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1. INTRODUCTION

Experimental data obtained using spacecrafts have
shown that there are domains in the Earth’s magneto�
sphere in which plasma flows are accompanied by
low�frequency electromagnetic oscillations. Examples
of such domains are the inner boundary of the transi�
tion region between the magnetosphere and the sepa�
rated shock wave [1, 2], the central plasma sheet, the
flank boundaries of the magnetotail, and the boundary
region of the magnetotail plasma sheet [3–5]. Analysis
of the experimental data presented in those papers
indicates that Kelvin–Helmholtz instability (KHI)
can play a decisive role in the generation of the
observed electromagnetic oscillations.

KHI is one of the strongest hydrodynamic instabil�
ities, and there are a large number of studies devoted to
its analysis (see [6]). However, in most papers, stability
of a plane interface between two unbounded plasmas
propagating with respect to one another has been con�
sidered. Actually, plasma flows are always bounded in
the transverse (with respect to the flow) direction and
the ambient plasma can be inhomogeneous. Obvi�
ously, in order to investigate generation of oscillations
with wavelengths substantially exceeding the trans�
verse size of the flow, it is necessary to consider KHI in
a system with several boundaries. The simplest model
of such a system is a plane three�layer plasma in which
one of the layers has a finite transverse size (see Fig. 1).
KHI in a plane three�layer geometry was analyzed in

[7] for an incompressible plasma with the same
parameters on both sides of the flow. In [8], KHI in a
three�layer compressible plasma system with longitu�
dinal magnetic fields was studied numerically for some
particular cases; however, for the parameter values
used in that paper, the flow velocity was lower than the
doubled ion�acoustic velocity. The choice of such
parameters agrees with the results of the analysis of a
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conventional problem in which two plasmas propagat�
ing with respect to one another along a magnetic field
or at a relatively small angle to it are unstable only for
the acoustic Mach number lower than 2. In this case,
the flow velocity should be at least two times higher
than the Alfvén velocity [9]. Thus, in a two�plasma
system in a longitudinal magnetic field, the generation
of waves with wave vectors directed along the magnetic
field is possible only if the ion acoustic velocity is
higher than the Alfvén velocity. This condition is,
however, not satisfied in the plasma sheet boundary
layer of the Earth’s magnetotail, separating the cold
rarefied lobe plasma from the hotter and denser
plasma of the plasma sheet. However, analysis of the
experimental data shows that it is in this region that
long�wavelength oscillations of the magnetic field [5,
10] are detected simultaneously with fast (2000–
3000 km/s) plasma flows propagating along the mag�
netic field.

The observed oscillations propagate mainly along
the magnetic field with a velocity on the order of the
local Alfvén velocity. The oscillation frequencies are in
the range of 0.004–0.02 Hz; i.e., they are much lower
than the ion cyclotron frequency. Typical oscillation
wavelengths are in the range of 5–20 Earth’s radii, and
the typical size of the plasma sheet boundary layer in
which fast plasma flows are observed is on the order of
the Earth’s radius in the North–South direction (the
z axis in Fig. 1). The flow length in the dawn–dusk
direction (the y axis in Fig. 1) is not determined pre�
cisely. According to estimates, it can be on the order of
the flow size along the z axis or longer. Assuming that
the flow length along the y axis is much larger than that
along the z axis, the possibility of excitation of oscilla�
tions with wave vectors directed along the magnetic
field for an arbitrary ratio between the Alfvén and ion
acoustic velocities in a plane three�layer plasma sys�
tem due to the onset of KHI was considered in [11]. It
was shown that, in such a system, longitudinal oscilla�
tions can develop even if the ion acoustic velocity is
much lower than the Alfvén velocity. Thus, in order to
adequately describe the generation of long�wavelength
oscillations in a low�temperature plasma, it is neces�
sary to take into account the finite size of the propa�
gating plasma flow.

In this paper, we continue our previous study of
KHI in plane three�layer geometry [11]. Here, we
consider stability of the plasma flow against the excita�
tion of long�wavelength oscillations with arbitrarily
directed wave vectors under the conditions typical of
the plasma sheet boundary layer of the Earth’s magne�
totail, in which magnetic fields in all domains are
directed along the plasma flow propagating in the
bounded layer. The structure of the oscillation eigen�
modes and the deformation of the flow boundaries due
to the onset of KHI are analyzed.

Taking into account that the model developed here
can be used to describe generation of low�frequency
oscillations in other domains of the Earth’s magneto�
sphere, e.g., in the magnetotail flanks, where plasma
flows propagate in crossed magnetic fields, a general
dispersion relation is derived for the case of arbitrarily
oriented magnetic fields and flow velocities.

2. FORMULATION OF THE PROBLEM
AND BASIC EQUATIONS

We consider stability of a plasma flow in a three�
layer system schematically shown in Fig. 1. The system
is divided into three domains along the z axis: z > a,
a > z > –a, and z < –a. Within each domain, plasma is
homogeneous, but the plasma parameters may be dif�
ferent in different domains. We denote the unper�
turbed flow velocities and magnetic fields in the
domains by  and  , where the indices
1, f, and 2 refer to the domains z > a, a > z > –a, and
z < –a, respectively. The equilibrium flow velocities
and magnetic fields in all three domains are parallel to
the (x, y) plane. It is assumed that the plasma flow
velocity in the bounded layer (a > z > –a) is directed
along the x axis. Denoting the angles between the x
axis and the vectors  and  by  and , respec�
tively (with ), we represent the vectors  and

as

Stability of the system against perturbations with
wavelengths much longer than the width of the transi�
tion zone between the layers will be analyzed in the
ideal MHD model. The linearized system of equations
for small�amplitude oscillations developing near the
equilibrium state in each domain is as follows:
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Here,  is the unperturbed plasma mass density in

domain j;  is the ion acoustic velocity
(with Te, M, and γ being the electron temperature, ion
mass, and adiabatic exponent, respectively); and ,

, and  are small deviations of the magnetic field,
velocity, and density from their equilibrium values ,

, and , respectively, in each of the domains j = 1,
f, and 2. The solution to set of equations (1)–(3) is
sought for in the form of plane waves,

(4)

where the components of the wave vector  and  are
the same in all three domains. The complex amplitude

 is represented as

(5)

where , , , and  are constants. From Eqs. (1)–
(3), we find the wavenumbers   for each
domain,

(6)

Here,  (where  and  is the
flow velocity in the bounded layer a > z > –a) is the
dimensionless frequency, θ is the angle between the
wave vector and the x axis, and  is the Alfvén veloc�
ity in domain j.

In deriving the dispersion relation describing sta�
bility of the three�layer system under study, it is
assumed that both the total (gas�kinetic plus mag�
netic) pressure and the plasma shift in the z direction
are continuous at the interfaces z = a and z = –a. The
dispersion relation for solutions vanishing at 
has the form

(7)

where  are defined by Eqs. (6) and the following
dimensionless functions are introduced:

(8)

In the limit , Eq. (7) transforms into the
dispersion relation for a system consisting of two plas�

mas separated by a plane interface [9]. For the case
, Eq. (7) coincides with the dispersion

relation derived in [11]. Equation (7) is the general
dispersion relation for the case of arbitrarily oriented
magnetic fields and flow velocities in all domains. In
this paper, we restrict ourselves to considering stability
of a plasma flow propagating with a velocity  in the
bounded domain –a < z < a, assuming that the ambi�
ent plasma at z > a and z < –a is at rest. The magnetic
fields in all three domains are directed along the x axis.
Such a model adequately describes specific features of
fast plasma flows propagating in the plasma sheet
boundary layer of the Earth’s magnetotail.

3. STABILITY OF A COMPRESSIBLE PLASMA 
FLOW PROPAGATING IN THE BOUNDED 

DOMAIN 

3.1. Ambient Plasma Is Symmetric with Respect
to the Flow

When the plasma parameters are the same on both
sides of the flow (  and ), general disper�
sion relation (7) is factorized,

(9)
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high, cs >  (see [9] and references therein). It
follows from Eq. (9) that longitudinal perturbations
(θ = 0) with wavelengths much shorter than the flow
width ( ) can grow in a three�layer system only if

. However, as was shown in [11], longitudinal
perturbations with wavelengths on the order of or
longer than the flow width can grow in such a system
due to the onset of KHI even for .

Let us consider how the finite value of the ion
acoustic velocity affects the dependence of the insta�

>/0 2 AU V

1ka �

>s Ac V

→ 0sc

bility growth rate on the angle  between the wave vec�
tor and the x axis. Figure 2 shows the results of numer�
ical calculations of the perturbation growth rate for
ka = 1.0 for the case in which the densities, tempera�
tures, and magnetic fields are the same in all three

domains, , and 

. The calculations were performed for
different values of the ratio between the ion acoustic
velocity and the flow velocity for both antisymmetric
(Fig. 2a) and symmetric (Fig. 2b) solutions to disper�
sion relation (9).

It can be seen from Fig. 2 that the instability growth
rate decreases with decreasing ion acoustic velocity,
but remains positive even at  for both the sym�
metric and antisymmetric modes. However, for

, the growth rate of the antisymmetric mode
is substantially higher and this mode is unstable at any
angle, including θ = 0. For comparison, the dashed
line in Fig. 2 shows the dependence of the growth rate
on the angle θ for the case of semi�infinite plasmas
separated by a plane interface (  = 0.316, cs = 0).
It can be seen that, in this case, waves propagating
along or at small angles to the flow velocity do not
grow. The growth rate of the symmetric mode at

 is almost zero within a certain angular interval
near  and smaller than that for the case of two
semi�infinite plasmas for other angles. Note that, in
the case of two semi�infinite plasmas, the symmetric
and antisymmetric modes coincide. Figure 3 shows
the growth rate of the antisymmetric mode, normal�
ized to , as a function of the dimensionless wave�
number ka for different values of the angle  between
the wave vector and the x axis. The plasma parameters
are the same as in Fig. 2, but the ratio of the squared
ion acoustic velocity to the squared flow velocity is

fixed, . The dashed lines show the
dependences  on ka for the case of two semi�
infinite plasmas with the same parameters,

 and . It can be seen that,
for two low�temperature semi�infinite plasmas, gener�
ation of waves propagating at angles smaller than

 is impossible. In the three�layer system
under study, waves propagating at any angle with
respect to the flow velocity can be generated. In this
case, in the range of angles forbidden for the case of
two semi�infinite plasmas, waves in the limited inter�
val of wavenumbers are generated even without allow�
ance for the finite width of the transition zone d
between the flow and the ambient plasma. The finite�
ness of the ka range in which waves are unstable is the
most pronounced for the case θ = 0. It should be noted
that, unlike the case of two semi�infinite plasmas, in
which the instability domain begins from k = 0, wave
perturbations in a three�layer system become unstable
only starting from a certain value . Obviously,

θ

ρ = ρ ≡ ρ =1 2 1.0 = =/ /2 2 2 2
0 1 0Af f A fV U V U

=/2 2
2 0 0.1A fV U

→ 0sc

< /0 2sc U

/ 0A fV U

→ 0sc
θ = 0

/0fU a
θ

=/2 2
0 0.001s fc U
γ / 0a U

=/2 2
0 0.1AV U =/2 2

0 0.001s fc U

θ ≈ �

cr 45.5

≠min 0k

0.4

0.2

0

0.2

0.4

θ°
γa/U0f

(a)
0

30

60

90

120

150

180

210

240

270

300

330
Csf/U0f → ∞

2 2

Csf/U0f = 0.52 2

Csf/U0f = 0.252 2

Csf/U0f = 0.12 2

Csf/U0f = 02 2

0.4

0.2

0

0.2

0.4

θ°
γa/U0f

(b)
0

30

60

90

120

150

180

210

240

270

300

330
Csf/U0f → ∞

2 2

Csf/U0f = 0.52 2

Csf/U0f = 0.252 2

Csf/U0f = 0.12 2

Csf/U0f = 02 2

Fig. 2. Growth rates of (a) antisymmetric and (b) symmet�
ric solutions to Eq. (9), normalized to , as functions
of the angle θ for ka = 1.0 and different ion acoustic veloc�
ities. The plasma parameters are the same in all three
domains, and . The ratios of the squared
ion acoustic velocity to the squared flow velocity are indi�
cated in the figures. The dashed line shows the growth rate
as a function of the angle θ for the case of two semi�infinite
plasmas with cs = 0.

/0fU a

=/ 0 0.316A fV U



PLASMA PHYSICS REPORTS  Vol. 37  No. 1  2011

KELVIN–HELMHOLTZ INSTABILITY FOR A BOUNDED PLASMA FLOW 47

for , the growth rates of waves propagating along
or at small angles to the x axis, calculated with allow�
ance for the width of the transition zone, will insignif�
icantly differ from those calculated under the assump�
tion d = 0.

For angles θ larger than θcr, the growth rate
depends almost linearly on the wavenumber. In this
case, the larger θ, the less the dependence  devi�
ates from linear, coinciding for short�wavelength
oscillations with the solution for the case of two semi�
infinite plasmas. However, in the limit , the
three�layer system remains stable for any propagation
angle, unlike the case of two semi�infinite plasmas, for
which the instability growth rate increases linearly
with wavenumber starting from ka = 0. The linear
increase in the growth rate in the short�wavelength
range is a well�known problem: it is related with ignor�
ing the width of the transition layer between the
domains with different plasma velocities. In [9], it was

d a�

γ( )ka

→ 0ka

shown for the case of two semi�infinite plasmas that,
when the transition layer is taken into account, the
range of wavenumbers in which waves are unstable is
finite. In this case, waves with  (where d is the
width of the transition layer) grow at the highest rate.
It should be remembered that here we assume that

 and consider generation of waves with suffi�
ciently long wavelength ( ).

3.2. Ambient Plasma Is Asymmetric 
with Respect to the Flow

When the plasma parameters and/or absolute val�
ues of the magnetic fields on both sides of the flow are
different, one should solve general dispersion rela�
tion (7). Let us consider several typical cases.

3.2.1. Let us examine solutions to dispersion rela�
tion (7) in the case in which the plasma density, Alfvén
velocity, and ion acoustic velocity in domain 2 are

equal to those in the plasma flow (  =

 and ). We
assume that, in domain 1, the plasma is colder

( = 0.001) and the magnetic field is determined
from the condition that the sum of the gas�kinetic and
magnetic pressures in the flow is equal to that in
domain 1,

(10)

Figure 4 shows the growth rate normalized to 
as a function of the angle θ for a wave perturbation

≈ 0.5kd

a d�
1kd �

/2 2
0Af fV U

=/2 2
2 0 0.1A fV U = =/ /2 2 2 2

0 2 0 0.01sf f s fc U c U

/2 2
1 0s fc U

⎛ ⎞ρ −
ρ = − ⎜ ⎟

⎝ ⎠

2 2 22
1 11

1 2 2 2
0 0 0

6 .
5

Af S SfA

f f f

V c cV

U U U

/0fU a

2

0.15

0 4 ka

0.30

0.45

0.60

(b)
θ = 60°

θ = 75°

θ = 82.5°

θ = 87°

0.15

0.30

0.45

0.60

(а)
θ = 60°

θ = 52.5°

θ = 45.5°

θ = 45.4°

0

θ = 30°

θ = 0°

γa/U0f

Fig. 3. Growth rate of the antisymmetric mode, normal�
ized to , as a function of the dimensionless wave�
number ka for different angles θ. The plasma parameters
are the same in all three domains: ,

. The dashed lines in plot (a) show solu�
tions for the case of two semi�infinite plasmas separated by
a plane interface.

/0fU a

=/ 0 0.316A fV U

=/2 2
0 0.001s fc U

0.14

0.07

0

0.07

0.14
θ°

γa/U0f

0

30

60

90

120

150

180

210

240

270

300

330
ρ1 = 1.0

ρ1 = 0.6
ρ1 = 0.4

ρ1 = 0.2

Fig. 4. Normalized growth rate as a function of the angle θ
for ka = 1.0 and different ratios between the plasma densi�
ties in domain 1 and the flow, . The plasma
parameters and the magnetic field in domain 2 are the
same as in the flow.

ρ = ρ ρ/1 01 0f



48

PLASMA PHYSICS REPORTS  Vol. 37  No. 1  2011

BURINSKAYA et al.

with ka = 1.0. Only one solution to the dispersion rela�
tion is shown, because the second solution has a much
smaller growth rate for waves propagating at angles

. The calculations were performed for several
values of the density . We find from (10) that

 for ,  for
,  for , and  =

0.75 for . The growth rate decreases with
decreasing  and, accordingly, increasing magnetic
field in domain 1, because, for a stronger magnetic
field, it is more difficult to bend the magnetic field
lines. As the density increases, the growth rate
increases to a certain maximum value and, then,
decreases (see [11]). It should be noted that, for

, the flow velocity  is lower than the sum of
the Alfvén velocities in the flow and domain 1. In this
case, a system consisting of two semi�infinite plasmas
is stable against the onset of KHI. In the three�layer
system, long�wave oscillations can be excited (see
Fig. 4), because, at the interface between the flow and
domain 2, the flow velocity  is higher than the sum
of the Alfvén velocities in the flow and domain 2; in
this case, however, dispersion relation (7) has only one
unstable solution.

3.2.2. Let us study solutions to general dispersion
relation (7) for the case in which the plasma has differ�
ent densities in all three domains. We use the parame�
ters qualitatively reflecting the main characteristics of
the plasma sheet boundary layer of the Earth’s magne�
totail, where a fast plasma flow propagates. For the

flow, we assume  and .
For domain 1, simulating the cold rarefied lobe

plasma, we take  and .
The magnetic field is determined from the condition
that the total (gas�kinetic plus magnetic) pressure in
domain 1 is equal to that in the flow. Then, according
to formula (10), we have . In domain
2, simulating the central plasma sheet, we take

 and  and, accordingly,
. The results of calculations are shown

in Fig. 5. Figure 5a shows the growth rate normalized
to  as a function of ka for several values of . It
can be seen that, similar to the case of equal parame�
ters on both sides of the flow (Fig. 3), long�wavelength
perturbations propagating at small angles with respect
to the x axis grow in a limited range of wavenumbers
and, accordingly, frequencies. We recall that it is in this
angular range that wave generation due to the onset of
KHI is impossible in a two�stream low�temperature
plasma. It follows from Figs. 5a and 5c that the growth
rates of wave perturbations propagating at sufficiently

small angles with respect to the flow velocity ( )
is the highest at . Oscillations with wave�
lengths longer than the flow width ( ) grow at

θ < θcr
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the highest rate if they propagate along the flow, as can
be seen in Fig. 5c, which shows the normalized growth
rate as a function of the angle θ for perturbations with
different wavenumbers, ka = 0.5, 1.0, and 1.5. Waves
propagating at sufficiently large angles with respect to

the flow velocity ( ) should be analyzed with
allowance for the finite width of the transition layer
(see the remark made in Section 3.2.1). However,
when the width of the transition region is much
smaller than the flow width, they should play a minor
role in the generation of long�wavelength oscillations
with ka < 1.0. Figure 5b shows the phase velocity nor�
malized to the flow velocity  as a function of ka. It
can be seen that waves propagating along the flow have
the maximum phase velocity.

3.2.3. Figure 6 shows the solutions to general dis�
persion relation (7) obtained for the same parameters
as in Fig. 5, except for , i.e., for a mag�
netic field in the flow stronger (or a flow velocity lower)
than that in the case considered in Section 3.2.2.
According to Eq. (10), the ratios of the Alfvén veloci�
ties in the ambient plasma to the flow velocity also
change. In domain 1, where , we have

 and, in domain 2, where , we
have . It should be noted that, in this
case, the flow velocity is lower than the sum of the
Alfvén velocities in the flow and domain 1,

. It follows from the dispersion relation
that, in this case (similar to the case presented in
Fig. 4), the three�layer system can be unstable if the
flow velocity is higher than the sum of the Alfvén
velocities in the flow and domain 2. As was expected,
an increase in the magnetic fields in the system and/or
a decrease in the flow velocity leads to a substantial
decrease in the instability growth rate. Moreover, for
the parameters corresponding to Fig. 6, the system
became more stable against the excitation of long�
wave oscillations with .

4. STRUCTURE OF EIGENMODES 
AND DEFORMATION 

OF THE FLOW BOUNDARIES

4.1. Components of the Magnetic and Electric Fields
of the Wave

Let us denote a small deviation of the total (gas�
kinetic plus magnetic) pressure from its equilibrium

value as , where j = 1, 2, f. Using

Eqs. (1) and (2), we can express the components of the
perturbed magnetic field  and perturbed velocity

 in terms of . When the plasma flow velocity is
nonzero only in the bounded domain –a < z < a and
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and the components of the perturbed velocity are

(12)

where , , and  and  are
defined by formulas (8).

The components of the wave electric field can be

obtained from the relationship , where c is

the speed of light. Obviously, if the magnetic fields and
the flow velocity are directed along the x axis, then the
component of the perturbed electric field  is identi�
cally zero in all three domains, independently of the
plasma parameters and wave propagation direction.
The remaining pair of the electric field components
can easily be expressed in terms of the components of
the wave magnetic field,

(13)

These formulas show how the components of the mag�
netic field bz and by of the excited wave are related to
the components of the electric field ey and ez.

4.2. Structure of Eigenmodes Propagating 
along the Flow, θ = 0

Let us consider the structure of eigenmodes propa�
gating along the flow velocity. It follows from Eqs. (11)
and (13) that, in this case, the magnetic field compo�
nent by and the corresponding electric field compo�
nent ez are absent in the wave field.

Figures 7 and 8 show the results of calculations for
the case in which the plasma has the same parameters
on both sides of the flow and  (see Sec�
tion 3.1, Fig. 2). In this case, there are two eigen�
modes, antisymmetric and symmetric. The distribu�
tions of the pressure and the transverse components of
the magnetic and electric fields in these modes are
shown in Figs. 7 and 8, respectively, for two typical val�
ues of the ratio between the ion acoustic velocity and
the flow velocity. The heavy and light curves show the

structure of modes for  and ,
respectively. The calculations were performed for a
wave perturbation with ka = 1.0 for the instant at
which the absolute value of the total perturbed pres�
sure at the flow boundaries in the given cross section of
the flow is at maximum. Figure 7a shows the profile of
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the total perturbed pressure normalized to its maxi�
mum value, , along the z coordinate nor�
malized to the half�width a of the flow for the antisym�
metric mode, and Figs. 7b and 7c show the profiles of
the real parts of the normalized components of the

magnetic ( ) and electric

( ) fields, respectively, calculated by

formulas (11) and (13). Similar profiles for the sym�
metric mode are shown in Fig. 8.

It can be seen from Figs. 7 and 8 that, at a high
plasma temperature ( ), the perturbed pressure,
perturbed magnetic field, and wave electric field
decrease monotonically on both sides of the flow. In a

low�temperature plasma ( ), the distribu�
tions have an oscillatory–damped transverse struc�
ture. In the antisymmetric mode, one or two oscilla�
tions with amplitudes much smaller than those inside
the flow are observed in the ambient plasma. For the
symmetric mode, the distributions execute a large
number of oscillations that damp slowly and, accord�
ingly, penetrate more deep into the ambient plasma.
However, as was shown in Section 3.1, the oscillation
growth rate of the antisymmetric mode in a low�tem�
perature plasma is much higher than that of the sym�
metric one; hence, the maximum value of the total
perturbed pressure , in terms of which ,
are expressed, is also substantially larger for the anti�
symmetric mode.

As was expected, the pressure  is continuous at
the flow boundaries , because it is this condi�
tion (together with the continuity of plasma displace�
ment  at the interfaces) that was used in deriving the
general dispersion relation. In Figs. 7 and 8, the com�
ponent  of the wave magnetic field and the corre�
sponding electric field component  are also contin�
uous at the flow boundaries . This is because,
in the case at hand, the external magnetic fields in the
flow and the ambient plasma are the same. If we
express the z component of the velocity in terms of the
displacement , then, in the linear approximation, we
have . Comparing this relationship
with the last formula in Eqs. (12) and taking into
account that the plasma displacement in the z direc�
tion is continuous, we find that . Thus,
the discontinuity of the external magnetic field causes
the discontinuity of the z component of the perturbed
magnetic field and the y component of the wave elec�
tric field. The behavior of the magnetic field compo�
nent , directed along the external magnetic field,
depends substantially on the plasma temperature. In a
hot incompressible plasma ( ), all the wave�
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numbers are the same, kf = k1 = k2 = . In

this case, we have ; then, it follows from

Eqs. (11) that  has a discontinuity at the flow bound�

+ ≡
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aries for both the symmetric and antisymmetric modes

(see Figs. 7b, 8b). In a cold plasma ( ), the
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ues of the ratio ,  at the flow bound�
aries . It follows from formulas (6) and (8)

that, for θ = 0, the ratio  is continuous at the
layer flow boundaries. Therefore, for waves propagat�
ing along the magnetic field, the component  is con�
tinuous. For perturbations propagating obliquely to
the magnetic field, the real and imaginary parts of the
component  (or one of them) are discontinuous at
the flow boundaries, because, in this case,

. In the limiting case of an
incompressible plasma, we have  for both the
symmetric and antisymmetric modes. As the temper�
ature decreases, both bx and bz increase and become of
the same order of magnitude in a low�temperature

plasma ( ).

In Figs. 7 and 8, the results of calculations are pre�
sented for the instant at which the absolute value of the
total perturbed pressure at the flow boundaries is at
maximum. Since all the physical quantities related to
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the wave perturbation oscillate in time and space
according to Eq. (4), their time behavior can be recon�
structed by successively varying the oscillation phase.
Figure 9 shows the z profiles of the magnetic field
components for the antisymmetric mode in a low�

temperature plasma ( ). Here, the light
solid curves show the profiles of  and  presented in
Fig. 7b; it is assumed that these curves corresponds to
the phase . The heavy dashed curves, light
dashed curves, and dashed�and�dotted curves show
the profiles of the magnetic field components for

, 0.5π, and 0.7π, respectively. The heavy
solid line shows the profiles constructed for the phase
shift corresponding to one�half of the oscillation
period, . Figure 9 clearly demonstrates the
time behavior of the antisymmetric mode, which has
an oscillatory–damped structure across the flow.

4.3. Structure of Eigenmodes Propagating Obliquely
to the Flow Velocity

In a wave propagating obliquely to the flow velocity,
all three magnetic field components, bx, by, and bz, and
two electric field components, ey and ez, are nonzero.
Figure 10 shows the profiles of the normalized mag�

netic field component  and the corre�

sponding electric field component ,

which are absent in a wave propagating along the flow.
The calculations were performed for an antisymmetric
mode propagating in a low�temperature plasma at an

angle of  to the flow velocity for the same
parameters of the plasma system as in Fig. 7. The solid
and dashed curves show the profiles of the real and
imaginary parts of the field components, respectively,
calculated by formulas (11) and (13). In this case, the
discontinuities of the imaginary part of  at the flow
boundaries  cause the discontinuities of the real
part of . The discontinuities of the imaginary part
of  follow from the fact that the quantity 

 (see Eqs. (8)), through which the y compo�
nent of the magnetic field is expressed in Eqs. (11), is
discontinuous at the flow boundaries .

Let us consider the structure of the eigenmodes cor�
responding to the solutions to dispersion relation (7)
obtained in Section 3.2.2 for the case in which the
plasma densities and temperatures are different in all

three domains: ,  = 0.001,

, , , and

. According to formula (10), the mag�
netic fields in domains 1 and 2 are different,  =
0.373 and . Figure 11 shows the trans�
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verse profiles of the normalized magnetic field compo�
nents in the asymmetric mode for waves propagating
along the flow (θ = 0, Fig. 11a) and at an angle of θ =
30° to the flow (Fig. 11b). In both cases, the transverse
magnetic field component  is discontinuous at the
flow boundaries . As was discussed above, this
discontinuity is caused by the discontinuity of the
external magnetic field at the flow boundaries. As the
wave propagation angle θ with respect to the flow
increases, the bz component of the magnetic field
decreases monotonically, whereas the by component
increases to its maximum value and, then, decreases
according to formula (11).

4.4. Deformation of the Flow Boundaries

According to Eq. (4), the solutions considered in
this study depend periodically on the coordinates x
and y. If the plasma has the same parameters on both

zb
= ±/ 1z a

sides of the flow, the flow boundaries oscillate in the
z direction either in phase (antisymmetric, or kink�
like, eigenmodes) or in antiphase (symmetric, or sau�
sage�like, eigenmodes). In the general case of arbitrary
plasma parameters, the eigenmodes are asymmetric
and the flow boundaries can oscillate with different
amplitudes and phases. It was shown in [11] that, for
the parameters typical of the plasma sheet boundary
layer, oscillations propagating along the flow corre�
spond to kink�like deformations of the flow. Figure 12
shows the displacements of the flow boundaries  in
the z direction, normalized to the maximum displace�
ment of the boundary between the flow and domain 1.
The ratio  is shown as a function of the ratio
x/a for a wave perturbation with ka = 1 propagating at

an angle of  to the flow. The displacements in
Fig. 12 correspond to the solutions shown in Fig. 5.
For convenience of comparison, the profiles of both
boundaries are superimposed. The boundary between
the flow and domain 1 is shown by the solid line, and
that between the flow and domain 2, by the dashed
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line. It can be seen that, similar to the case of wave per�
turbations propagating along the x axis (θ = 0), the
flow boundaries oscillate in close phases. In Fig. 12,
the displacements of the flow boundaries are shown
for the case in which the flow velocity is higher than
the sum of the Alfvén velocities in the flow and domain
1 or 2 and the amplitude of oscillations of the upper
boundary is larger than that of oscillations of the lower
boundary. For boundary displacements corresponding
to the case considered in Section 3.2.3 (the flow veloc�
ity is lower than the sum of the Alfvén velocities in the
flow and domain 1, but higher than the sum of the
Alfvén velocities in the flow and domain 2), the ampli�
tude of oscillations of the upper boundary is smaller
than the that of oscillations of the lower boundary, but
the flow again undergoes kink�like deformation, i.e.,
the boundaries oscillate in close phases.

5. CONCLUSIONS

KHI in a plane three�layer geometry has been ana�
lyzed with allowance for plasma compressibility. A
general dispersion relation for the case of arbitrarily
oriented magnetic fields and flow velocities in the lay�
ers has been derived. Stability of a plasma flow propa�
gating in the bounded domain has been considered in
detail under the assumption that the ambient plasma is
at rest and the magnetic fields in all three domains are
directed along the flow velocity. Such a three�layer
model adequately describes specific features of fast

plasma flows propagating in the plasma sheet bound�
ary layer of the Earth’s magnetotail.

The experimental data obtained in the course of the
CLUSTER multisatellite project were thoroughly ana�
lyzed in [5, 10]. It was shown in [10] that, the propa�
gation of fast plasma flows along the magnetic field in
the plasma sheet boundary layer is accompanied by
magnetic field oscillations also propagating along the
magnetic field. The flow velocities were found to be
more than twice as high as the local Alfvén velocity, the
oscillations had the shape of a kink�like mode, and the
oscillation wavelengths were in the range of 5–
20 Earth’s radii.

Although the three�layer model is rather simpli�
fied, analysis of KHI in such a model makes it possible
to explain almost all characteristic features of the phe�
nomena observed. In our opinion, the most important
result is that perturbations with wavelengths on the
order of or larger than the flow width can grow in an
arbitrary direction even at a zero temperature. This
result differs drastically from the commonly consid�
ered case of two semi�infinite plasmas separated by a
plane interface and propagating with respect to one
another. In the latter case, there is a range of angles
near the direction of the flow velocity in which wave
generation in a low�temperature plasma ( ) is
impossible. In the three�layer plasma, long�wave�
length oscillations can be excited at any angles. Calcu�
lations performed for the parameters close to the
actual ones show that, in this case, oscillations with
wavelengths longer than the flow width ( ) and
propagating along the magnetic field grow at the high�
est rate. For a flow width of 3000 km, the wavelengths
of these oscillations are longer than six Earth’s radii,
which agrees with the observed wavelengths (5–
20 Earth’s radii). Note that long�wavelength oscilla�
tions accompanying fast plasma flows propagate just
along the magnetic field. Numerical calculations show
that, in a low�temperature plasma, the growth rates of
the eigenmodes resulting in kink�like deformations of
the flow are much higher than those of eigenmodes
resulting in sausage�like deformations. According to
experimental data, oscillations in the plasma sheet
boundary layer have the shape of a kink mode. Analy�
sis of the structure of eigenmodes has shown that, at
low plasma temperatures, the modes have an oscilla�
tory�damped transverse structure. Unfortunately, the
available experimental data are insufficient to deter�
mine the fine structure of long�wavelength oscillations
excited by fast plasma flows propagating in the plasma
sheet boundary layer.
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