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[1] To understand the dynamics of shallow magmatic intrusions, I propose a theoretical
model of magma spreading laterally below an elastic crust. Nondimensionalization of
the flow equation leads to the identification of characteristic scales for the intrusion: while
the characteristic intrusion length is controlled by the elastic response of the crust, its
characteristic thickness primarily depends on magma properties and injection rate. Three
spreading regimes are identified and characterized by different morphologies as well as by
scaling laws for thickness versus length and thickness versus time. The first spreading
regime is controlled by the elastic response of the crust and the shape of the flow is
self‐similar. When the time, length, and thickness become larger than an elastic time,
length, and thickness scale, the edges of the flow become steeper and the system
transitions to a gravity current regime. When the intrusion is thick enough to accommodate
the pressure head, the flow enters a regime of lateral propagation and keeps a constant
thickness. The intrusion shape in the elastic regime fits the observed shape of terrestrial
laccoliths. The elastic scaling law for intrusion thickness versus length fits observations of
laccoliths at Elba Island, Italy, and provides for a physical explanation for the observed
relationship between length and thickness on terrestrial laccoliths. Laccoliths are predicted
to form over short time scales, depending on magma viscosity, that vary between
approximately a month to several years for felsic magmas on Earth. On the Moon, several
elongated low‐slope domes have recently been identified as possibly formed by laccolith
intrusions at depth, although they are much larger than terrestrial laccoliths. Because
the Moon has a smaller gravity than on the Earth, a deeper magma source, and a more
mafic magma composition than for terrestrial laccoliths (implying smaller pressure
gradient and dike width), lunar intrusions have a larger characteristic length and a smaller
characteristic thickness. After nondimensionalization, the morphologies (length versus
thickness) of terrestrial and inferred lunar laccoliths follow the same curve and are well
fitted by the elastic scaling law. This model thus explains the size discrepancy between
terrestrial laccoliths and lunar low‐slope domes. Therefore, low‐slope domes identified on
the Moon are good candidates for laccolith‐type intrusions at depth.

Citation: Michaut, C. (2011), Dynamics of magmatic intrusions in the upper crust: Theory and applications to laccoliths on
Earth and the Moon, J. Geophys. Res., 116, B05205, doi:10.1029/2010JB008108.

1. Introduction

[2] Magma intrusions in the crust are the first steps of
magma reservoir formation. Large magma reservoirs and
plutons indeed probably grow by small increments over
long time scales [Petford et al., 1993, 1994; Petford and
Gallagher, 2001; Annen and Sparks, 2002; Glazner et al.,
2004; Michaut and Jaupart, 2006, 2011]. Long‐term rates
of magma transfer to the crust are quite well constrained
[Crisp, 1984; Jellinek and de Paolo, 2003]. But the for-

mation of large magma reservoirs still poses some chal-
lenging questions as most of the thermal models explaining
the formation of large volumes of melt require large tran-
sient magma input rates, much larger than long‐term rates
estimated from active and fossil systems [Annen, 2009;
Bachmann and Bergantz, 2003; Michaut and Jaupart,
2011]. The rate at which a single intrusion is transferred
to the crust is thus crucial to determine the validity of these
models.
[3] The dynamics of buoyancy‐driven dike propagation in

an elastic medium has been well studied [Lister and Kerr,
1991; Rubin, 1995]. In particular, Lister and Kerr [1991]
have shown that, except at the dike tips where the elastic
forces are important, the dynamics of magma in feeder
dikes is controlled by a local balance between buoyancy
forces and viscous pressure drop. At the level of neutral
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buoyancy, dikes transition to sills or laccoliths. At large
depth in the crust, the dynamics of sills and dikes are
comparable [Lister and Kerr, 1991]. At shallow depth,
however, geological and structural studies on laccoliths have
shown that roof lifting is the dominant process by which
magma makes room for itself and that the elastic deforma-
tion of the overlying crust is crucial in controlling the shape
of laccoliths [Pollard and Johnson, 1973; Jackson and
Pollard, 1988]. Most of the research on shallow horizontal
magmatic intrusions have thus focused on the geometry of
sill or laccolith formation, i.e., on the static elastic defor-
mation induced by the presence of a horizontal intrusion
[Johnson and Pollard, 1973; Turcotte and Schubert, 1982].
Little attention has been given to the dynamics and evolu-
tion of such intrusions, i.e., to the fact that magma propa-
gates and that flow length evolves with time. Crack
propagation in a semi‐infinite elastic medium has been
modeled by Fialko [2001] and Kavanagh et al. [2006] have
studied sill formation and crack propagation experimentally
as a function of the mechanical properties of the host
medium. However, magma viscosity and injection rate
necessarily influence the dynamics of sills and laccoliths.
The own weight of the magma also induces a hydrostatic
pressure gradient through thickening which adds to the
driving pressure and must influence the spreading of the
flow [Huppert, 1982].
[4] In the absence of a physical model for shallow hori-

zontal intrusion dynamics, the geometry of intermediate‐
scale intrusions can provide some insights into their
emplacement and growth processes. Using the comprehen-
sive data sets of Corry [1988] on laccolith dimensions,
McCaffrey and Petford [1997] proposed an empirical power
law distribution for laccolith thickness T as a function of
length Ld of the form T = 0.12 Ld

0.88. The power law
exponent value, smaller than 1, is interpreted as reflecting
the need for a magma sheet to travel laterally some distance
before undergoing vertical thickening [McCaffrey and
Petford, 1997]. This interpretation is in agreement with
field studies that describe laccolith growth as a two‐stage
process, implying, first, lateral spreading of a sill with very
large aspect ratio and, second, vertical thickening of the
intrusion by roof lifting [Johnson and Pollard, 1973; Corry,
1988].
[5] Recent data on laccolith dimensions also show the

same kind of power law relationships, but with an exponent
larger than 1 and up to 1.5 which has been interpreted as
reflecting the vertical inflation stage during laccolith growth
[Rocchi et al., 2002; Mazzarini et al., 2004; Westerman
et al., 2004; Corazzato and Gropelli, 2004].
[6] Cruden and McCaffrey [2002] gathered data on

intrusion dimensions from small‐scale elastic cracks to
large‐scale batholithic intrusions and proposed that the
thickness versus length of felsic to intermediate intrusions
follows an S‐shaped distribution (in a logarithmic scale)
with a maximum slope of ∼1.5 for intrusion lengths typical
of laccoliths. However, there is no physical framework to
explain the origin of this distribution.
[7] At the surface of terrestrial planets, shallow magmatic

intrusions have been proposed to explain the relatively high
topography and fractured floor of some craters on the Moon,
Mars and recently on Mercury [Schultz, 1976; Head et al.,

2009] as well as low‐slope domes on the Moon [Wöhler
et al., 2009]. The topographic deformation that could
be caused by shallow intrusions can be constrained by
observations of planetary surfaces; that is, volume, shape
and other dimensions of intrusions can be quantified. But
such observations must be linked to models of magma
intrusion dynamics in order to provide insights into magma
physical properties and injection rate.
[8] In this paper, I develop a theoretical model for the

spreading of shallow depth intermediate‐scale intrusions,
where magma, that is continuously injected at the intrusion
center, is accommodated by roof lifting. The model differs
from the classical static laccolith model of Turcotte and
Schubert [1982] in that the length of the flow is self con-
sistently determined. The own weight of the magma was
neglected in previous models on laccolith growth [Kerr and
Pollard, 1998]; it is taken into account here as it also
induces pressure gradients that drive the flow horizontally.
[9] Depending on the injection rate, the overlying crust

thickness and elasticity as well as magma viscosity and
density, three different spreading regimes are identified and
characterized by specific morphologies and scaling laws for
intrusion thickness versus length and time. Available data
on terrestrial laccolith morphologies as well as on candidate
intrusive domes on the Moon are compared with these
scaling laws and interpreted within the physical framework
of this model. Implications of this model are discussed in
terms of intrusion thickness and time scale of emplacement.
The effects of cooling on flow dynamics are also evaluated.

2. Shallow Magmatic Intrusions

[10] At shallow depth in the upper crust, roof lifting is the
dominant process by which magma makes room for itself
[Pollard and Johnson, 1973; Jackson and Pollard, 1988],
which leads to the deformation and bending of the overlying
strata.
[11] Numerous field and geochronological studies indicate

that large‐scale intrusions such as plutons, batholiths and
magma chambers form and grow by increments of small
magma pulses over very long time scales of 105 to >106 years
[Petford et al., 1993, 1994; Metz and Mahood, 1991; Sisson
et al., 1996; Coleman et al., 2004]. In this paper, I focus on
intermediate‐scale intrusions such as sills, laccoliths and
bysmaliths. Some geological studies also suggest that
intermediate‐scale intrusions form by amalgamation of
small magma sheets [Habert and de Saint‐Blanquat, 2004;
Horsman et al., 2005]. However, such studies also show that
the emplacement of these intrusions must occur over a short
enough time scale for the intrusion to keep a melted core. In
the Black Mesa intrusion for instance, solid state textures
around internal contacts between sheets are absent and
contact metamorphism at the periphery of the intrusion is
not significant; Habert and de Saint‐Blanquat [2004] thus
estimated that this body formed in less than ∼100 years.
Hence, if intermediate‐scale intrusions form by amalgam-
ation of small sheets, with a short repose time interval
between intrusions, (i.e., such that a melted zone still exists),
then the whole intrusion behaves and deforms as a single
flow. A characteristic injection rate for the intrusion is
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then simply an average over the whole duration of the
emplacement process.

3. A Two‐Dimensional Model for Magmatic
Intrusions at Shallow Depth

[12] The model developed herein treats the spreading of
an isoviscous magma along a weak bedding plane, below a
thin elastic crust of constant thickness d and above a rigid
layer, situated at z = 0. Magma is injected continuously at
the base and center of the intrusion and the initial rate of
injection Q0 is determined by the initial overpressure driving
the flow in the feeder conduit. As the intrusion weight
increases, the overpressure driving magma flow and hence
the rate of injection decrease. In order to take this effect into
account, the feeder conduit is schematically represented by a
dike of width a and length Zc, infinitely long in the y
direction (Figure 1). Intrusion thickness h varies with time
and horizontal coordinates. In Appendix B, I consider the
case of an axisymmetric intrusion, with injection through a
circular conduit.

3.1. Equations of Motion

3.1.1. Momentum Equations
[13] Horizontal motion is similar to the flow in a thin

channel, with a characteristic length L much larger than the
characteristic thickness H of the flow. Consequently, the
classical lubrication theory applies, as in the gravity current
problem [Huppert, 1982]. Horizontal velocities are much
larger in magnitude than vertical velocities and horizontal
variations in stress and velocity are negligible compared to
vertical variations.
[14] Consequently, many simplifications can be made

from the full Navier‐Stokes equations (see Huppert [1982]
and Michaut and Bercovici [2009] for more details), and

conservation of momentum in the horizontal (x) and vertical
(z) direction reduces to

� @P

@x
þ �

@2u

@z2
¼ 0 ð1Þ

� @P

@z
� �mg ¼ 0 ð2Þ

where P is pressure, rm is magma density, g gravity, u
horizontal velocity and m viscosity. The viscosity is con-
sidered constant. In reality, magma viscosity is temperature
dependent, and, as the intrusion spreads and cooling pro-
ceeds, the flow viscosity increases. Cooling, and hence the
viscosity increase, do not proceed homogeneously within
the flow and this might also influence the dynamics of the
flow. In this model, the viscosity m is thus an effective
viscosity for the whole intrusion, for the duration of the flow
[Griffiths, 2000]. Intrusion cooling and its effects on flow
dynamics are discussed in section 6.5.
3.1.2. Pressure
[15] As in the gravity current theory, the pressure gradient

across the layer is hydrostatic (2) and is easily integrated:

P ¼ ��mgzþ Pz¼0 ð3Þ

At the base of the flow, the pressure Pz=0 is the sum of the
hydrostatic pressure Ph due to the weight of both the magma
and crust, and the elastic pressure Pe, due to the deformation
of the elastic crust. The hydrostatic pressure at z = 0 is given
by, with rr the crust density:

Ph ¼ �mghþ �rgd þ Pa ð4Þ

where Pa is the atmospheric pressure. In the absence of
horizontal forces within the elastic plate, the elastic pressure

Figure 1. Sketch showing the 2‐D geometry and physical properties of the system. Parameters are listed
in Table 1.
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required for bending the plate is given by the force per unit
area that is necessary for a vertical displacement h of the
thin elastic plate [Turcotte and Schubert, 1982]:

Pe ¼ D
@4h

@x4
ð5Þ

where D = Ed3/12 (1 − n2) is the flexural rigidity of the plate
which represents the resistance to bending of the plate; D
depends on the crust elastic thickness d, Young’s modulus E
and Poisson’s ratio n. The total pressure at height z within
the magma is thus given by

P ¼ Pa þ �rgd þ �mg h� zð Þ þ D
@4h

@x4
ð6Þ

3.1.3. Horizontal Velocity
[16] Boundary conditions are such that the horizontal

velocity u is equal to zero at both z = h and z = 0. Using (6)
in (1) and integrating twice, I obtain the following expres-
sion for u:

u x; z; tð Þ ¼ 1

2�
z2 � hz
� �

D
@5h

@x5
þ �mg

@h

@x

� �
ð7Þ

[17] Because magma spreads along a weak bedding plane,
no fracture criterion is here considered. However, Lister and
Kerr [1991] have shown that the pressure necessary for
fracture extension is negligible in comparison with the elastic
pressure in the case of sill propagation. In Appendix C,
I also show a posteriori that the conditions for failure are
met in the cases considered.
3.1.4. Mass Conservation
[18] The flow is assumed to be incompressible although,

at shallow depth, the magma may contain a non‐negligible
fraction of gas. With this assumption, conservation of mass
integrated over the intrusion thickness gives

@h

@t
¼ � @

@x

Z h

0
u x; z; tð Þdzþ w x; tð Þ ð8Þ

where w is the influx of magma into the intrusion, i.e.,
magma vertical velocity within the feeder dike (Figure 1).
[19] The effective overpressure DP* driving the flow in

the feeder conduit decreases as the intrusion thickens and is
given by

DP* tð Þ ¼ DPc � �mgh0 tð Þ ð9Þ

where h0(t) is the maximum intrusion thickness at x = 0,
rmgh0 is the intrusion weight at the origin and DPc is the
initial driving pressure or the overpressure at the base of the
dike (z = −Zc).
[20] In (9), the elastic pressure term D(@

4h
@x4)x=0 has been

neglected. This term scales as Dh0/ld
4; it is thus maximum

when the intrusion initiates the flow length, ld is then min-
imum, and decreases with time to become negligible as ld
increases. This term represents the elastic pressure to over-
come in order to initiate the flow, it vanishes as long as the
flow spreads. This model assumes a large aspect ratio for the

intrusion and does not consider the initiation of a lateral
intrusion, where the vertical flow transitions to horizontal.
On the contrary, the intrusion weight at the center rmgh0 is
equal to zero at the beginning and increases with time.
[21] The total injection rate is thus given by

dV

dt
¼ Q0 1� �mgh0 tð Þ

DPc

� �
ð10Þ

where Q0 is the injection rate in case of a constant driving
pressure DPc. Within the feeder conduit, Poiseuille flow
applies, Q0 and the vertical velocity w are related to dike and
magma properties through

Q0 ¼ DPca3

12�Zc
ð11Þ

w x; tð Þ ¼
DP*
2�Zc

a2

4 � x2
� �

if x � a=2

0 if x > a=2

(
ð12Þ

[22] The equation for the intrusion thickness evolution
h in cartesian coordinates is then obtained using (7) in (8):

@h

@t
¼ 1

12�

@

@x
�mgh

3 @h

@x
þ Ed3

12 1� �2ð Þ h
3 @

5h

@x5

� �
þ w x; tð Þ ð13Þ

This evolution equation for the flow thickness is composed
of three different terms on the right hand side. The first term
represents gravitational spreading of the flow: except for a
constant arising from a no‐slip boundary condition at the
intrusion roof, this term is the same as for a gravity current
[Huppert, 1982]. The second term on the right represents the
squeezing of the flow due to the elastic response of the crust.
Both terms are negative and induce spreading. The last term
represents magma injection and is positive.

3.2. Nondimensionalization

[23] Equations (13) and (10) are nondimensionalized
using a horizontal scale L, a vertical scale H, and a time
scale t given by

L ¼ Ed3

12 1� �2ð Þ�mg
� �1=4

ð14Þ

H ¼ 12�Q0

�mg

� �1=4

L1=4 ¼ a3DPc

Zc�mg

� �1=4

L1=4 ð15Þ

� ¼ 12�

�mgQ3
0

� �1=4

L5=4 ¼ 12�

�mgð Þ1=4
Zc

a3DPc

� �3=4

L5=4 ð16Þ

where scales are chosen such that Q0 = HL
� . These charac-

teristic scales are defined by equating the nondimensional
groups in front of the gravity current and elastic terms to 1,
i.e., such that �H3�mg

12�L2 = �H3D
12�L6 = 1. The length scale L (14) is

the flexural wavelength or flexural parameter as defined by
Turcotte and Schubert [1982], i.e., the characteristic length
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scale over which the crust can support elastic stresses. The
flexural wavelength depends primarily on the parameters
characterizing the overlying elastic crust (thickness and
elastic properties); it varies between 1.5 and 15 km for an
elastic thickness or depth of intrusion d between 500 and
5000 m and E between 10 and 100 GPa (see Table 1 for
model parameters and their ranges of values). The thickness
scale (15) represents the thickness for which the gravity
current and the elastic terms are of similar importance; it
depends primarily on the injection rate and magma physical
properties (weight and viscosity). The time scale (16) is the
characteristic time to fill up a laccolith and is mainly a
function of the injection rate or of magma viscosity and dike
width a.
[24] Two dimensionless parameters, g and s, are defined:

� ¼ a

L
ð17Þ

� ¼ DPc

�mgH
¼ DPc

�mga

� �3=4 Zc
L

� �1=4

ð18Þ

The number g is the normalized source width and represents
the effect of the dike width a, whereas s is the normalized
pressure head, i.e., the rate between the overpressure in the
reservoir below and the weight of a characteristic thickness
H of magma.
[25] The dimensionless equations for the thickness and

volume are then, for ∣x∣ ≤ g/2:

@h

@t
¼ @

@x
h3

@h

@x
þ h3

@5h

@x5

� �
þ 6

�

1

4
� x2

�2

� �
1� h0

�

� �
ð19Þ

dV

dt
¼ 1� h0

�

� �
ð20Þ

For ∣x∣ > g/2, the last term on the right‐hand side of (19),
i.e., the source term, is replaced by zero. The sixth spatial
derivative of h in (19) causes classical numerical method
used for gravity currents to be unstable. This equation is
thus solved with a spectral method along a grid of finite
length. More details are given in Appendix A.

3.3. Range of Values for the Dimensionless Numbers

[26] For a Young’s modulus value between 10 and 100 GPa,
a depth of injection between 100 and 5000 m and a gravity
g = 9.81 or 1.62 m.s−2, the characteristic length L, given by
(14), varies between several hundred meters and 20 km. For
a dike width between 1 and 200 m, values for g = a/L range
between ∼10−3 and 0.2.
[27] In terrestrial settings, the overpressure in magma

reservoirs driving dike and conduit flows is typically
between a few to several tens of MPa [Barmin et al., 2002;
Stasiuk et al., 1993; Tait et al., 1989]. Conduit or dike
lengths Zc are typically several kilometers and are not likely
to exceed several tens of kilometers. Hence, for terrestrial
settings, values for s are in the range 1 to 100.
[28] In lunar settings, the magma probably comes from

much deeper, up to a depth of several hundreds of kilo-
meters [Shearer et al., 2006]. Lunar magmas were probably
drier than terrestrial ones and gas pressure buildup is prob-
ably negligible at several kilometer depth. Thus, magma
buoyancy is the most likely cause of overpressure
[Wieczorek et al., 2001]. The parameter s can thus be

reduced to: s = D�Zc
�ma

� �
3/4 Zc

L

� �
1/4. For Dr = 50 kg.m−3 and

Zc up to 500 km, s may be as high as 103.

3.4. Scaling Analysis

[29] I develop a simple scaling analysis of (19) for the
maximum flow thickness hs in which derivatives in x are
approximated by 1/Ls, where subscript s stands for scale.
This type of analysis is suitable for behavior close to the
flow center x = 0 [Michaut and Bercovici, 2009] and is used
to compare the strength of the different terms of (19).
Equation (19) becomes

dhs
dt

� � h4s
L2s

� h4s
L6s

þ 3

2�
1� hs

�

� �
ð21Þ

dVs

dt
� 1� hs

�
ð22Þ

[30] The gravity current term (first term on the right of
(19) and (21)) becomes dominant over the elastic term
(second term on the right of (19) and (21)) when

h4s
L2s

>
h4s
L6s

) Ls > 1 ð23Þ

This scaling analysis predicts thus that the uplift and
spreading is first controlled by the elastic response of the
crust and then by the own weight of the current. Hence, a
“gravity current” regime follows an “elastic regime” when
the dimensionless length of the flow is of order 1.

Table 1. Model Parameters

Parameters and
Physical Properties Symbols Range of Values

Depth of intrusion d 100 m–5 km
Young’s Modulus E 10–100 GPa
Poisson’s ratio n 0.25
Gravity g 1.62 or 9.81 m.s−2

Magma density rm 2500–2900 kg/m3

Magma viscosity m 10–1010 Pa s
feeder dike width a 1–200 m
feeder dike height Zc 5–500 km
Initial overpressure DPc 5–50 MPa
Crust flexural rigidity D
Crust density rr
Injection rate Q0

Intrusion length scale L
Intrusion thickness scale H
Intrusion time scale t
Maximum dimensionless

thickness
h0

Dimensionless length L
Dimensional thickness hd
Dimensional length ld
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[31] When hs → s, the source term (third term on the right
of (19) and (21)) goes to zero as the intrusion weight at the
center compensates for the overpressure driving the flow;
hence hs cannot be larger than s. As hs → s, a third
spreading regime is reached where the maximum thickness
remains constant.

4. Results

[32] Numerical results show three spreading regimes: an
elastic regime, a gravity current regime and a regime of
lateral propagation that are described in this section and in
section 5. Calculations show that the flow shape, thickness
at the center and length depend only on the normalized
pressure head s, the normalized source size g has no effect
on the dynamics and shape of the flow (see Appendix A).

4.1. Flow Shape as a Function of Time

[33] Initially, as the intrusion grows with injection of more
magma, the flow is self‐similar and both the flow thickness
and length increase with time (Figure 2). As t becomes
larger than ∼10, h ∼ 2 and L ∼ 4, the thickness of the flow
does not increase as much as in the first phase and the shape
of the flow changes: the intrusion inflates on the sides and
the intrusion fronts become steeper. This transition reflects
the change in the spreading and growth regime, when the
gravity current term becomes dominant over the elastic one.

4.2. Effect of the Normalized Pressure Head s
[34] During the first phase where the elastic term is

dominant, the effect of s on the thickness evolution is
negligible (Figure 3): for different values of s, all calcula-
tions form a single line of slope 5/9 (in logarithmic scale),
predicting that h0 / t5/9 during this regime. This first phase
ends when the thickness is close to ∼2 and the time reaches
∼10 (Figure 3). This change in the spreading regime cor-
responds to the change in flow morphology described in
section 4.1.

[35] When h0 reaches the value s, the intrusion weight at
the center compensates for the overpressure driving the flow
and the thickness at the center remains constant (Figure 3)
while the flow propagates laterally.
[36] For t > 10, the thickness increases much more slowly

with time (i.e., with a smaller slope in logarithmic scale,
Figure 3), even if the flow is not in the laterally propagating
solution (as in the case for s = 10).
[37] The evolution of the dimensionless thickness h0 as a

function of length L also shows the same behavior with
different spreading regimes (Figure 4). The first elastic
phase does not depend on the value of s and is characterized
by a slope larger than 1. During the second phase, the
increase in thickness is much slower, and the flow grows
mostly laterally. When h0 → s, the regime of lateral prop-
agation is reached as L → ∞.
[38] In section 5, scaling laws are proposed for the evo-

lution of the thickness at the intrusion center as a function of
time and length.

5. Three Regimes: Characteristics and Scaling
Laws

5.1. Elastic Regime

5.1.1. Scaling Laws in the Elastic Regime
[39] When both h and L are less than 1, the elastic term

(second term on the right side of (19)) is dominant over the
gravity current term (first term on the right side of (19)).
[40] As long as h0 � s, the overpressure DPc in the

reservoir below is much larger than the weight of the
intrusion rmgh0, and the injection rate can be considered
constant. If the injection occurs through a point source at the
intrusion center, (19) and (20) reduce to (in dimensionless
form)

@h

@t
¼ @

@x
h3

@5h

@x5

� �
ð24Þ

Figure 2. Shape of the flow, i.e., thickness as a function of horizontal coordinate, at four different times
indicated on the graph. Variables are dimensionless, and one needs to multiply by the characteristic scales
(thickness, length, or time given by (15)), (14), and (16)) to obtain the dimensional values (g = 0.25, s = 10).
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Z L tð Þ

0
h x; tð Þdx ¼ t ð25Þ

where L(t) is the flow length.
[41] The variable h = x

t� is introduced and I look for a
similarity solution by decomposing h into

h x; tð Þ ¼ f 	ð Þt
 ð26Þ

where f and b are to be determined.
[42] Introducing (26) in (25), one finds, with hL a constant

equal to the value of h at x = L:Z 	L

0
f 	ð Þd	t
t� ¼ t ð27Þ

which gives b = 1 − a. Using this result and (26) in (24) one
obtains

t�� 1� �ð Þf � �	
df

d	

� �
¼ t4�10� d

d	
f 3

d5f

d	5

� �
ð28Þ

A similarity solution exists if t 4–9a = 1, i.e., a = 4/9, which
gives

h 	; tð Þ ¼ f 	ð Þ t5=9 ð29Þ

) L tð Þ ¼ 	Lt
4=9 ð30Þ

where f (h) characterizes the shape of the flow and is given
by the solution of (28) with a = 4/9 although no analytical
solution exists for this equation.

[43] Thus, I obtain

h0 / t5=9 ð31Þ

h0 / L5=4 ð32Þ

These analytical solutions for the maximum thickness as a
function of time (31) and length (32) and for the length as a
function of time (30) closely fit the numerical results during
the first spreading regime (Figures 3, 4, and 5). Numerical
calculations give the value of the constants of proportion-
ality, see Table 2.
[44] This analytical result confirms that the elastic

response of the crust controls the flow during the first phase
of the intrusion.
5.1.2. Shape of the Flow
[45] During the elastic regime, a simple function fits the

numerical results for the shape of the flow (Figure 6):

h x; tð Þ
h0 tð Þ ¼ 1� x2

L tð Þ2
 !2

ð33Þ

where L and h0 are the dimensionless flow length and
thickness at the center, that vary with time t.
[46] Equation (33) is the solution for the vertical dis-

placement of a thin elastic plate of length 2L(t) pinned at its
ends and submitted to a homogeneous pressure [Turcotte
and Schubert, 1982]; this indicates that the viscous flow
of magma due to the elastic response of the crust homoge-
neously distributes the available overpressure from the
source over the length scale of the flow below the elastic
crust. Because of the elasticity of the crust, its flexure is

Figure 3. Maximum dimensionless thickness h0 as a function of dimensionless time t. Bold lines, results
from the numerical calculations; dashed line, h0 / t5/9 and h0 / t1/5; dotted lines, thickness at t → ∞.
Results are for four different values of s: 1/2, 1, 4/3, and 10, and g = 0.25 (although calculations do
not depend on g).
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Figure 4. Maximum dimensionless thickness h0 as a function of dimensionless length L. Bold lines,
results from the numerical calculations; dashed line, h0 / L5/4 and h0 / L1/4; dotted lines, thickness at
L → ∞. Results are for four different values of s: 1/2, 1, 4/3, and 10, and g = 0.25 (although calcula-
tions do not depend on g).

Figure 5. Flow length as a function of time from the numerical calculations (bold lines) for four different
values of s = 1/2, 1, 4/3, and 10, indicated on the graphs. Calculations are for g = 0.25. Scaling laws
obtained in the elastic (dashed‐dotted line), gravity current (dashed line), and lateral propagation (dotted
lines) regimes are also indicated and fit the calculations. For small values of s = 1/2, 1, and 4/3, the tran-
sition to the laterally propagating solution is reached early and the gravity current phase is not visible.
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distributed over the whole length of the flow, i.e., over a few
times the flexural wavelength L; and hence the shape of the
flow does not depend on the normalized size of the source
(parameter g) for g ≤ 1, on the contrary to gravity currents
[see Michaut and Bercovici, 2009].
[47] The thickness of the flow is very well fitted by a

fourth‐order polynomial (33), for which the elastic term is
zero in (19). If (33) is only a fit and not the self‐similar
solution (i.e., it is not solution of (28) with a = 4/9), it shows
however that the shape of the flow is such that the elastic
term is small, i.e., that in the absence of injection and gravity
current terms, the flow would be very slow.

5.2. Gravity Current Regime

5.2.1. Scaling Law
[48] In this regime, the gravity current term becomes

dominant over the elastic term. As long as h0 � s, the
intrusion rate can still be considered constant. Therefore, the

equation for a two‐dimensional gravity current with con-
stant flux applies [Huppert, 1982]:

@h

@t
¼ @

@x
h3

@h

@x

� �
ð34Þ

Z L tð Þ

0
h x; tð Þdx ¼ t ð35Þ

The same exercise as above, and as developed by Huppert
[1982], shows that a similarity solution to these equations
exists and gives

h0 / t1=5 ð36Þ

L / t4=5 ð37Þ

h0 / L1=4 ð38Þ

[49] The exponents relating the thickness to the length and
time are both much smaller than 1, showing that the uplift is
much slower during the gravity current regime than during
the elastic regime. Scaling laws in the gravity current regime
for the thickness at the intrusion center as a function of time
(36) and length (38) as well as for the length as a function of
time (37) are in good agreement with the numerical results
(Figures 3, 4, and 5 for s = 10). Numerical calculations give
the value of the constants of proportionality (see Table 2).
5.2.2. Shape of the Flow
[50] During the gravity current regime, the normalized

shape of the flow develops steeper fronts (Figure 6). Steep

Figure 6. Characteristic shape of the intrusion in the elastic and in the gravity current regime: flow thick-
ness normalized by the maximum thickness as a function of horizontal axis normalized by flow length.
Solid lines, results from the numerical calculations in the elastic and gravity current regime; dashed line,
shape given by (33). During the elastic regime the flow shape remains undistinguishable from (33); during
the gravity current regime the shape progressively evolves from (33) toward a shape with steeper edges.

Table 2. Scaling Laws in 2‐D and Axisymmetric Geometries

Two Dimensional Axisymmetric

Elastic Regime
h0 = 0.7 t5/9 h0 / t1/3

L= 1.5 t4/9 R / t1/3

h0 = 0.4 L5/4 h0 / R

Gravity Current Regime
h0 = 1.3 t1/5 h0 = Cte

L = 0.6 t4/5 R / t1/2

h0 = 1.5 L1/4 h0 = Cte

Lateral Propagation Regime
L = 1.1 s t1/3 R / s3/4t1/4
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fronts are characteristics of gravity currents [Huppert,
1982]. At the intrusion roof, the curvature becomes impor-
tant toward the tip where the resistance to bending (5), and
hence the elastic response of the crust, become non-
negligible. Gravity currents show a vertical slope at their
fronts but in this case, the elastic deformation of the crust
always imposes a zero derivative of the flow thickness h at
the tip. Hence the gravity current shape is never completely
reached. In this case also the shape of the flow does not
depend on g.

5.3. Lateral Propagation

[51] Once h0 → s, the flow is thick enough to accom-
modate the overpressure below. The thickness at the center
remains constant and the flow enters the regime of lateral
propagation, where only its length increases. In this regime,
the elastic term is negligible. However, this term ensures
that the magma overpressure is homogeneously distributed
over a length scale of the order of the characteristic length of
the flow L (see section 5.1.2), which is equivalent to g ∼ 1.
Using these assumptions with g = 1, scaling analysis of (19)
gives

dhs
dt

¼ � h4s
L2s

þ 3

2
1� hs

�

� �
¼ 0 ð39Þ

where, as in section 3.4, derivatives by x are approximated
by 1/Ls and subscript s denotes the scales. The shape of the
flow is approximated to a rectangle, hence Vs ∼ hsLs, and,
using hs ∼ s and (20), one obtains

h4s
L2s

¼ 3

2
1� hs

�

� �
¼ 3

2
hs
dLs
dt

ð40Þ

) L2s
dLs
dt

¼ 2=3�3 ð41Þ

) Ls / � 2tð Þ1=3 ð42Þ

Numerical calculations for s = 0.5, 1 and 4/3 show indeed
that the dimensionless length L goes as s t1/3 once the lateral
propagation regime is reached (Figure 5).

5.4. Summary of the Results

[52] The characteristic length of a viscous flow below an
elastic crust is controlled by the resistance to bending of the
crust (the flexural wavelength). However, the characteristic
thickness of the flow mostly depends on the injection rate
and magma physical properties, i.e., magma weight and
viscosity, an aspect which has been neglected in previous
models related to laccolith growth in particular.
[53] In a first stage, intrusion growth is dominated by the

flow of magma due to the elastic deformation of the over-
lying crust and the intrusion keeps a self‐similar shape as it
grows. In two‐dimensional geometry, the dimensionless
shape of the flow is well approximated by (33) (Figure 6);
together with the dimensionless relation h0 = 0.4 L5/4

(Figure 4) and (15) this expression gives the dimensional
shape of the flow as a function of x:

hd xð Þ ¼ 0:4 l5=4d L�1 a3DPc

�mgZc

� �1=4

1� x2

l2d

� �2

ð43Þ

where hd and ld are the dimensional thickness and length of
the flow, x is also dimensional and L is given by (14).
During the elastic regime, the relatively large value of the
power law exponent relating the flow thickness to length
(equal to 1 in the axisymmetric case, see Appendix B, and
1.25 in the two‐dimensional case) suggests that uplift and
spreading occurs simultaneously.
[54] In the two‐dimensional case, the transition to the

gravity current regime occurs when the intrusion length and
thickness become larger than ∼2H and ∼4L, respectively
(Figure 7), and when the time becomes larger than ∼10t
(Figure 3).
[55] During the gravitational spreading regime, the intru-

sion mainly experiences lateral spreading as the uplift is
negligible or very slow, with an exponent relating flow
thickness to flow length equal to 0 in the axisymmetric case
and 0.25 in the two‐dimensional case (Figure 7) [Huppert,
1982]. The intrusion shape develops steeper fronts which
induces thickening on the intrusion sides (Figure 6),
although the elastic deformation of the crust always ensures
a progressive decrease of the thickness at the front.
[56] When the thickness reaches hd∞ = DPc/rmg, it re-

mains constant and the flow enters a third regime of lateral
propagation where the flow length increases as st1/3 in the
two‐dimensional case and as s3/4t1/4 in the axisymmetric
case (see Appendix B).

6. Discussion

6.1. Intrusion Shape and Thickness

[57] Laccolith shapes are usually modeled by the upward
deflection of an overlying elastic strata due to a given
magma pressure �P using the a priori assumption that the
width of the laccolith is fixed [Pollard and Johnson, 1973;
Turcotte and Schubert, 1982]. In this theory, the magma
pressure �P available for lifting the plate is a free parameter
and it cannot be related to any pressure‐related physical
parameters such as the driving pressure for the flow or
magma weight. Using plate bending theory, the thickness of
the laccolith in 2‐D under constant magma pressure �P is
given by

hd xð Þ ¼
�P

24D
l4d 1� x2

l2d

� �2

ð44Þ

[58] However, laccolith width evolves as the intrusion
grows. Kerr and Pollard [1998] propose a treatment of
laccolith evolution but prescribe a horizontal pressure dis-
tribution in the magma. In the model presented here, the
shape, length and thickness of the flow evolve with time,
and flow length and horizontal pressure distribution within
the flow are self‐consistently determined. The dimensional
thickness of the flow as a function of dimensional length is,
however, well described by (43). Equation (43) corresponds
to (44) but where the magma pressure �P depends on the
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length scales of the flow as well as on the overpressure in
the feeder dike:

�P ¼ 24� 0:4
L
ld

� �11=4 DPcL
Zc

� �1=4

�mgað Þ3=4 ð45Þ

�P ¼ 24� 0:4
L
ld

� �11=4

12�Q0Lð Þ1=4 �mgð Þ3=4 ð46Þ

where L = (D/rmg)
1/4 is the flexural wavelength or param-

eter given by (14). Hence, this model provides insights into
the magma pressure available for deforming the plate in
terms of magma and crust physical properties and driving
pressure or injection rate. In particular, expressions (45) and
(46) show that the homogeneous pressure available for
deforming the elastic plate increases with the injection rate
and in particular with the dike width and pressure gradient
driving the flow; it decreases as the flow spreads and ld
increases, as the available overpressure is then distributed
over a larger width.
[59] From (43) the dimensional thickness h0d at the center

of the intrusion in the elastic regime is

h0d ¼ 0:4 l5=4d L�1 a3DPc

�mgZc

� �1=4

¼ 0:4
ld
L

� �5=4

H ð47Þ

The intrusion thickness depends thus on the crust elastic
properties but also on magma physical properties and
injection rate, aspects that were not considered in the pre-
vious models on laccolith shape [Pollard and Johnson,
1973; Turcotte and Schubert, 1982].
[60] In the gravity current regime, the flow thickness does

not increase much more. Hence this expression can be

compared to the maximum thickness of intrusions. The
flexural wavelength L does not depend on magma physical
properties and, in the elastic regime, ld ≤ 4 L. However, both
the dike width a and overpressure gradient DPc/Zc tend to
increase as magma composition becomes more evolved and
viscosity increases. Indeed, observations and physical
analysis show that mafic magmas with low viscosities
(∼101–102 Pa s) form dikes about 1 m wide whereas felsic
magmas, with viscosities ∼ 106–107 Pa s, form dikes of the
order of several tens of meters to 100 m wide [Bruce and
Huppert, 1989; Wada, 1994; Kerr and Lister, 1995].
[61] Using an overpressure gradient 1 order of magnitude

larger and a dike width 2 orders of magnitude larger for a
felsic intrusion (relative to a mafic one) leads to a maximum
thickness ∼56 times larger for the felsic intrusion. This
model thus implies that, in the upper crust, felsic intrusions
tend to form laccoliths with a maximum thickness of a few
hundred meters, while mafic magmas tend to form thin
elongated intrusions less than ∼10 m thick, in agreement
with observations.
[62] Intrusion shapes develop steeper fronts when they

reach the gravity current regime. Hence, one should be able
to differentiate between an intrusion that has reached the
gravity current regime from one which has stopped in the
elastic one from their shapes. However, this consideration
might be complicated by the fact that magma viscosity is not
constant, as assumed here, but temperature dependent; and
this will also play in the same way, i.e., induces steeper
fronts (see section 6.4) in both regimes. Another way of
distinguishing a gravity current type intrusion from an
elastic one is to estimate its characteristic length L and to
compare with the intrusion length ld. If ld is larger than ∼4L,
then the intrusion is likely to have reached the gravity cur-
rent regime.

Figure 7. The dynamics of a magmatic intrusion spreading below an elastic crust shows three spreading
regimes: elastic, gravity current, and lateral propagation, that are characterized by different scaling laws
and dimensions (length and thickness).
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6.2. Scaling Laws for Laccolith Morphology

[63] Rocchi et al. [2002] studied a series of 9 laccolith
layers at Elba Island, Italy, and found a characteristic power
law relationship linking intrusion thickness T and length Ld
that differs from the general power law relationship of
McCaffrey and Petford [1997], with an exponent larger than
1, which is interpreted as reflecting the record of vertical
inflation stage in laccolith growth:

T ¼ 0:026L1:36d ð48Þ

[64] Rocchi et al. [2002] provide data for the intrusion
depths (see Table 3), which are different for each laccolith
layer. Using these depths and characteristic values for var-
ious properties of the system (see Figure 8), the length and
thickness scales can be estimated for each laccolith such that
the data can be nondimensionalized. For this example, each
laccolith is part of a larger intrusive system, and hence
variability of the model parameters should be limited, except
for the elastic crust thickness, taken to be the intrusion
depth, whose variation between laccoliths is accounted for
in the nondimensionalization. In this case, the best fit for the
dimensionless thickness h0 is proportional to L1.25, in very
good agreement with the elastic scaling law in two dimen-
sions (32) (Figure 8). The dimensionless intrusion lengths
are smaller than 4, also supporting a flow in the elastic
regime for all intrusions. The geometry of these laccoliths is
not well known and probably not perfectly two‐dimensional
or circular but Rocchi et al. [2002] observe that laccolith
layers are connected by feeder dikes, the major one being
∼1.5 km long, indicating a 2‐D contribution.
[65] Therefore, application of the model to terrestrial data

shows that laccolith morphologies are well explained by the
elastic spreading regime.
[66] The power law relationship T = 0.12 Ld

0.88 proposed
by McCaffrey and Petford [1997], shows an exponent close
to 1 but smaller. The difference in exponents between this
relation and the elastic scaling law in axisymmetric or even
2‐D geometry might result from fitting dimensional data
with a scaling law, since data should first be non-
dimensionalized to account for intrinsic scales of different
settings. An exponent smaller than 1 would also result from
fitting all the data with a single scaling law; however at least
two scaling laws, characterizing two different spreading
regimes (elastic and gravity current), may be required.

[67] The assumptions of the model are such that they
restrain its applicability to intrusions that have already ini-
tiated and are sufficiently long that the conditions of thin
elastic plate and small aspect ratio are met. The thin elastic
plate condition is probably the most restrictive, hence, flow
length must be at least of the order of the plate thickness for
the model to be applicable, i.e., larger than several hundreds
of meters to about a kilometer long. This model provides
however interesting insights into the mechanism of laccolith
formation. In particular, the power law relation between
thickness and length is well explained by viscous magma
flow below an elastic crust. Furthermore, this model sug-

Table 3. Dimensional Parameters of the Intrusive Layers at Elba Island, Italy, From Rocchi et al. [2002]

Unit Layer Thickness (m) Length (km) Depth (km)

Central Elba
Flysch (Complex V), San Martino layer 3 700 8.3 1.9
Flysch (Complex V), San Martino layer 2 100 2.4 2.0
Flysch (Complex V), San Martino layer 1 200 5.0 2.2
Flysch (Complex V), Portoferraio layer 4 400 10 2.6
Capo Bianco layer 2 ≥120 3.5 2.6

Western Elba
Hornfels (Complex IV), Portoferraio layer 3 700 9.3 3.1
Capo Bianco layer 1 50 1.6 3.0
Ophiolite (Complex IV), Portoferraio layer 2 280 ≥1.9 3.3
Ophiolite (Complex IV), Portoferraio layer 1 210 ≥2.5 3.7

Figure 8. Dimensionless maximum thickness h0 as a func-
tion of dimensionless half‐length for laccolith layers from
Elba Island, Italy. Thickness, length and depth of intrusions,
or elastic crust thickness d are taken from Rocchi et al.
[2002]. In the model the flow length is the length from
the intrusion center to the front (Figure 1); the lengths
provided by Rocchi et al. [2002] are the total intrusion
lengths, which are thus divided by 2 for comparison with the
model. Other parameters used for calculating H and L from
(15) and (14) are a = 150 m, E = 10 GPa, n = 0.25, rm =
2600 kg.m−3,DPc = 50 MPa, Zc = 5 km, and g = 9.81 m.s−2.
For depth of intrusions between 1.9 and 3.7 km, H is
between 260 and 300 m and L is between 4 and 6.5 km.
Dashed line, h0 / L5/4 as for the elastic scaling law.
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gests that the main phase of laccolith growth and spreading
does not require a two‐stage process, with horizontal
spreading of a sill followed by vertical inflation, as often
proposed [Johnson and Pollard, 1973; Corry, 1988], or by
sill stacking [Menand, 2008], but that spreading and infla-
tion occur simultaneously.

6.3. Low‐Slope Domes on the Moon

[68] On the Moon, thirteen elongated low‐slope domes
have recently been identified as possibly formed by lacco-
lith‐type intrusions [Wöhler et al., 2009, 2010], although
their diameters are larger and their thicknesses smaller than
most terrestrial laccoliths: for a given intrusion thickness,
lunar low‐slope domes are at least twice as wide as terres-
trial laccoliths (Figure 10a). Because these domes are subtle
structures with low elevation and low slopes, the determi-
nation of their morphometric properties is complex; Wöhler
et al. [2009] used an image‐based 3‐D reconstruction
approach which relies on a combination of photoclinometry
and shape from shading techniques. The error in the deter-
mination of the dome height is the largest one and amounts
to 10% [Wöhler et al., 2006]. The Valentine dome is one of
the largest of these domes (Figure 9); it has an elliptical
shape, i.e., a structure in between 2‐D and cylindrical. These
candidate intrusive domes are located in regions of exten-
sive effusive activity, in general near the borders of Mare
basalts.
[69] Using (14) and (15), both the characteristic length

and thickness can be calculated in lunar versus terrestrial
settings. On the Moon, the smaller gravity (g = 1.62 m.s−2

versus 9.81 m.s−2 for the Earth) leads to a characteristic
length for intrusions 1.6 times larger than on Earth, i.e.,

close to twice as long as terrestrial ones, as observed by
Wöhler et al. [2009]. For instance, using a Young’s modulus
E = 10 GPa and an intrusion depth of 1500 m, the charac-
teristic length for lunar intrusions is ∼5 km but it is ∼3.2 km
for terrestrial ones.
[70] On Earth, laccoliths are generally formed by rela-

tively evolved lavas that may have differentiated from
primitive magma in deep crustal magma chambers, located
some 5 to 15 km below the surface. The overpressures
driving magmatic ascent are typically 20 to 50 MPa, [Tait
et al., 1989; Barmin et al., 2002; Stasiuk et al., 1993]
which gives overpressure gradients of ∼ 104 Pa.m−1.
[71] On the Moon, Wilson and Head [2008] show that

because of the low density of the lunar crust, the over-
pressure gradient driving magma flow within the feeder
dikes of mare basalts lies within a factor of 5 of 20 Pa.m−1.
Because of the smaller gravity and colder interior, the likely
magma source for these intrusions is much deeper than for
terrestrial laccoliths: most of the Mare basalts are thought to
be a product of melting initiated deep in the lunar mantle,
deeper than 400 km [Shearer et al., 2006; Elkins‐Tanton
et al., 2003]. Using the same value for the driving pres-
sure on the Moon than on the Earth, DPc = 50MPa,
although lunar magmas are likely to be more mafic and
contain less volatiles implying smaller driving pressure, and
a depth of 500 km for the magma source region, the
overpressure gradient is indeed only 100 Pa.m−1.
[72] Dike width also increases with viscosity [Wada, 1994;

Kerr and Lister, 1995]; Bruce and Huppert [1989] have
shown that the critical dike width for magma propagation
increases with viscosity to the power 1/4. Using a width a
equal to 25m for the feeder dike of lunar intrusions and 100m
for terrestrial felsic dikes (as well as other parameters values
listed in Figure 10), a characteristic thickness for lunar lac-
coliths is 35 m; but is 190 m for terrestrial intrusions.
[73] The same ratio between the characteristic thicknesses

of lunar and terrestrial intrusions is obtained if one considers
the same rate of injection Q0 in (15) but a viscosity value
5000 times lower for lunar magmas than for terrestrial ones.
[74] After nondimensionalization, terrestrial and lunar

data nearly collapse to the same curve and the elastic scaling
law of the model fits both lunar and terrestrial data in a 2‐D
geometry (Figure 10b) as well as in an axisymmetric
geometry which requires a different nondimensionalization
(see Figure 10c). Given that the same intrusion depth has
been arbitrarily chosen for all intrusions, the fit is surpris-
ingly accurate. The gravity current regime does not provide
a good fit to the data (Figure 10b).
[75] This model therefore explains the difference in mor-

phology between terrestrial laccoliths and low‐slope domes
on the Moon; it also suggests that lunar low‐slope domes are
indeed good candidates for laccolith intrusions at shallow
depths.
[76] After nondimensionalization, the largest lunar domes

plot at the limit between the elastic and the gravity current
regimes (i.e., their dimensionless lengths are close to ∼4).
Hence it is possible that the largest lunar domes have
reached the gravity current regime, although this would
depend on their depths of intrusion. If they are indeed
gravity current type intrusions, they should show steeper
fronts than the smaller domes.

Figure 9. Apollo 15 orbital image AS15‐91‐12372, oblique
view of the Valentine dome. The diameter of this dome is
∼30 km in average.
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6.4. Intrusion Cooling

[77] This model assumes an isothermal, isoviscous flow,
whereas, in reality, intrusions cool as they spread and
magma viscosity is temperature dependent. Cooling leads to

an important increase in viscosity which might influence
flow dynamics as well as its shape. A more complex theory
is necessary to study the effects of cooling; however, some
conclusions can be readily derived. Cooling of the intrusion
is much faster at the fronts, where the flow is thin, than at
the center. Hence the magma will be more viscous at the
flow fronts which can act as a plug and slow down the
intrusion. Bercovici [1994] has shown that cooling viscous
gravity currents with temperature‐dependent viscosity grow
more by thickening and develop steeper fronts than iso-
viscous ones that grow more by spreading. Thus, taking into
account the temperature dependence of magma viscosity
might lead to increase the thickening rate of the intrusion in
the elastic as well as the gravity current regime, i.e., to larger
slopes for the relationships between thickness and time and
thickness and length in logarithmic scale in both regimes.
An intrusion characterized by a variable viscosity might also
develop steeper fronts, in all three dynamic regimes; this
might partly explain why sedimentary strata are nearly
horizontal and little deformed on top of laccoliths but are
steeply bent over their peripheries [Koch et al., 1981].
[78] The decrease in temperature induces crystallization

and solidification of the intrusion, which might stop it from
spreading. In a first approximation, the time scale for con-
ductive cooling of an intrusion provides for an estimate for
the characteristic time for flow solidification. As advective
cooling is not negligible, this time scale is an upper limit.
On Earth, the circulation of groundwater through hydro-
thermal systems within the crust largely participates in the
cooling of shallow magmatic intrusions, which leads to even
shorter time scales for the cooling of terrestrial intrusions.
On the Moon, this is obviously not the case and cooling of
the intrusion is limited to conduction of heat in the wall rock
and conduction and advection of heat in the magma itself.
Hence, this difference might also contribute to the fact that
inferred lunar laccoliths spread further than terrestrial ones:
after nondimensionalization, lunar intrusive domes plot on
the upper part of the elastic scaling law (Figures 10b and
10c), whereas terrestrial laccoliths generally show smaller
dimensionless length.

Figure 10. (a) Thickness as a function of half‐length or
radius for terrestrial laccoliths from Elba Island, Italy (circles)
[Rocchi et al., 2002], and for candidate lunar intrusive domes
(diamonds) [Wöhler et al., 2009]. Uncertainties for lunar
dome heights amounts to 10%. (b) Dimensionless thickness
as a function of dimensionless half‐length or radius, charac-
teristic thickness, and length are calculated from (15) and
(14). Dashed line, 2‐D elastic scaling law; dotted line, 2‐D
gravity current scaling law. (c) Dimensionless thickness as a
function of dimensionless half‐length or radius, characteristic
thickness, and radius are calculated from (B8) and (B7).
Dashed line, axisymmetric elastic scaling law. In both
geometries, I use, for terrestrial laccoliths, g = 9.81 m.s−2,
DPc/Zc = 10000 Pa/m, rm = 2600 kg.m−3; a = 100 m, and for
lunar intrusive domes, g = 1.62 m.s−2,DPc/Zc = 100 Pa.m−1,
rm = 2900 kg.m−3, a = 25 m. In all cases, E = 10 GPa, d =
1500 m, n = 0.25.
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6.5. Time Scale for Laccolith Formation

[79] The transition from the elastic to the gravity current
regime occurs at a time tf = 10t, which provides an estimate
for the time scale of laccolith formation.
[80] Using the parameters listed in Figure 10, the maxi-

mum time scale for the formation of terrestrial laccoliths tf
is ∼ 3 × 10−2 × m (in units of seconds); it increases with
Young’s modulus and intrusion depth and decreases with
overpressure gradient and feeder dike width (16). This time
scale is about a month to 10 years for effective viscosity
values of ∼108 to 1010 Pa s that are representative of rather
cold, crystal‐rich silicic magmas. Hence this model predicts
that laccolith intrusions are short geological events.
[81] One can compare the laccolith formation time with

the characteristic time for conductive cooling of an intrusion
td given by: t d ∼ �h2/4� for an intrusion of thickness �h and
a thermal diffusivity �. The mean thickness of a laccolith
is given by

�h ¼ h0

Z 1

0
1� x2
� �2

dx ¼ 8h0
15

ð49Þ

which gives �h ∼ 106 m for h0 = 200 m. The characteristic
time for conductive cooling of an intrusion of mean thick-
ness �h ∼ 106 m is about 90 years, which is larger than the
time scales estimated above. However, as discussed in
section 6.4, this characteristic time for cooling is an upper
limit as cooling by advection and by groundwater circula-
tion on Earth are not negligible.
[82] By simulating the thermal evolution of a growing

pluton and its wall rock for different construction scenarii,
Habert and de Saint‐Blanquat [2004] estimated a maximum
duration of ∼60 years for the emplacement of the Black
Mesa intrusion, Henry Mountains, in agreement with the
time scales provided by this model.
[83] In the case of lunar laccoliths, using values for the

parameters listed in the caption of Figure 10, the maximum
time scale for laccolith formation is ∼20 × m (in units of
seconds), i.e., ∼103 times longer than terrestrial laccoliths
for similar magma viscosity. The maximum thickness for
lunar intrusive domes varies between 15 and 110 m, which
gives average intrusion thicknesses between ∼8 and 60 m
using (49) and characteristic times for conductive cooling td
between 0.5 and 30 years. Using this range of values as
upper values for the emplacement time scale, I estimate
maximum magma viscosities for these candidate intrusions
between ∼5 × 105 and 5 × 107 Pa s. These viscosity esti-
mates, even as an upper limit, seem relatively large in
comparison with the range of viscosities characteristics of
basalts at the liquidus (typically 10 to 103 Pa s), and mare
basalts in particular, which have a lower concentration in
alkalies than terrestrial basalts, hence an even lower vis-
cosity [Shearer et al., 2006]. However, a decrease in water
content and temperature may also contribute to increase
magma viscosity. Del Gaudio et al. [2010] estimated a
viscosity at least 2 orders of magnitude larger for an anhy-
drous synthetic alkaline basalt than for the same basalt
containing 1.3 wt% H2O, over a large range of temperatures,
at 500 MPa. A decrease in temperature, as magma ascends
and flow spreads, leads to crystallization and evolution of
the residual melt composition, hence to an increase in

viscosity that can be significant: Villeneuve et al. [2008]
measured the viscosity of a natural basalt sample as a func-
tion of temperature and found that a decrease in temperature
from the liquidus (∼1390°C) to the glass transition (∼640°C)
causes an increase in viscosity from ∼101 to 1010 Pa.s. Hence
these large viscosity values may reflect low temperature and
potentially anhydrous and crystal‐rich basalt emplaced at
much smaller rates than mare basalts. Furthermore, following
the treatment of Wilson and Head [2003] to evaluate dome
yield strength and viscosity, Wöhler et al. [2007] estimated
even larger viscosity values for low‐Si basaltic lunar mare
domes, as high as 106 to 108 Pa s.

7. Conclusion

[84] The characteristic length of a shallow magmatic
intrusion is controlled by the resistance to bending of the
crust (the flexural wavelength), whereas its characteristic
thickness is related to the injection rate and magma physical
properties, i.e., magma weight and viscosity.
[85] The model predicts that the spreading of an intrusion

is first controlled by the flexural response of the crust. As
the intrusion length and thickness become larger than a
characteristic length and thickness, the flow transitions to a
gravity current regime. When the flow is thick enough to
accommodate the pressure head, it follows a third regime of
lateral propagation. The three regimes are characterized by
specific scaling laws for the thickness as a function of time
and length (Table 2).
[86] As expected, the intrusion shape in the elastic regime

fits observed terrestrial laccolith shape, which can be mod-
eled by the upward deflexion of a thin elastic plate under an
applied magma pressure. However, this model allows to
relate this rather unspecific magma pressure to laccolith
geometry, crustal and magma physical properties, and more
importantly, to the injection rate. The scaling law for the
thickness versus length in the elastic regime also fits the
observed variability in terrestrial laccolith geometry, i.e.,
the increase in intrusion thickness versus length, hence
providing for a physical explanation for the observed
relationship between laccolith length and thickness.
[87] On the Moon, the gravity is lower which would lead

to a larger characteristic length for shallow lunar intrusions;
the magma is also more mafic, implying a smaller charac-
teristic thickness. Hence this model predicts that lunar lac-
colith will be both larger in extent and smaller in thickness
than terrestrial ones. Indeed, after nondimensionalization,
the geometry (dimensionless length versus thickness) of
terrestrial laccoliths and inferred ones on the Moon follow
the same curve which is well fitted by the elastic scaling
law.
[88] Finally, this model predicts that laccolith form over

relatively short time scales, i.e., less than ∼100 years.

Appendix A: Numerical Calculations

[89] The sixth derivative of h with x in (19) makes the
resolution of this equation problematic. Both finite differ-
ences and the finite volume method [Patankar, 1980],
which is usually well adapted to gravity current equations
[Bercovici and Lin, 1996;Michaut and Bercovici, 2009], are
unstable. Consequently, equation (19) is solved with a
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pseudospectral method in space (by fast Fourier transform
[Canuto et al., 2007]), and a semi‐implicit finite difference
method in time.
[90] Calculations are made along a domain of finite length

of N grid points, much larger than the flow (N = 214). The
total spatial frequency (i.e., inverse of wavelength) range for
the fast Fourier transform is thus 0–1/2Dx, with a sampling
frequency of 1/(DxN), Dx being the spatial step size.
Numerical integration in time of this equation is also par-
ticularly onerous. Due to the sixth spatial derivative of h in
(19), the time step must be extremely small, even for rela-
tively large values of Dx = 0.1. As the energy spectra of the
fast Fourier transform is concentrated over about one third
of the total frequency range, aliasing is reduced by padding
the fast Fourier transform with zeros for frequencies lower
than N/(4l), where l = NDx is the total length of the grid.
With this treatment, the time step size can be increased by a
factor 26. The time step size Dt is recalculated at each time
step and has been optimized to the value

Dt ¼ 26Dx6

�6h30
ðA1Þ

The maximum thickness h0(t) increases with time, thus Dt
decreases as the intrusion grows. Convergence tests verify
that a decrease in the time step size does not change the
results.
[91] Hence, Dx must be large enough so that Dt is not too

small and the integration over a significant time range does
not take too long. For the results shown in the main text, I
used Dx = 0.1 and calculations start with an initial volume
such that the flow maximum thickness and length are h0 =

0.01 and L = 1, respectively; that is, the initial volume is
distributed over 21 grid points. The initial shape and volume
of the intrusion has no effects on the results. For Dx = 0.1,
the normalized source width g must be ≥0.25 to be resolved.
However, the value of g has no effects on the results and I
have verified that, during the elastic regime, one obtains the
same results with smaller values of Dx = 0.05 and 0.01 as
well as smaller values of g (Figure A1). However, because
the time step is then extremely small, calculations take
extremely long and the gravity current regime cannot be
observed.

Appendix B: Axisymmetric Intrusion

[92] In this appendix, I consider the spreading of an axi-
symmetric flow of magma below a thin elastic plate of
thickness d. Magma is injected at the center through a cir-
cular conduit of diameter a.

B1. Equations

[93] In cylindrical coordinates, the conservation of
momentum in a thin elongated flow (as in section 3.1) leads
to the following expression for the pressure P and radial
velocity u within the flow:

P r; z; tð Þ ¼ Pa þ �rgd þ �mg h� zð Þ þ DD2
r h ðB1Þ

u r; z; tð Þ ¼ 1

2�

@P

@r
z2 � hz
� � ðB2Þ

where D is the flexural rigidity of the plate and Dr
2h =

1
r
@
@r r @@r

1
r
@
@r r@h@r
� �� �� �

.

Figure A1. Evolution of the dimensionless thickness as a function of time for different values of g and
Dx indicated on the graph. Differences between calculations are negligible and come from difference in
the value of Dx; g has no effect on the results.
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[94] Conservation of mass yields an equation for h, given
an injection velocity w that corresponds to Poiseuille flow
within a circular conduit of diameter a:

@h

@t
¼ � 1

r

@

@r
r

Z h

0
u r; z; tð Þdz

� �
þ w r; tð Þ ðB3Þ

w r; tð Þ ¼
DP*

4�Zc

a2

4
� r2

� �
if r � a=2

0 if r > a=2

8<
: ðB4Þ

where DP* is the effective overpressure driving the flow
within the feeder conduit and is given by DP* = DPc −
rmgh0 as in the Cartesian case.
[95] Using (B2) and (B1) in (B3), I find the following

equation for the evolution of the thickness of the axisym-
metric intrusion with time and radial coordinate:

@h

@t
¼ �mg

12�r

@

@r
rh3

@h

@r

� �
þ D

12�r

@

@r
h3r

@

@r
D2

r h
� �� �

þ w r; tð Þ

ðB5Þ

dV

dt
¼ �a4

128�Zc
DPc � �mgh0 tð Þð Þ ðB6Þ

The terms on the right hand side of (B5) represent (as in
section 3.1.4) flow due to the own intrusion weight, flow
due to the elastic response of the crust and injection rate. In
cylindrical coordinates, radius, thickness and time scales are
given by

R ¼ Ed3

12 1� �2ð Þ�mg
� �1=4

ðB7Þ

Hr ¼ a
3DPc

32�mgZc

� �1=4

ðB8Þ

�r ¼ 64�

a3
3

2

� �1=4 Ed3

12 1� �2ð Þ
� �1=2

Zc
DPc�mg

� �3=4

ðB9Þ

respectively, where I use for the rate of injection: Q0r =
�R2Hr
�r

= a4�DPc
128�Zc

.

[96] Nondimensionalization of (B5) and (B6) using R, Hr

and tr give the following dimensionless equations for the
thickness and volume evolution in cylindrical coordinates
for 0 ≤ r ≤ g/2:

@h

@t
¼ 1

r

@

@r
rh3

@h

@r

� �
þ 1

r

@

@r
h3r

@

@r
D2

r h
� �� �

þ 32

�2
1

4
� r2

�2

� �
1� h0

�

� �
ðB10Þ

dV

dt
¼ 1� h0

�

� �
ðB11Þ

where g = a/R and s =DPc/rmgHr. For r > g/2, the last term
on the right side of (B10) is replaced by zero (no injection
outside the conduit).
B2. Scaling Laws

[97] As in the Cartesian coordinates, I assume that, during
a first phase, intrusion flow and morphology are controlled
by the elastic response of the crust; the injection rate is
constant and through a point source. In the elastic regime,
the following equations thus hold:

@h

@t
¼ 1

r

@

@r
h3r

@

@r
D2

r h
� �� �

ðB12Þ

Z rN tð Þ

0
2�rh r; tð Þdr ¼ t ðB13Þ

where rN(t) is the radius of the intrusion. I proceed as in
section 5.1.1. to obtain the scaling law for h; that is, I look
for a similarity solution for h in the form f (h)tb, with h = r/ta

and, using (B13), I find that b = 1 − 2a. Using this result in
(B12), one obtains

t�2� 1� 2�ð Þf � �	
df

d	

� �
¼ t4�14� 1

	

d

d	
f 3	

d

d	
D2

	f

� �
ðB14Þ

which gives a = 1/3 and b = 1/3 for a similarity solution to
exist. The shape function f (h) is then given by the solution
of (B14) for a = 1/3.
[98] This solution predicts that, during the first spreading

phase, the elastic response of the crust is such that, for an
axisymmetric flow, intrusion dimensions follow:

h0 / t1=3 ðB15Þ

rN / t1=3 ðB16Þ

h0 / rN ðB17Þ

with h0 the maximum dimensionless thickness (thickness at
the center) and rN the dimensionless radius of the intrusion.
[99] When the volume becomes larger, previous results in

cartesian coordinates show that the gravity current term
dominates. In the gravity current regime, Huppert [1982]
shows that for a constant injection rate, the radius of an
axisymmetric flow follows:

rN / t1=2 ðB18Þ

and that the maximum thickness stays constant with time
and/or radius.
[100] In the regime of lateral propagation, I proceed as in

section 5.3 to obtain a scaling law for the flow radius as a
function of time. As in section 3.4, scaling analysis of (B10)
and (B11) close to the current center gives

dhs
dt

¼ � h4s
R2
s

� h4s
R6
s

þ 8

�2
1� hs

�

� �
ðB19Þ
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dVs

dt
¼ 1� hs

�
ðB20Þ

where subscript s stands for scale. Flow volume Vs can be
approximated by the volume of a cylinder pRs

2hs. In the
regime of lateral propagation, dhs/dt ∼ 0 as hs → s, the
elastic term is negligible and the scaling law is obtained by
equating the gravity current and the source terms, for which
flexure of the elastic plate requires g ∼ 1:

h4s
R2
s

¼ 8 1� hs
�

� �
¼ 16�hsRs

dRs

dt
ðB21Þ

) R3
s

dRs

dt
¼ �3

16�
ðB22Þ

) Rs / �3t

4�

� �1=4

ðB23Þ

Appendix C: Criterion for Fracture and
Propagation of Lateral Intrusions

[101] The internal pressure required in a fluid‐filled crack
for the propagation of a magma fracture is given by [Lister
and Kerr, 1991]

DPf � Kc

l1=2d

ðC1Þ

where Kc is a critical stress intensity factor or fracture
toughness of the order of 4 MPa.m1/2 and ld is the length of
the crack.
[102] For large wavelength features, i.e., large values of ld,

such as in the laccolith case, the internal pressure required
for magma propagation becomes small and the condition for
failure is more easily met. However, as the flow length in-
creases, the driving pressure of the flow decreases. In the
elastic regime indeed, the homogeneous magma overpres-
sure �P that leads to the deformation of the elastic plate is
given by (45) or (46); it decreases as ld increases. Com-
parison of (46) with (C1) shows that the fracture propagates
as long as

�P � Kc

l1=2d

ðC2Þ

) ld � 24� 0:4

Kc

� �4=9

L4=3 �mgð Þ1=3 12�Q0ð Þ1=9 ðC3Þ

[103] One can calculate that the condition for fracture
propagation is met as long as ld is smaller than several tens
of km, which is the case for lunar intrusive domes and
terrestrial laccoliths. This result is in agreement with Lister
and Kerr [1991], who have shown that the pressure
required for fracture and continued propagation of sills is
negligible compared to the elastic pressure.
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