribution along the horizontal topography
to vertical incident SH wave is shown in Fig. 3(b) for the dimensionless frequency η = 1.0 and compared well to that by Fu (2002a). The
latter has been verified by Trifunac’s analytical solution (Trifunac 1971). Small discrepancies, however, are observed along the surface outside
the valley. Again, this may indicate the difficulty of the choice of the imaginary part of the frequency for both inside and outside the valley.
The time-domain response of the semicircular homogeneous valley to vertical incident SH wave is shown in Fig. 3(c) in good comparison to
Fig. 3(d) computed by Fu (2002a). Synthetic seismograms are calculated in the frequency range of ca 0.0–4.0 Hz, with observation points
setting along the surface. The shear wave velocity inside the valley is 1500 m s−1 in the background medium of 3000 m s−1.

To improve the quantitative account of site responses, the modelling is extended to heterogeneous valleys by perturbing the velocity
inside the valley randomly by ca 5–20 per cent. For example, the 20 per cent perturbation of the 3000 m s−1 reference velocity indicates that
the valley velocities will change randomly from 2400 to 3600 m s−1. The top panel in Fig.4 shows the semicircular heterogeneous valley of
radius a, with the reference density ρ̄0, the reference shear wave velocity β̄0 and the velocity perturbation δ, in the surrounding homogeneous
half-space. First the valley velocity is perturbed by 5 and 10 per cent and frequency responses are computed along the valley surface resulting
from a vertical incident SH wave for the dimensionless frequency η = 1.0. The results are presented in the middle panel of Fig. 4. We see
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Figure 3. Comparison with Fu (2002a) for a semicircular homogeneous valley with vertical incident SH wave. (a) Semicircular valley with the radius a, the
density ρ̄ and the shear wave velocity β̄ in the surrounding homogeneous half-space with the density ρ and shear wave velocity β. (b) Frequency responses by
our method (dotted line) and Fu (2002a) (solid line) for the dimensionless frequency η = 1.0. (c) Time responses along the topography in the frequency range
of 0–4 Hz. (d) Time responses by Fu (2002a).

relatively moderate amplitude fluctuations along the reference response curve, mainly occurring at the two edges and in the middle of the
valley. Remarkable amplitude fluctuations can be expected when the velocity perturbation increases to 15 and 20 per cent, shown in the
bottom panel. We see several times of amplification as a result of heterogeneities introduced in the homogeneous valley. The ca 15–20 per
cent velocity perturbations are not rare in most complex near-surface areas.

It is well known that the first-order Born approximation is theoretically restricted to weak heterogeneities. The small-perturbation
assumption and its associated effects on wave phenomena have been extensively studied, leading to some qualitative and semi-quantitative
results. For example, velocity perturbation should be less than 10 per cent. This result can be verified exactly by our method through
dimensionless frequency responses of heterogeneous valleys to incident SH plane wave. The valley velocity is perturbed by 10, 15 and 20
per cent and then the first-order Born approximation (eq. 54) is used to compute frequency responses along the valley surface resulting from
vertical incident SH wave for the dimensionless frequency η = 1.0. The results are presented respectively in the top, middle and bottom
panels of Fig. 5. The remarkable agreement between the accurate solution (solid line, from eq. 36) and the first-order Born approximation
solution (dotted line, from eq. 54) at δ = 10 per cent confirms the applicable condition of the first-order Born approximation. We also see that
the first-order Born approximation solution might be applicable up to δ = 15 per cent for some applications, but significantly underestimates
amplitude responses at δ = 20 per cent. It must be stressed that in this computation the full-waveform implicit solution is used for the
boundary-scattering waves inside and around the valley. The approximation is made only at points inside the valley for the volume-scattering
wave and compared with the full-waveform implicit solutions for both the boundary-scattering and volume-scattering waves. The first-order
Born approximation accounts for only single scattering between a boundary point and an internal point. It neglects multiple scattering between
boundary and internal points and also neglects any scattering between internal points. It is worth a mention that Fu (2002b) formulated the
first-order Born approximation into the Born dispersion equation in order to analytically evaluate the small-perturbation assumption. The
Born dispersion equation can be modified more accurately for one-way wave propagation.

The second-order Born approximation considers single scattering between boundary points and internal points and single scattering
between two internal points. Its accuracy can be studied through dimensionless frequency responses of heterogeneous valleys to incident
SH plane wave. Fig. 6 presents a comparison between the full-waveform implicit solutions (solid lines, from eq. 36) for both the boundary-
scattering and volume-scattering waves and the second-order Born approximation solution (dotted lines, from eq. 62) for the volume-scattering
wave, respectively for velocity perturbations of 15 (top panel), 20 (middle panel) and 25 per cent (bottom panel). We see that the second-order
Born approximation solution is valid strictly for velocity perturbation of less than 15 per cent and approximately applicable up to 20 per
cent for some applications. It significantly overestimates amplitude responses at δ = 25 per cent possibly as a result of single scattering
approximation between two internal points.
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494 L.-Y. Fu and M. Bouchon

Figure 4. Frequency responses resulting from vertical incident SH wave with η = 1.0 to a semicircular heterogeneous valley with various velocity perturbations.
The top panel shows the semicircular heterogeneous valley with the radius a, the reference density ρ̄0, the reference shear-wave velocity β̄0 and the velocity
perturbation δ in the surrounding homogeneous half-space with the density ρ and the shear wave velocity β. The middle panel shows frequency responses
for random velocity perturbations of 0 (solid line), 5 (dash line) and 10 per cent (dotted line), respectively. The bottom panel shows frequency responses for
random velocity perturbations of 0 (solid line), 15 (dash line) and 20 per cent (dotted line), respectively.

D I S C U S S I O N S A N D C O N C L U S I O N S

A new method for solving the problem of wave excitation and propagation in the multilayered elastic media with volume heterogeneities sepa-
rated by irregular interfaces has been presented. The method combines the boundary–volume integral equation with the discrete wavenumber
Green’s function representation to avoid the well-known singular problem of the Green’s function in the integral equation numerical tech-
niques. The incident, boundary-scattering and volume-scattering waves are separately formulated in order to model different parts of the
media with different accuracies. These waves are accurately superposed by the generalized Lippmann–Schwinger integral equation. The earth
is assumed to present a system of piecewise heterogeneous media where the large-scale geometric structure controls the main features of wave
propagation, whereas the volume heterogeneity in each geological formation varies at different scales, depending on the incident wavelength.
Some flexible approaches have been developed in the seismic modelling scheme used here, with a great saving of computing time and memory.
The full-waveform boundary method is used to accurately simulate the reflection/transmission across strong-contrast boundaries. Meanwhile
for volume heterogeneities, the modelling method is designed with the flexibility for numerical wave propagation at scales of approximate
accuracies. The media-oriented solutions are classified in the following four cases:

(i) Solution implicitly for both the boundary-scattering and volume-scattering waves is obtained for each �(j) by

A( j)
1 Q( j−1) + A( j)

2 Q( j) + d( j)w( j) = −s( j), (63)

where A(j)
1 and A(j)

2 are the [2Nx + N ( j)
p ] × Nx boundary coefficient matrices, respectively, and d(j) is the [2Nx + N ( j)

p ] × N ( j)
p volume coefficient
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Figure 5. Comparison between the accurate solution (solid lines) of eq. (36) and the first-order Born approximate solution (dotted lines) of eq. (54) for random
velocity perturbations of 10 (top panel), 15 (middle panel) and 20 per cent (bottom panel), respectively. Frequency responses are computed resulting from
vertical incident SH wave with η = 1.0 to the semicircular heterogeneous valley.

matrix. Using boundary conditions, we have a [2Nx + N ( j)
p ] × [2Nx + N ( j)

p ] matrix to be inverted. The solution is of high accuracy to model
subtle effects of both boundary and volume scatterings, depending on the sampling to the model media that is relative to the scale lengths
of the media and the wavelength of incident waves. Numerical modelling for dimensionless frequency responses of heterogeneous valleys to
incident SH plane wave indicates that several times of amplification can be expected as a result of heterogeneities introduced in a homogeneous
valley.

(ii) Solution implicitly for the boundary-scattering waves but semi-explicitly for the volume-scattering waves is obtained for each �(j) by

A( j)
1 Q( j−1) + A( j)

2 Q( j) + d( j)
F w( j) = −s( j), (64)

where d(j)
F is the [2Nx + N ( j)

p ] × N ( j)
p volume coefficient matrix but with only N (j)

F non-zero elements in each row, calculated using eq. (40).
That is, the total coefficient matrix for �(j) is sparse rather than full in eq. (63).

(iii) Solution implicitly for the boundary-scattering waves but explicitly for the volume-scattering waves using the first-order Born approx-
imation is obtained for each �(j) by

Ã( j)
1 Q( j−1) + Ã( j)

2 Q( j) = −S̃( j), (65)

where Ã( j)
1 and Ã( j)

2 are the 2Nx × Nx boundary coefficient matrices calculated by eq. (52). That is, the total coefficient matrix for �(j) reduces
to the order 2Nx × 2Nx. Numerical tests with dimensionless frequency responses of heterogeneous valleys confirm that the first-order Born
approximation to the volume-scattering waves is strictly valid for velocity perturbation of less than 10 per cent and approximately used up to
15 per cent for general applications.
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496 L.-Y. Fu and M. Bouchon

Figure 6. Comparison between the accurate solution (solid lines) of eq. (36) and the second-order Born approximate solution (dotted lines) of eq. (62) for
random velocity perturbations of 15 (top panel), 20 (middle panel) and 25 per cent (bottom panel), respectively. Frequency responses are computed resulting
from vertical incident SH wave with η = 1.0 to the semicircular heterogeneous valley.

(iv) Solution implicitly for the boundary-scattering waves but explicitly for the volume-scattering waves using the second-order Born
approximation is obtained for each �(j) by

˜̃A
( j)

1 Q( j−1) + ˜̃A
( j)

2 Q( j) = − ˜̃S
( j)

, (66)

where ˜̃A
( j)

1 and ˜̃A
( j)

2 are the 2Nx × Nx boundary coefficient matrices calculated by eq. (60). That is, the total coefficient matrix for �(j) reduces
to the order 2Nx × 2Nx. Numerical tests with dimensionless frequency responses of heterogeneous valleys confirm that the second-order Born
approximation to the volume-scattering waves is strictly valid for velocity perturbation of less than 15 per cent and approximately used up to
20 per cent for general applications.

The above solutions with various scales of approximation accuracies are expected to cover various complex media with piecewise
heterogeneities. Generally, no method is shown to be the best in all possible modelling problems. The method used here might be an optimal
modelling scheme in the sense that the designed modelling accuracy can be always satisfied with a balance between computational cost,
wavelengths and heterogeneities. Two points must be stressed here:

(i) seismic modelling methods should be flexible at various scales in order to achieve an optimization among computer time, memory
requirements, computational wavelengths, medium heterogeneities and modelling accuracies;

(ii) seismic numerical modellings do not only produce final synthetic seismograms but more importantly provide an ability to investigate
subtle physical effects of different parts (or different types) of the subsurface media on wave propagation like attenuation and dispersion.
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This requires that numerical methods be able to separate wavefields and handle them individually. Therefore, developments of the flexible
numerical modelling schemes have crucial importance in future seismological research. In summary, we can say that the seismic modelling
scheme presented in this paper is a promising candidate for such targets.
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