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Abstract. The local mean field approximation is applied to an inhomogeneous 3D spin 
crossover (SCO) nanoparticle configuration with a special focus on its systemic effect 
on molecules in the bulk, at the corner, at the edge and at surface. The matrix effect at 
the surface is introduced through a specific interaction term, L. The partition function 
for each region allows the determination of the total free-energy F from which the 
stability of each configuration is analyzed through thermodynamic considerations. 
 
Keywords: Spin-crossover, nanoparticles, mean field approximation, phase transition, matrix 
effect. 
 

1. Introduction 
 
Fe(II) Spin-crossover (SCO) shows a particular first-order phase transition, with thermal hysteresis 

[1-5] that is mediated between two spin states, Low-Spin (LS) with degeneracy gLS , stable at low 
temperatures and High-Spin (HS) with degeneracy gHS (> gLS ), stable at high temperatures. Between 
two temperatures, namely termed as Tdown and Tup , a SCO molecule can be in one of these two states 
depending on its thermal history. This “bi-stable” character is the result of the competition between the 
ligand field energy acting on each spin-state and the elastic interactions between molecules.  
 
2. Model 

 
In the framework of the Ising-like model [6-11], each SCO molecule is described by a two-level 

fictitious spin having two eigenvalues s = +1 and s = -1, respectively associated with the HS and LS 
states. The total Hamiltonian of a system of NT  molecules, taking into account for the short (J) - and 
long-range (G) interactions, as well as the matrix effect (L) is expressed as: 
 

𝐻 =	 ∆"#!$ %&'	
)

∑ 𝜎*
+"
*,- − 𝐽∑ 𝜎*𝜎./*,.1 − 𝐺 ∑ 𝜎* < 𝜎 >+"

*,- − 	𝐿 ∑ 𝜎*2
*,-  (1) 
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where g = gHS/gLS , ∆	(> 0) is the energy difference between the (HS) and (LS) states, T is the absolute 
temperature, kB is the Boltzmann constant, and M is the total number of molecules located at the surface.  
In this contribution, the local mean-field approximation (LMFA) [12] which consists in replacing the 
spin state of each neighbor by its mean value is applied. Accordingly, the short (J) - and the long (G) 
range interactions are replaced by only one coupling interaction Γ. The global Hamiltonian of the system 
can then be re-written as follows:  
 

𝐻 =	 ∆"#!$ %&'
)

∑ 𝜎*
+#
*,- − Γ < 𝜎 > ∑ 𝑞*𝜎*

+"
*,- − 	𝐿 ∑ 𝜎*2

*,-         (2) 
 

where qi denotes the number of interactions between a molecule and its first-neighbors. Figure 1 is a 
schematic view of a 3D SCO nanoparticle configuration.  
 

Figure 1. Schematic view of 
the 4x4x3 lattice of a SCO 
nanoparticle: filled black stars 
represent bulk sites (Nb), while 
blue squares, red triangles and 
green circles represent 
respectively surface (Ns), edge 
(Ne) and corner (Nc) sites. 
 
 
Four types of sites are 

depicted: molecules located in the bulk Nb, on the surface Ns, on the edge Ne and on the corner 
Nc. The Hamiltonian can finally be expressed as follows: 
 

𝐻 = 	 ∆'(3) *+,
-

∑ 𝜎. − ∑
'-/04123'-445

-
65
.78 	𝜎. =	−

65
.78 ∑ ℎ.𝜎.

65
.78             (3)  

 
where, the effective field “ hi” is given by : 
 

ℎ. =	−
∆'(3) *+,'-/04123'-445

-
                 (4) 

 
 
and zi denotes the number of interactions between a molecule and the environment (surface 
pending links). The values of  qi  and  zi  are listed in Table 1 for the case Nx, Ny and Nz ≥ 3.  
 
Table 1. Number of interactions as a function of the molecule’s position in the lattice for the 

case Nx, Ny and Nz ≥ 3.  
 

Site bulk surface edge corner 
𝑞* 6 5 4 3 
𝑧* 0 1 2 3 

 
The partition function for this inhomogeneous mean-field system writes  
 

𝑍 = 𝑍!
"!𝑍#

""𝑍$
"#𝑍%

"$          (5) 

Green « corner »

Red « edge »

Blue « surface »

Black « bulk »
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with the general expressions for the partition functions for each of the four regions given by: 
 

𝑍& = 2 cosh𝛽 )∆()%*+,-(./0&123(.4&5
.

	+          (6) 
 
where 𝛼 = 𝑏, 𝑐, 𝑒, 𝑠, takes its corresponding value according to the position of the site in the 
lattice and   
 

< 𝜎 >	= "!12!36""12"36"#12#36"$12$3
"'('

= 7
"'('

	∑ 𝑁&& < 𝜎& >         (7) 
 
In compact form, the total free energy F is written as: 
 

𝐹 = ∑ )0&"&
."'('

Γ < 𝜎& >.− 𝑘8𝑇 ln 𝑍&+&9!,#,$,%          (8) 
 
where the first term is the “correction term” due to the mean-field approximation.  
 
At thermal equilibrium, characterized by 67

6/8$1
= 0					(	𝛼 = 𝑏, 𝑐, 𝑒, 𝑠), the following set of self-

consistent equations are calculated: 
 

< 𝜎9 >	= − tanh𝛽 =∆"#!$ %&'"):;$/81")<$=
)

>	 , with	𝛼 = 𝑏, 𝑐, 𝑒, 𝑠.				     (9) 
 
The average “magnetization” of the system, from which will be extracted the HS fraction, is given by 
the relation:  
 

< 𝜎 >	= -
+#%#

∑ 𝑁9 < 𝜎9 >9 ,                  (10) 
 
 
3. Results and Discussion 

 
Simulations are performed whose parameter values are chosen from experimental data of typical 

SCO solids characterized by: Δ/kB=3126 K, ln(g)= 8.45. Figure 2 shows the thermal evolution of the 
average high spin fraction 𝑁ℎ𝑠 defined as ℎ𝑠 = ->/81

)
 , thus showing the existence of a thermal 

hysteresis behavior (thermal bistability) in the temperature interval 327-353 K.  In contrast, in the low-
and high-temperature regions corresponding respectively to T<327 K and T>353 K, the system occupies 
the respective LS-state (	< 𝜎 > close to -1)  and HS-state  (	< 𝜎 > is close to +1).  
Figure 3 shows the thermal evolution of the free-energy per site of the system. The minima values of 
this free-energy F are the stable states which are represented as the red circles in Fig 2. In the Fig 2 and 
3, the black triangles and blue stars represent respectively the unstable states and the metastable states 
termed m. 
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Figure 3. Free-Energy F versus 
T corresponding to the 
parameter values used for Fig 2. 
Red circles, blue stars and black 
up triangles correspond 
respectively to the stable, 
metastable m and unstable 
states. 
 
 
 
 
 
 
 

 
On the basis of the equation (8) the Free-Energy F has been calculated for each solution represented in 
Fig 2. The stable solutions correspond to those with the minimum value of F. It is interesting to notice 
that while in most usual Ising models, the transition temperature, Teq, locates in the middle of the 
thermal hysteresis, Fig. 3 shows that for the present case, the effect of interactions of different 
characteristics results in a shift of the transition temperature towards the lower switching temperature. 
Consequently, this effect allows one to fix the stable as well as the metastable solutions inside the 
thermal hysteresis.  
Among the various potentialities of this model, Fig 4 shows a particular case obtained of the interaction 
parameter values, Δ/kB=3126 K, Γ/kB=147 K, L/kB=730 K and ln(g)=8.45, leading to the simulation of 
multi-step transitions. Indeed, when T is between T1= 237 K and T2= 248 K, a three state case is possible, 
where the intermediate state is due of the coexistence of HS and LS species.  
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Figure 2. Evolution of the (HS) molar 
fraction NHS as a function of 
temperature for a 3D SCO cubic 
lattice with size 8´8´8 (512 
molecules) showing the stable (red 
circles), metastable m (blue stars) and 
unstable (black up triangles) states. 
The parameter values are Δ/kB=3126 
K, Γ/kB=100 K, L/kB=150 K and 
ln(g)=8.45.  
 



IC-MSQUARE 2020
Journal of Physics: Conference Series 1730 (2021) 012043

IOP Publishing
doi:10.1088/1742-6596/1730/1/012043

5

 
 
 
 
 
 
 

 

 
 
4. Conclusion 

 
This work demonstrates that the local mean-field approximation, applied in the framework of the 

Ising-like model, is well suited to perform calculations on SCO nanoparticles configurations where we 
can distinguish four regions namely bulk, corner, edge, surface with SCO molecules characterized by 
different numbers of neighbors and interaction types. Matrix effects have also been taken specifically 
into account. Calculation of the free-energy have been performed so as to analyze the stability of each 
solution from the thermodynamics. In addition to the first-order transition accompanied with a thermal 
hysteresis, three-states transitions have also been simulated, which is the result of the competition 
between the environmental effect and the internal elastic interactions. 
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Figure 4. Evolution of the (HS) 
molar fraction as a function of 
temperature showing three 
states hysteresis loop in a 3D 
SCO cubic lattice with size 
8´8´8. Black circles correspond 
to the stable and metastable 
regions and red crosses are the 
unstable regions. The 
computational parameters are 
Δ/kB=3126 K, Γ/kB=147 K, 
L/kB=730 K and ln(g)=8.45. 


