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Abstract. Models of coronal heating based on the dissipation of small-scale current sheets generally assume energy injection
at large scales by photospheric motions. However due to the nature of these motions, excitation mechanisms may occur on
a wide range of scales. We study the role of the dominant scales of energy injection in the framework of the lattice model
introduced in [1]. In particular it is shown that as the weight of large scales increases, the probability densities of dissipated
energy and of waiting times between heating events develops fatter tails tending toward power-laws.

INTRODUCTION
The dissipation of many small scale current sheets resulting in the so-called nano-flares was conjectured by
Parker to be a mechanism of coronal heating [2]. Various formation mechanisms of these small scale currents
have been proposed, whose origin ultimately lies in photospheric convection inducing complex motions of coronal magnetic field lines footpoints.
Observed statistics of flare, microflares, and smaller
events have suggested a certain scale-invariance between
these phenomena ([3, 4] and references therein). Extrapolation of a power-law distribution for the dissipated energy to smaller energies indicate that heating by
nanoflares is a viable mechanism if its index is smaller
than −2 [5]. Different interpretations of recent observations in EUV of small scale events in terms of dissipated energy provide indices scattered around -2 [6, 7, 8]
thereby leaving the question quite open.
These particular statistics have stimulated a number
of simple (lattice) models whose statistics can be extensively studied. For instance, flare models based on SelfOrganized-Criticality (SOC) [9, 10] have met some success in reproducing certain statistics of observed flare
and micro-flare associated emissions [4]. Especially for
applications to coronal heating, it is essential to provide
lattice models allowing for a clear interpetation by physical processes rather than concentrating on SOC (e.g.
[11, 12, 13, 1, 14]). The model we shall consider here
is the one introduced in [1] whose two fundamental elements are on one hand the dissipative processes mimicking anomalous resistivity or magnetic reconnection and
on the other hand the sources perturbing the magnetic
field configuration and generating the currents.

The emphasis in this note shall be on the role played
by the dominant scales in the source term of the model.
Either Parker’s model or models of coronal heating based
on MHD turbulence explicitely make the classical assumption that energy is injected at large scales only
from photospheric motions and cascades down to small
scales [15]. However, photospheric convection involves
a wide range of different motions, including sheargenerated turbulent-like fluctuations between granules
[16]. Sources perturbing the system on a wide range of
scales are likely to affect its dynamics, having some effects on the energy dissipation and conversion into heat.
This is what we are going to study in the framework of
the lattice model of [1] using sources with a power-law
spectrum. This form easily allows to change the relative
weigths of the different characteristic scales of the source
term.

MODEL
The model consists of magnetic field distributed into
cells of a 2D grid, perpendicular to the grid, and subject
to driving and dissipation mechanisms. Such a simplification allows to easily select between different sources
and dissipation mechanisms. Periodic boundary conditions on a square grid of size N × N are assumed.
The source spectrum is a power-law spectrum in a
certain range of wavenumbers. This allows to easily
control the relative weights of different wavenumbers,
thereby controlling the dominant scales of energy injection. Therefore the source provides a magnetic field in-
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crement of the form

δ B(x, y,t) = Cα ,k

min ,kmax

∑ |k|−α ei(kx x+ky y+φ (t)) ,

(1)

higher-frequencies as α increases. Interestingly on each
side of the breaking point spectra weakly depend on α ,
at least in the interval [1, 3].

kx ,ky

where C is such that the total intensity is normalized
to 1. The phases φ are independant random variables
uniformly distributed in [0, 2π ). The dominant scales in
δ B can be controlled by changing both α and the range
of wavenumbers in the summation.
The dissipation mechanisms considered in our previous studies are of two types, namely reconnection or
anomalous resistivity. Both depend on currents, which
propagate on the border of the cells and are computed
as j = ∇ × B. Anomalous resistivity arises when a current exceeds a given threshold as the result of microinstabilities. Reconnection in this simple framework requires an additional condition mimicking an X-point. In
both cases, the energy dissipated into heat is supposed to
be proportional to j2 . See [1] for more details. In the following the grid size is 256 × 256, dissipation is provided
by anomalous resistivity, and the dissipation threshold is
jmax = 3.

FIGURE 2.
α = −2.

Power spectrum in k of the magnetic field for

The spatial power spectrum of B shows a similar tendency to a power-law at small k which breaks down to
a flatter spectrum at small scales (Fig. 2). The energy
contained in the steepest part and at the largest scales
increases relatively to the energy contained in the small
scale part when α increases (96% for α = 1, 99% for
α = 1 and 99.8% for α = 3). At large scales the spectrum
decreases faster than the source, which means that the
development of the “cascade” is somehow slowed down.

MULTISCALE DRIVING
-4

In this section the source acts at all available scales, but
different exponents in eq. (1) are used. In particular, the
case α = 0 corresponds to white (in space) noise [1, 17].
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FIGURE 1. Time series of the total dissipated energy over
the grid and its power spectrum for α = −2.

As α increases, the time series of the total dissipated
energy displays more intense and sporadic bursts (Fig.
1). At the same time, the power-spectrum tends toward a
more pronounced power-law shape (Fig. 1, lower panel).
This power-law breaks down at high-frequencies, where
the spectrum flattens. This breaking point drifts toward
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FIGURE 3. Log-log plot of the dissipated energy PDF for
different values of α . (a) α = 1, (b) α = 2, (c) α = 3. The
dashed line represents the Gaussian with same mean and variance.
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FIGURE 4. PDF of waiting times for α = −3. A leastsquares power-law fit (dashed line) yields an exponent −1.95 ±
0.10.

The source also has an effect on the spatial characteristics of the magnetic field. In [17] these characteristics
where studied by Singular Value Decomposition (SVD).
From the singular values µk it is possible to obtain an
entropy which provides a quantitative estimate of spatial
complexity, defined as [19, 17]

DRIVING AT LARGE SCALES
Here we consider a quasi-periodic source involving only
the two largest modes.

FIGURE 5. Power spectrum in k of the magnetic field, when
the system is driven by the two largest modes.

Although the system is driven only at large scales, the
spectrum develops toward smaller scales due to the local coupling between cells. In a statistically steady state,
it may be approximated by a power-law which flattens
at small scales (Fig. 5). The dissipated energy PDF displays a fat high-energy tail which can be roughly approximated by a power-law, with rather small exponent
−1.19 ± 0.08. The waiting time distribution also exhibits
a slowly decaying tail (Fig. 7), with a power-law shape
with exponent −2.28 ± 0.12.
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White noise sources combined with anomalous resistivity dissipation provide dissipated energies whose
Probability Density Functions (PDF) weakly depart from
the Gaussian [1]. When α increases to positive values,
this departure is more and more marked by a heavy tail
corresponding to large deviations toward high energy
events (Fig. 3). However the tail does not tend toward
a power-law, since on the log-log plot it exhibits clear
concavity. A more precise characterization could be provided using Pearson curves [18]. Another statistics of solar flares extensively discussed is the waiting time distribution between two solar flares (here between two peaks
of dissipated energy above a given threshold). For α = 3
it follows a power-law (Fig. 4), in agreement with some
observations (see the discussion concluding the paper).
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TABLE 1. Entropy as a function of
the exponent α defined in eq. (1).
α
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FIGURE 6. PDF of the dissipated energy. A power-law fit to
its tail (dashed line) has exponent −1.19 ± 0.08.

with Ek = µk2 / ∑i µi2 . H is defined in such a way that H =
1 when energy is equidistributed over all singular modes
(maximal disorder) and H = 0 when all the variance is
contained in a single mode (minimal disorder).
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As clearly seen in Table 1, the entropy significantly
decreases when α increases. Thus when large scales are
given more and more weight in the sources, the magnetic
field has a natural tendency to have a more coherent
structure at large scales.
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FIGURE 7. PDF of waiting times. A power-law fit to its tail
(dashed line) has exponent −2.28 ± 0.12.

DISCUSSION

ACKNOWLEDGMENTS

The role of the scales in the source term of a lattice
model for coronal heating was studied. For this purpose
a power-law spectrum was used, increasing the relative
role of large scales with respect to the limit case of whitenoise-in-space sources considered in [1, 17].
The magnetic field fluctuations appear to have a
power-law spectrum which is at large scales generally
steeper than the one of the source, showing that the system does not exhibit a trivial response to the source but
rather is ruled by its own dynamics. Particularly at small
scales it is rather insensitive to the form of the source’s
spectrum. Furthermore, a similar power-law power spectrum appears when the system is driven only at large
scales, showing that it is an intrinsic feature of such a
model when large scales dominate the energy injection.
As the weight of large scales plays a more significant
role in energy injection, a long tail is formed in the
PDF of dissipated energy as well as in the waiting time
distribution between energetic events. Indeed, in this case
large scale gradients form and their dissipation produces
rare but energetic dissipative events resulting from many
small-scale local dissipations.
The power-laws found in the PDF of dissipated energy are in poor agreement with those found in experiment: the exponents are too small or the tail does not
convincingly follow a power-law, and the PDF steepens
toward high energies although flares seem to follow a
flatter distribution than microflares and nanoflares. This
situation may improve by considering sources with potentially large amplitude as found in [20], or using a different and more sophisticated dissipation process such as
the reconnection used in [1, 17] and which was shown to
produce significant changes in the statistics of dissipated
energy and fatter tails in its PDF.
However, we have found heavy tails in waiting time
distributions, whose power-law decay seems to agree
with most observations [21, 22, 23]. Attention on waiting time distribution was drawn in particular by the
remark that pure SOC models exhibit only a Poisson
waiting time distribution [22]. Attempts to correct this
have used “non-conventional” properties of the source,
whereas they are non-stationary [24] or correlated [25]
in time, or acting continuously in time [26]. The present
study suggests that sources acting at large scales or representing a wideband spectrum dominated by large scales
(as can be expected on physical grounds) also help to recover a more correct waiting time distribution.
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