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We present surprising observations by the NASA Van Allen Probes spacecraft of whistler waves
with substantial electric field power at harmonics of the whistler wave fundamental frequency. The wave
power at harmonics is due to a nonlinearly steepened whistler electrostatic field that becomes possible
in the two-temperature electron plasma due to the whistler wave coupling to the electron-acoustic mode.
The simulation and analytical estimates show that the steepening takes a few tens of milliseconds. The
hydrodynamic energy cascade to higher frequencies facilitates efficient energy transfer from cyclotron
resonant electrons, driving the whistler waves, to lower energy electrons.
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Whistler waves play a fundamental role in electron
acceleration in space [1,2], solar wind [3], and astrophysi-
cal [4] plasmas, and they continuously stimulate laboratory
plasma experiments [5,6]. In particular, whistler waves
are one of the factors controlling the dynamics of the Van
Allen radiation belts [7], where they are generated via the
cyclotron resonant instability with regularly injected
∼10 keV anisotropic electrons [8]. Whistler waves mediate
the energy of the injected electrons to higher and lower
energy electrons via the resonant interaction, resulting in
electron acceleration up to relativistic energies [1,2] and
electron losses to the atmosphere [9].
Whistler waves are typically observed in the form of

quasimonochromatic wave packets propagating quasipar-
allel to the background magnetic field [10]. The whistler
wave field is decomposed into the electrostatic field along
the wave vector k and elliptically polarized electromag-
netic field perpendicular to k [11]. Whistler waves are
fundamentally different from compressible sound waves
in fluids and plasmas [12,13] in that the whistler electro-
static field has been argued not to steepen [14]. In
accordance, the reported whistler waves in the Van
Allen radiation belts typically have quasisinusoidal wave-
forms even at the highest observed amplitudes [15].
Slightly nonsinusoidal electric field waveforms have been
attributed to electrons trapped within the whistler electro-
static field [16].
In this Letter, we present whistler waves with a surpris-

ingly significant electric field power at harmonics of the
fundamental frequency that are due to the highly non-
sinusoidal waveform of the whistler electrostatic field (also
recently reported in Ref. [17]). The wave energy cascade to
higher frequencies is due to the classical hydrodynamic

steepening that becomes possible in the two-temperature
electron plasma.
The twin NASAVan Allen Probes spacecrafts, launched

on August 30, 2012 into the Van Allen radiation belts,
provide wave and particle measurements with unprecedent
time resolution. We present Van Allen Probe A measure-
ments on May 1, 2013 near Earth’s magnetic dipole equator
(at magnetic latitude of about 1°) at the geocentric radial
distance of 5.5 Earth radii. During the considered time
interval, the background magnetic field is about 87 nT,
while the electron density inferred from estimate of the
upper hybrid frequency is about 3.2 cm−3. The electron
cyclotron and plasma frequencies are fc ∼ 2.5 kHz and
fp ∼ 16 kHz.
Figure 1 shows one second of the waveform of whistler

waves continuously present for more than ten seconds
around 11∶27:25 UT. The left panels show the waveform in
the coordinate system related to the background magnetic
field. Surprisingly, the waveform of the parallel electric
field is highly nonsinusoidal, in contrast to the other electric
and magnetic field components. The middle panels present
30 ms of the waveform in the coordinate system with the Z
axis along the whistler wave vector that is the direction
delivering minimum to the root mean square of div B [18].
In this coordinate system, the whistler wave field is
decomposed into the electrostatic field Ez and the electro-
magnetic field in the XY plane (Fig. 2).
The selected 30 ms whistler wave packet propagates

at the wave normal angle θ ∼ 15°. The electromagnetic
fields have quasisinusoidal waveforms and their spectra
are peaked at f ∼ 450 Hz that is about 0.2fc. There is a
good correlation between Ey and Bx, in accordance with
Faraday’s law, and Ey=Bx provides the phase velocity
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estimate of about 15 000 km=s that is in reasonable agree-
ment with c½fðfc cos θ − fÞ=f2p�1=2 ∼ 17 500 km=s from
the dispersion relation in a cold plasma [11]. The electro-
static field Ez has a highly nonsinusoidal waveform with
pronounced negative electric field spikes showing up in the
wave spectrum as electric field power at harmonics of
∼450 Hz. Van Allen Probe measurements show that the
whistler waves are associated with the presence of the two-
temperature electron population.
Figure 3 presents cuts of the electron spectrum corre-

sponding to fluxes of electrons with pitch angles around 0°
and 90°. The energy spectrum is anisotropic above a few
keV, as required to excite whistler waves via the cyclotron
resonant instability [8]. The high-energy part of the electron
spectrum is fitted to the κ− distribution, resulting in a

density ∼2 cm−3 and a temperature ∼4.3 keV. The spec-
trum is not resolved below 100 eV because of contamina-
tion by photoelectrons. The total electron density of about
3.2 cm−3 indicates the density of the low-energy electron
population (below ∼1 keV) of about 1.2 cm−3. The tem-
perature of the low-energy population is below a few
hundred eV.
We address the whistler wave dynamics in the two-

temperature electron plasma using the hydrodynamic and
Maxwell equations. Because of the high whistler wave
frequency, ions can be considered as immobile charge
neutralizing background [11]. In the coordinate system

FIG. 1. The left panels present electric and magnetic field waveforms measured with cadence 16384 samples/s by the Electric Field
Instrument [19] and Electric and Magnetic Field Instrument Suite and Integrated Science [20] aboard the Van Allen Probe A on May 1,
2013. The waveforms are in the coordinate system related to the background (DC) magnetic field: E⊥, B⊥ are one of the electric and
magnetic field components perpendicular to the background magnetic field, while Ek, Bk are parallel to it. The middle panels present the
waveform over 30 ms in the natural coordinate system shown in Fig. 2. The right panel presents the spectrum of the electrostatic Ez and
electromagnetic Ex, Bx fields for the selected 30 ms.

FIG. 2. The coordinate system with the Z axis along the wave
vector directed at a wave normal angle θ, with respect to the
background magnetic field B0. The whistler wave field is
decomposed into the electrostatic field Ez and the electromag-
netic field in the XY plane.

FIG. 3. The spectrum (phase space density) of electrons with
pitch angles around 0° (streaming parallel to the background
magnetic field) and around 90° (streaming perpendicular to it)
computed by converting the fluxes measured by the Helium
Oxygen proton electron (HOPE) detector [21] over 10 seconds,
around 11∶27:25 UT. The high-energy part of the spectrum is
fitted to F ðEÞ ¼ nCκðm=2πκE0Þ3=2½1þ E=κE0�−ðκþ1Þ, where Cκ ¼
Γðκþ1Þ=Γðκ−1=2Þ, n is the density, and T ¼ 2κE0=ð2κ − 3Þ is
the temperature. The fitting parameters κ, n, and T are presented in
the panel.
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shown in Fig. 2, the hydrodynamic equations for the two
electron populations can be written as

d
dt

�
uj −

eAx

mc

�
¼ −2πfcvj cos θ;

d
dt

�
vj −

eAy

mc

�
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dwj
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¼ e

m
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∂ðTjnjÞ
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−
e
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�
;

dnj
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¼ −nj
∂wj

∂z ;
d
dt

≡ ∂
∂tþ wj

∂
∂z ;

where j ¼ l, h corresponds to the low- and high-
energy populations, nj, ðuj; vj; wjÞ and Tj are electron
densities, bulk velocities and temperatures, and −e
and m are the electron charge and mass. The Maxwell
equations for the electrostatic and vector potentials
are ∂2Φ=∂z2 ¼ 4πeðPjnj − n0Þ and ∂2A=∂z2 ¼
ð4πe=cÞPjðnjujx̂þ njvjŷÞ, where n0 is the unperturbed
electron density and the displacement current is neglected
because ∂2=∂t2 ≪ c2∂2=∂z2. We neglect the thermal
spread of the low-energy population as not qualitatively
affecting the whistler wave dynamics. The high-energy
population is assumed to be isothermal Th ¼ const as in the
theory of ion-acoustic waves [13], because its thermal
velocity is higher than the whistler wave phase velocity. By
linearizing the equations we obtain the dispersion relations
of linear waves propagating in the observed plasma.
Figure 4 shows that the whistler wave dispersion relation

is not affected by the thermal spread, and it coincides
with the cold dispersion relation, f ≈ fc cos θk2c2=
ðk2c2 þ 4π2f2pÞ [11]. The two-temperature electron
plasma supports electrostatic electron-acoustic waves,
the dispersion relation of electron-acoustic waves
at long wavelengths is 2πf ≈ kvEA cos θ, where vEA ¼
ðTh=mÞ1=2ðnl=n0Þ1=2 is the electron-acoustic velocity
[22,23]. Whistler and electron-acoustic waves turn out to
be coupled in the crossover points at f ∼ 0.2fc and ∼0.8fc.
The most pronounced effect around the crossover frequen-
cies is seen in the electron compressibility that is the ratio
of amplitudes of compressional wj and noncompressional
bulk velocities. The high- and low-energy electron pop-
ulations become highly compressible around the crossover
frequencies, although the full electron compressibility
remains negligible because compressional oscillations of
the high- and low-energy electron populations are in
antiphase.
We address the nonlinear evolution of whistler waves by

solving the hydrodynamic and Maxwell equations using
the energy conserving numerical scheme based on the fast

Fourier transform previously used for the analysis of the
steepening of electron-acoustic waves [24]. The initial
condition is a monochromatic whistler wave of a realistic
amplitude. We have found that whistler waves with the
frequency far from the crossover frequencies remain
undisturbed in accordance with the previous simulations
[14]. On the contrary, whistler waves with the frequency
around the crossover frequencies exhibit a fundamentally
different behavior.
Figure 5 presents the evolution of a whistler wave with

the frequency f0 around the first crossover frequency
corresponding to the wave number k0 ∼ πfp=c. The evo-
lution of the electrostatic potential exhibits signatures of the
classical hydrodynamic steepening (overtaking) inherent to
sound waves in fluids and plasmas [12,13]. The steepening
produces the negative electric field spikes in the electro-
static component. The spikes become quite pronounced
after about 40 ms and resemble those in observations. The
magnetic field Bx and the other electromagnetic compo-
nents are slightly distorted in accordance with the presence
of some wave power at the harmonics in the observed
spectra (Fig. 1).
The steepening of the whistler electrostatic field is

identical to the steepening of electron-acoustic waves [24].
In fact, the physics of the effect are equivalent. An initially
monochromatic sufficiently long wavelength electron-
acoustic wave (f, k) produces harmonics (lf, lk) that are

FIG. 4. The dispersion relation of linear waves propagating in
the observed two-temperature electron plasma below the electron
cyclotron frequency and above the low-hybrid frequency (ions
are considered as immobile charge neutralizing background). The
dispersion relations are computed for the wave normal angle
θ ¼ 15°. The dashed green curve shows the dispersion relation of
whistler waves in a cold plasma computed by setting zero thermal
spread of the high-energy population. The small panel presents
the compressibility of the high-energy population and the full
electron compressibility defined as the ratio of amplitudes of the
compressional velocities wh and w0 and noncompressional bulk
velocity ðu20 þ v20Þ1=2, where ðu0; v0; w0Þ ¼

P
jnjðuj; vj; wjÞ=n0

is the full electron bulk velocity.
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in phase with the fundamental wave due to the linear
dispersion relation at long wavelengths. Similarly, the
whistler wave (f0, k0) produces electron-acoustic waves
(lf0, lk0) that are in phase until ðlk0Þ−1 becomes compa-
rable to the dispersive scale of the electron-acoustic mode
that is the Debye length λD ¼ ðTh=4πn0e2Þ1=2. Therefore,
the number of harmonics may not exceed l ∼ ðk0λDÞ−1∼
cðTh=mÞ−1=2 ∼ 10, which is consistent with the observed
spectrum. Because the steepening of long electron-acoustic
waves is known to be described by the Korteweg-de Vries
equation [25], we can estimate the steepening time of the
whistler electrostatic field as τs ∼ 2AðmThÞ1=2ðeE0Þ−1,
where E0 is the initial amplitude of the whistler electrostatic
field and A−1 ¼ ðnh=nlÞ1=2ð3þ nl=nhÞ [24,25]. Assuming
the typical amplitude E0 ∼ 10 mV=m, we find τs ∼ 50 ms,
which is consistent with the simulation results. The slight
distortions of the electromagnetic components in the simu-
lations appear because of the high-frequency perturbations of
the current densities of the low- and high-energy electrons.
After about 60 ms, the energy leaks out of the

steepening region due to the electron-acoustic wave
dispersion converting the electric field spikes into oscil-
lations that are inconsistent with observations. The spikes
remain persistent in the presence of some dissipation
mechanism; e.g., the collisional Burgers dissipation [12]
provides persistency of the spikes. In collisionless plasma
of the radiation belts, the dissipation is provided not by
collisions but by resonant wave-particle interactions,
which do not have straightforward inclusion into our
hydrodynamic approach. The wave-particle interaction

effects were originally included into the hydrodynamic
description of ion-acoustic waves [26], and it has been
confirmed in simulations of electron-acoustic [24] and
Alfvén [27] wave steepening that the collisionless dis-
sipation is capable of providing the persistency of the
electric field spikes and magnetic field pulses.
A whistler wave can efficiently exchange energy with

electrons with the parallel velocity vk, satisfying the
resonance condition, ω − kkvk ¼ nωc, where ω ¼ 2πf,
ωc ¼ 2πfc, kk ¼ k cos θ and n ¼ 0;�1;… [28]. The
steepening of the whistler electrostatic field allows wave
energy to cascade to higher frequencies and wave numbers,
opening the door for many more resonances: ω − kkvk ¼
nωc=l. This facilitates the efficient energy transfer from the
cyclotron resonant electrons, driving the whistler wave, to
other electron populations; in particular, to lower energy
electrons.
In summary, whistler waves propagating in the two-

temperature electron plasma can exhibit the classical
steepening producing pronounced spikes in the whistler
electrostatic field. The steepening occurs due to the
whistler wave coupling to the electron-acoustic mode
around the crossover frequency that depends on the
background plasma parameters. We have demonstrated
the steepening of monochromatic whistler waves with a
frequency close to the crossover frequency. In reality,
whistler waves are generated in the form of wave packets,
and the effect of the coupling will be noticeable for
whistler wave packets with non-negligible wave power
around the crossover frequency f that satisfies

FIG. 5. The evolution of initially monochromatic whistler wave with a realistic amplitude and frequency f0 around the first crossover
frequency ∼0.2fc. The simulation results are presented in the whistler wave reference frame (propagating with the whistler wave
phase velocity with respect to ions). The electrostatic potential and electrostatic field are normalized to mc2=e and mc2=ede, where
de ¼ c=2πfp is the electron inertial length. The magnetic field Bx is normalized to the background magnetic field B0. The
electromagnetic field components Ex, Ey and By have profiles identical to Bx up to a shift in phase.
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4πnlTh=B2
0 ∼ f=fc cos θ − ðf=fc cos θÞ2. The steepening

explains surprising observations of whistler waves with
significant electric field power at harmonics of the whistler
wave’s fundamental frequency in the Van Allen radia-
tion belts.
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