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The classical connection between symmetry breaking and the onset of chaos in dynamical systems harks
back to the seminal theory of Noether [Transp. Theory Statist. Phys. 1, 186 (1918)]. We study the
Lagrangian kinematics of steady 3D Stokes flow through simple cubic and body-centered cubic (bcc)
crystalline lattices of close-packed spheres, and uncover an important exception. While breaking of point-
group symmetries is a necessary condition for chaotic mixing in both lattices, a further space-group (glide)
symmetry of the bcc lattice generates a transition from globally regular to globally chaotic dynamics. This
finding provides new insights into chaotic mixing in porous media and has significant implications for
understanding the impact of symmetries upon generic dynamical systems.

DOI: 10.1103/PhysRevLett.120.024501

Since the foundational studies of dynamical systems,
dating back to the seminal theory of Noether [1] regarding
the connection between system symmetries and conserved
quantities, symmetry breaking has become almost synony-
mous with the onset of chaotic dynamics [2]. This relation-
ship has been repeatedly observed [3] over diverse systems
spanning optical [4], celestial [5], quantum [6], and
geophysical [7] applications. While a broad zoology of
routes to chaos in dynamical systems have been docu-
mented [8], symmetry breaking overwhelmingly acts as a
precursor to these transitions. We present a dynamical
system which directly contradicts this notion, in that the
presence of a space-group symmetry generates a transition
from globally regular to globally chaotic dynamics. This
hitherto unobserved phenomenon has significant implica-
tions for the understanding of chaos and bifurcations over a
broad range of dynamical systems, as the importance of
space-group symmetries has not been identified previously.
Specifically, we study the Lagrangian kinematics of

steady Stokes flow through arrays of close-packed spheres,
which represent the simplest embodiment of discrete
(granular) porous media. These mixing mechanisms have
received significant attention in the context of natural porous
media [9–13], primarily driven by observations that classical
dispersive concepts assuming well-mixed conditions fail to
capture the mixing and reaction dynamics [14–18]. While
recent studies have investigated fluid velocity and transport
or mixing at the pore scale [19–23], the impact of pore scale
structure upon mixing is an open question.
Recent studies [24–26] have also established that chaotic

mixing is inherent to three-dimensional (3D) porous media
for which the solid phase is continuous (i.e., not granular),
such as open porous networks.While such chaotic mixing is
driven by the topological complexity inherent to all porous

media, it is unknown whether these concepts apply to
discrete porous media as their topology is now contingent
upon pointlike contacts between grains. Specifically, these
cusp-shaped grain contacts render the fluid-solid boundary
nonsmooth (i.e., it does not form a differentiable manifold),
which invalidates the Poincaré-Hopf theorem central to the
chaotic mixing mechanism.
To address these fundamental questions, we explore the

Lagrangian kinematics of steady 3D Stokes flow in simple
cubic (SC) and body-centered cubic (bcc) arrays of close-
packed spheres. We study the mixing dynamics of the
advection equation _x ¼ vðxÞ, where “mixing” describes
ergodicity of the (purely advective) Lagrangian kinematics
rather than advection diffusion. Such chaotic fluid advec-
tion leads to accelerated scalar dispersion when coupled to
molecular diffusion [25,27]. The SOð3Þ rotational sym-
metry of the primary particles means that the mixing
dynamics are solely governed by the basic lattice structure
and relative mean flow orientation. As for generic dynami-
cal systems, symmetries play a key role in controlling the
Lagrangian topology [28–32]. We aim at understanding
the link between mixing dynamics, flow orientation, and
the underlying lattice symmetries.
The SC and bcc sphere arrays can be represented by the

base vectors sðiÞ, i ¼ 1∶3 of their primitive cells shown in
Fig. 1(a). The close-packed, unit radii spheres are centered
at positions r ¼ r0 þ

P
3
i¼1misðiÞ withmi ¼ 0;�1;…, and

sð1Þ ¼ 2ð1; 0; 0Þ, sð1Þ ¼ 2=
ffiffiffi
3

p ð1; 1;−1Þ for the SC and bcc
lattices, respectively, where sð2Þ, sð3Þ are given by cyclical
permutations of these vectors. The unit cell lengths of the
SC and bcc lattices are l ¼ 2; 4=

ffiffiffi
3

p
, respectively, and

r0 ¼ ð−l=2;−l=2;−l=2Þ. As the octahedral bcc primitive
cell is the dual of the cubic SC primitive cell, the SC and
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bcc lattices share the same ðm3mÞ symmetry point group,
which consists of two sets of equivalent reflection sym-
metries: Sm1 ¼ f½100�; ½010�; ½001�g and Sm2 ¼ f½110�; ½101�;
½011�; ½1 − 10�; ½10 − 1�; ½01 − 1�g, some of which are
shown in Fig. 1(b). We denote the Sm1 symmetry planes
on the unit cell midplanes (faces) as Li (L0

i), with
i ∈ fX; Y; Zg. The normal vectors of the 9 reflection
symmetry planes associated with Sm1 , S

m
2 can be expressed

in spherical coordinates as ðθ;ϕÞ ∈ ðnπ=4; mπ=4Þ for all 9
permutations of n;m ∈ f−1; 0; 1g, where ðθ;ϕÞ ¼ ð0; 0Þ,
aligns with êX [Fig. 1(b)]. The mean flow orientation is
denoted by the spherical coordinates ðθf;ϕfÞ. For both
lattices the Sm1 and Sm2 point group symmetries reduce the
set of unique flow orientations ðθf;ϕfÞ to the parameter
space H∶ðθf;ϕfÞ ∈ ½0; π=4� × ½0; π=4�.
To study the Lagrangian dynamics in the SC and bcc

lattices, we compute the steady 3D Stokes velocity field
vðxÞ over H to high precision (rms error 10−14) over the
fluid domain D within each lattice primitive cell. No-slip
conditions are imposed on the sphere surfaces ∂D, and
periodic conditions on the cell faces. To quantify the
magnitude of fluid deformation per unit cell length l
traversed in the longitudinal direction, we calculate the
infinite-time Lyapunov exponent λ as

λ≡ lim
t→∞

l
2sðtÞ ln½νðtÞ�; ð1Þ

where νðtÞ is the largest eigenvalue of the Cauchy-Green
tensorCðX; tÞ ¼ F⊤ · F, F the deformation gradient tensor,
sðtÞ≡ q · ðxðtÞ − xð0ÞÞ=jqj the longitudinal distance trav-
elled at time t, and q the mean flow vector. To improve
convergence, Eq. (1) is computed in streamline coordinates
[34,35] from a random set of initial positions X; hence, λ
represents an average over all distinct Lagrangian topol-
ogies of the flow. The distribution of λ over H for the two
lattices is shown in Fig. 2(c).

The orientation of the mean flow with respect to the S1m,
S2m reflection symmetries is fundamental to Lagrangian
dynamics. Figure 2(a) depicts a sharp transition from
regular, periodic streamlines when the flow is normal to
a Sm1 reflection symmetry, to strong chaotic mixing for a
weak breaking of this symmetry [Fig. 2(b)]. The S1m, S2m
reflection symmetries also explain the completely regular
Lagrangian dynamics (λ ¼ 0) observed for both lattices
along the transects θf ¼ π=4 and θf ¼ ϕf inH, as reflected
by the nested KAM tori shown in Figs. 2(d), 2(e).
In addition to these reflection symmetries, the bcc lattice

also possesses a set of space group glide symmetries
consisting of a translation and reflection, e.g.,

G�
Z ∶ ðX; Y; ZÞ ↦ ðX þ l=2; Y þ l=2;−Z � l=2Þ; ð2Þ

with similar glide symmetries for X, Y reflections. These
glide symmetries do not occur in the SC lattice due to
absence of a central sphere in the unit cell. In the bcc lattice,
for mean flows oriented parallel to the planes G�

Z ∶ Z ¼
�l=4 [Fig. 3(a)], a series of material surfaces (consisting of
streamlines) M�

Z satisfies the glide symmetries G�
Z . As

shall be shown, these play a critical role in the generation of
chaotic mixing.

FIG. 1. (a) Primitive (green) and unit (red) cells for the SC (left)
and bcc (right) packings (spheres are shrunk for visualization).
(b) Selected Sm2 reflection symmetry planes (yellow discs) of the
SC and bcc unit cells f½1 − 10�; ½10 − 1�; ½01 − 1�g which inter-
sect along ðθ;ϕÞ ¼ ðπ=4; π=4Þ. The purple region indicates the
flow parameter space H∶ðϕf; θfÞ ¼ ½0; π=4� × ½0; π=4�. Adapted
from [33].

FIG. 2. (a) Particle trajectories for two flow orientations in the
BCC lattice: 1 ðθf;ϕfÞ ¼ ð0; 0Þ, 2 ðθf;ϕfÞ ¼ ðπ=40; 7π=90Þ,
illustrating the sharp transition from regular flow to strong chaotic
mixing under small changes in the mean flow orientation.
(b) Intersection (black line) of a continuously injected material
line with the window shown in (a) for flow orientation 2; the red
circle indicates the upstream injection line (see video Anim1
[36]). (c) Distribution of the Lyapunov exponent λ over H for
BCC (main figure) and SC (upper inset) packings, where gray
denotes regular dynamics (λ ¼ 0) due to alignment of the mean
flow with the normal to a reflection symmetry plane. (d)–(f)
Poincaré sections [normal to (1,1,1)] for the BCC lattice, for
flow orientations ðθf;ϕfÞ: (d) ðπ=4; π=4Þ, (e) ðπ=5; π=5Þ,
(f) ðπ=8; π=40Þ, with corresponding λ shown in (c).
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From the flow computations overH, we find that chaotic
mixing within the bcc lattice is significantly stronger
(λ ∈ ½0; 0.19�) than within the SC lattice (λ ∈ ½0; 0.02�),
and exhibits a rich distribution of Lagrangian topologies
over H [Fig. 2(c)], as illustrated by Figs. 2(d)–2(f). These
differences are highlighted by the different behaviors along
the ϕf ¼ 0 transect in H, for which we observe strong
global chaotic mixing in the bcc lattice, whereas for the SC
lattice the flow is completely regular.
To explain these observations, we investigate the mech-

anisms of chaotic mixing in discrete porous media. As
discussed below they are fundamentally different from those
discovered in continuous porous media [24]. Under certain
conditions, interaction of flow with the sphere surfaces ∂D
generates 2D hyperbolic separation and reattachment sur-
faces [Fig. 3(c)]. These, respectively termed 2D unstable
WU

2D and stableWS
2D manifolds, respectively repel or attract

streamlines exponentially. Chaotic mixing then results if
these (un)stable manifolds intersect transversely in the fluid
bulk [see Fig. 4(c) and 3D animation ’Anim2’ in Ref. [36]),
forming a heteroclinic tangle [24,37].
We first consider the conditions for the generation of

such manifolds. These are tied to the existence of saddle

points in the skin friction field uðx1; x2Þ≡ ∂v=∂x3jx3¼0

over ∂D [Fig. 3(b)], where ðx1; x2Þ and x3, respectively,
are tangent and normal to ∂D. Nondegenerate critical
points xp of the skin friction field [i.e., uðxpÞ ¼ 0,
A≡ ∂u=∂xjxp ≠ 0] can be classified as nodes xN

p , saddles

xS
p, or centers xC

p , based on whether the real parts of the
eigenvalues of A have the same sign, different signs, or are
both zero. Nondegenerate saddle-node connections in u
form critical lines on the sphere surface; vector field lines of
u that act as strongly hyperbolic [38] attractors or repellers.
Because of mass conservation, separation ζS (∇⊥ · u < 0)
and reattachment ζR (∇⊥ · u > 0) critical lines, respectively,
generate 2D hyperbolic unstable and stable manifolds which
emanate from the sphere surface into the pore space.
In all continuous porous media the topological complex-

ity inherent to the geometry generates a large number
density of nondegenerate saddle points in the skin friction
field [24], which then guarantees the formation of 2D (un)
stable manifolds. However, for discrete porous media that
complex topology is no longer sufficient to guarantee the
formation of 2D (un)stable manifolds, due to the non-
smooth nature of the fluid-solid boundary, which renders
saddle points local to grain contacts as degenerate [39,40].
Despite this, we consistently observe formation of 2D

(un)stable manifolds throughout H for the SC and bcc
lattices [Fig. 3(a), 4(a)–4(c)]. Indeed their formation is
rendered possible in discrete media by bifurcations of the
skin friction field under steady flow (allowing this field to
admit nondegenerate saddle points, see Fig. 3). In this sense
fluid mixing differs markedly between continuous and
discrete porous media, as topological complexity alone
is insufficient to generate chaotic mixing in discrete porous
media. This explains the weaker mixing observed in
granular media (hλi ≈ 0.073 over the SC and bcc lattices)
with respect to open porous networks (hλi ≈ 0.118 [24]).
Given formation of 2D (un)stable manifolds, chaotic

mixing then hinges upon these forming a transverse

FIG. 3. (a) Vertically exploded view of sphere layers in the BCC lattice (with color convention identical to that in Fig. 5), LZ, L0
Z

reflection (gray) and G�
Z glide (blue) symmetry planes and material surfaces M�

Z (pink) for ϕf ¼ 0. (b) Forward (red) and backward
(blue) skin friction lines (thin) in spherical coordinates (θ;ϕ) over the sphere surface ∂D in the BCC lattice for ðθf ;ϕfÞ ¼ ðπ=8; π=40Þ,
with mean flow orientation (yellow dots), node xN

p (green dots), saddle xS
p (green crosses), and contact xc points (black discs) shown.

The separation (red) and reattachment (blue) critical lines ζ (thick, black dashed lines) and degenerate critical lines ~ζ (thick lines) are
colored according to ð∇ · uÞ=∥u∥ (left/right color bars). (c) 3D view of the same skin friction field, showing fluid streamlines (black),
stable (blue), and unstable (red) 2D manifolds emanating from critical lines ζ.

FIG. 4. Smooth heteroclinic connections for (a) the SC lattice
with ðθf;ϕfÞ ¼ ð3π=20; 0Þ (see also 3D animation Anim3 in
Ref. [36]) and (b) the bcc lattice with ðθf;ϕfÞ ¼ ðπ=4; 0Þ.
(c) Transverse heteroclinic intersection for the bcc lattice with
ðθf ;ϕfÞ ¼ ðπ=20; 0Þ (see also 3D animation Anim2 in Ref. [36]).
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heteroclinic connection. To understand the markedly differ-
ent Lagrangian kinematics between the bcc and SC lattices,
we consider the set of flow orientations ϕf ¼ 0, for which
the SC lattice exhibits globally regular dynamics while the
bcc lattice shows global chaotic mixing. For ϕf ¼ 0 the
flow is parallel to the reflection symmetry planes LZ, L0

Z
[Fig. 3(a)], so LZ is a material surface, which forces the
streamlines αS, αU formed by intersection of this plane with
WS

2D, WU
2D to connect smoothly [Fig. 5(a)]. However,

transverse connections are possible away from LZ, depend-
ing upon the curvature of the manifolds.
This is shown in Fig. 5(b), where L0

f is the symmetry
plane normal to the mean flow direction and midway
between the spheres S0, S1 [Fig. 5(a)]. The (un)stable
manifolds attached to these spheres are doubly symmetric
in L0

f due to the reflection symmetries of LX, LY , LZ, and
the time-reversal symmetry betweenWS

2D andWU
2D. As LZ,

L0
Z are symmetry planes, WS

2D and WU
2D can only intersect

these normally for both SC and bcc lattices. For the SC

lattice, this leads to uniformly smooth connections between
(un)stable manifolds [Fig. 5(c)] for all ϕf ¼ 0, as there is
no mechanism to destroy convexity of the manifolds about
the symmetry plane lZ of the lattice normal to L0

f. This
behavior explains the globally regular Lagrangian dynam-
ics (λ ¼ 0) observed for the SC lattice along ϕf ¼ 0.
Conversely, such crossing of the symmetry planes L0

Z by
WS

2D, WU
2D is not possible in the BCC lattice due to

presence of the glide symmetries G�
Z . For ϕf ¼ 0, they give

rise to the set of “egg tray”-shaped material surfaces M�
Z

between horizontal sphere layers [Fig. 3(a)]. These surfaces
contain the contact points between spheres and partition
the fluid domain into isolated layers between the M�

Z
surfaces and the LZ, L0

Z symmetry planes. Unlike the LZ,
L0
Z symmetry planes, the translational component of these

glide symmetries G�
Z forbids transverse crossing ofM�

Z by
the 2D (un)stable manifolds. This confines the manifolds
between Mþ

Z , M−
Z , resulting in the heteroclinic tangle

shown in Fig. 5(b). Forward or backward iterates [35]
of these manifolds shown in Fig. 5(b) illustrate the
development of the heteroclinic tangle and the formation
of chaotic mixing.
Thus, the additional glide symmetries are directly

responsible for the vastly different Lagrangian kinematics
between the SC and bcc lattices along the transect ϕf ¼ 0.
As the other boundaries (θf ¼ ϕf, θf ¼ π=4) of H involve
globally regular flows for each lattice, the dynamics along
ϕf ¼ 0 inform the mixing dynamics over H more broadly.
While the Lyapunov exponent for the bcc lattice can be
large along ϕf ¼ 0, mixing is isolated to material regions
bound between LZ, L0

Z andM�
Z [Fig. 5(b)], leading to zero

net transverse dispersion. A small perturbation in ϕf breaks
the associated symmetries, resulting in global chaos and
transverse dispersion [Fig. 2(b)]. Indeed, the strongest
mixing case computed within H for the bcc lattice lies
just off the ϕf ¼ 0 transect, near the maximum value of λ
along ϕf ¼ 0 [Figs. 2(c), 2(f)]. Conversely, the SC lattice
only exhibits weak mixing throughout H, which we
attribute to the regular dynamics along all boundaries ofH.
In random granular or discrete porous media glide

symmetries do not exist, but the basic mechanisms of flow
separation or reattachment and transverse manifold inter-
sections will persist. There is significant indirect evidence
of chaotic mixing in random discrete media [see, e.g., the
entangled streamlines in Fig. 2 in Ref. [41], Fig. 3 in
Ref. [21], and Fig. 8(a) in Ref. [42]]. Investigation of the
underlying mechanisms is the subject of current work.
We have used the skin friction topology, numerical

calculation of the manifolds’ geometry, and symmetry
analysis of bcc and SC sphere lattices, to elucidate the
mechanisms governing chaotic mixing and the Lyapunov
exponent distribution over the flow orientation space. We
find (i) that the pointwise grain contacts fundamentally alter
the nature of chaotic advection in discrete porous media,

FIG. 5. (a) Projection in the Z direction of spheres in the LZ
(green) and L0

Z (gray) symmetry planes of the bcc lattice for
ðθf ;ϕfÞ ¼ ðπ=10; 0Þ. The S0 (red) and S1 (blue) spheres in LZ

interact via their respective stable WS
2D (blue) and unstable WU

2D
(red) manifolds and associated streamlines αS, αU (thick lines) in
LZ. (b),(c) Projection of spheres and manifolds in L0

f plane in the
bcc and SC lattices respectively. (b) Concavity of the (un)stable
manifolds [as indicated by the red and blue arrows in (a)] results
in a transverse heteroclinic connection away from LZ, L0

Z (see 3D
animation Anim2 [36]). The pink dotted lines denote the material
surfacesM�

Z , and the manifolds wrapping around the spheres are
forward or backward iterates [35] of the manifolds shown in the
center. (c) For the SC lattice, convexity of the manifolds about lZ
results in smooth connections for all θf along ϕf ¼ 0.
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leading to weaker mixing than in continuous media, and
(ii) that space group glide symmetries can directly generate
chaotic dynamics, which explains the vastly different
mixing dynamics between the bcc and SC lattices. This
hitherto unreported impact of space-group symmetries
upon chaotic dynamics contradict classical observations
[1] that symmetry breaking is linked with the formation of
transverse manifold connections and chaos, both within
studies of chaotic mixing [28–31] and dynamical systems
in general [2]. This apparent contradiction arises from the
fact that prior studies of symmetries and chaos have
focused upon point-group symmetries whereas glide sym-
metries are space-group symmetries, which points to an
extension of existent field-invariant symmetry analyses
(e.g., Refs. [28,29]) to develop a broader framework for the
impact of space-group symmetries upon generic dynamical
systems.
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