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Characterization of geological boundaries using 1-D wavelet transform on
gravity data: Theory and application to the Himalayas

G. Martelet*, P. Sailhac*, F. Moreau?, and M. Diament*

ABSTRACT

We investigate the use of the continuous wavelet trans-
form for gravity inversion. The wavelet transform oper-
ator has recently been introduced in the domain of po-
tential fields both as a filtering and a source-analysis tool.
Here we develop an inverse scheme in the wavelet do-
main, designed to recover the geometric characteristics
of density heterogeneities described by simple-shaped
sources. The 1-D analyzing wavelet we use associates
the upward continuation operator and linear combina-
tions of derivatives of any order. In the gravity case, we
first demonstrate how to localize causative sources using
simple geometric constructions. Both the upper part of
the source and the whole source can be studied when
considering low or high altitudes, respectively. The ho-
mogeneity degree of the source is deduced without prior
information and allows us to infer its shape. Introducing
complex wavelets, we derive analytically the scaling be-
havior of the wavelet coefficients for the dyke and the
step sources. The modulus term is used in an inversion
procedure to recover the thickness of the source. The
phase term provides its dip. This analysis is performed
on gravity data we measured along a profile across the
Himalayas in Nepal. Good agreement of our results with
well-documented thrusting structures demonstrates the
applicability of the method to real data. Also, deeper,
less constrained structures are characterized.

INTRODUCTION

One of the most common problems encountered in geophys-
ical studies is how to determine the geometry of geological
contacts at depth. To address this problem, we use the wavelet
transform applied to gravity, an operator recently introduced in
the potential-fields domain by Moreau (1995). To better under-
stand the specific characteristics of this method, we first review

existing techniques and the role they have taken in building
modern investigation methods in the domain of potential fields.
Generally, geophysical modeling is addressed in terms of depth
to simple-shaped sources or depth to geometric interfaces that
represent geological contacts. The latter approach has led to
a variety of different inversion techniques that are all subject
to the well-known nonuniqueness of potential-fields causative
sources. Solving this problem always requires additional a
priori information. On the other hand, several techniques
transform the measured field and characterize the sources re-
sponsible for it. Empirical graphical procedures were first pro-
posed. They allow reasonable determinations of the depth to
magnetization distributions of defined shapes (Peters, 1949).
The next stage was devoted to comparing an observed field
to analytic models—first, by means of charts (e.g., Chastenet
de Gery and Naudy, 1957), and later by a variety of differ-
ent techniques that use synthetic model fitting, such as Werner
deconvolution (e.g., Werner, 1953; Hartman et al., 1971), Eu-
ler deconvolution (e.g., Thompson, 1982; Reid et al., 1990),
and analytic signal (e.g., Nabighian, 1972; Roest et al., 1992).
Extensive applications and improvements of these methods
have been published, such as the use of vertical gradients (e.g.,
Marson and Klingele, 1993; Debeglia and Corpel, 1997) and
considering the effect of noise in data (Keating, 1998). These
techniques have almost always been used assuming a chosen
geometry of the source. But very recently, Huang (1996),
Stavrev (1997), and Barbosa et al. (1999) have investigated the
recovery of both shape and depth of sources using methods
derived from the Euler deconvolution, as do Hsu et al. (1998)
by adapting the analytic signal technique. In our paper, using
the wavelets formalism applied to gravity, we propose an in-
version scheme that lets us simultaneously estimate the depth
and shape of the source as well as its dip and thickness.
Another recognized family of methods developed since the
late Sixties for the recovery of causative sources of potential
fields focuses on the scaling properties of the field. Fourier
analysis has triggered a wide range of applications in the
potential-fields domain, both for data filtering (Bhattacharya,
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1972) and transforming and for sources characterization [see
Blakely (1995) for a more thorough review]. Recently, the
wavelet transform has been developed as a powerful analysis
tool (Holschneider, 1995) and has been introduced in the geo-
physical domain [Foufoula-Georgiou and Kumar (1994) and
references therein]. The purpose of both Fourier and wavelet
operators is to investigate the behavior of the measured field
in terms of wavelengths. The Fourier technique is efficient at
indicating depth to stationary undulating surfaces (Spector and
Grant, 1970), but its application may become a problem when
the signal is strongly nonstationary. The use of the wavelet oper-
ator instead, as first defined by Grossman and Morlet (1984),
allows wavelength-adaptive convolution operators that vary
with the wavelength of the studied portion of signal. In other
words, the wavelet operator can focus on individual objects.
Moreover, the special class of wavelets we use in this study
lets us analyze the scaling properties of the source via upward
continuation. A general n-dimensional theoretical framework
for local homogeneous sources has been developed by Moreau
et al. (1997, 1999). With this approach, Sailhac et al. (2000) ad-
dress the magnetic anomalies interpretation. Here, we discuss
the wavelet technique capabilities for gravity data. We briefly
recall the basic principles of wavelet transform theory. Then
we derive analytic expressions of the wavelet coefficients for
simple-shaped gravity sources and test the method on several
synthetic examples. We show that horizontal and vertical loca-
tion of the source as well as its shape, vertical extension, and
dip can be estimated. Finally, we analyze a real gravity anomaly
profile measured across the Himalayan range in Nepal.

FUNDAMENTALS OF CONTINUOUS WAVELETS
FOR POTENTIAL FIELDS

In the potential-fields domain, the use of orthonormal
wavelets has proven helpful for filtering (Fedi and Quarta,
1998; Ridsdill-Smith and Dentith, 1999; Ridsdill-Smith et al.,
1999). For analysis purposes, Moreau et al. (1997) introduce
a special basis of continuous wavelets derived from a Poisson
semigroup kernel. This new type of wavelet decomposition is
specifically well suited for the study of potential fields since it
acts on this type of data as the upward continuation operator
does. Furthermore, it utilizes vertical and horizontal deriva-
tives of the field. This induces special geometric properties
that have been investigated for magnetic anomalies, in the case
of horizontal derivatives only (Hornby et al., 1999) or for both
horizontal and vertical derivatives and either in the real domain
(Moreau et al., 1999) or in the complex domain (Sailhac et al.,
2000). The association of derivation and upward continuation
in a single operator via the wavelet formalism is interesting
since useful properties of both operators are combined. Indeed,
the use of derivatives of the field ensures a better outlining of
anomalies (Cordell and Grauch, 1985; Marson and Klingele,
1993; Debeglia and Corpel, 1997; Pilkingston, 1997). In addi-
tion, derivatives can be associated linearly to obtain special op-
erators such as the analytic signal (e.g., Nabighian, 1972). Also,
as suggested by Paul et al. (1966), the knowledge of the field
at several altitudes (or dilations) gives valuable information
concerning its scaling properties. To a certain extent, this can
be related to the study of gradient tensors (e.g., Nelson, 1988;
Pedersen and Rasmussen, 1990). This last specificity of the
wavelet transform is particularly attractive since (1) it permits

study of the properties of both the upper part and the center
of the source, depending on the range of dilations considered,
and (2) when considering the domain of high dilations, it per-
mits study of extended sources and reduces the effect of noise.
Indeed, when an extended source is considered from the high
dilations, it behaves like a local one. This asymptotic behavior
allows extension of the application of the theory developed
for local homogeneous sources (Moreau et al., 1997). Also, the
higher S/N ratio along the extrema lines allows a reasonably
accurate study even when the data are noisy (Moreau et al.,
1999).

CONTINUOUS WAVELET THEORY: APPLICATION TO THE
GRAVITY FIELD

The Cauchy wavelet and local sources

We briefly recall the basic theory developed by Moreau et al.
(1997, 1999), which we apply to the case of a 2-D physical space
(x,a) where X is the abscissa along the studied profile and
a is the dilation (positive upward). The continuous wavelet
transform W of a function ¢ (X) is defined as a convolution
product

Wia®a = [ w2 w0 @
= (Dab * o) b). @)

where  is the analyzing wavelet, b is a position parameter,
and the dilation operator D, is defined by

Pav0 = 303 G

Moreau et al. (1997, 1999) show that a special class of
wavelets 2 is obtained when a Fourier multiplier homoge-
neous of degree y (equivalent to a derivation of order y) and
a dilation are applied to the Poisson semigroup kernel. This
kernel actually defines the well-known upward continuation
filter P,(x), which transforms the harmonic field ¢(., z) from
measured level z to the level z+ a (e.g., Bhattacharyya, 1972):

1 a 4)

RO re e

where the notation ¢(., z) means that the operator applied to
the field ¢(x, z) only acts on the variable x, while z remains
unchanged. Two typical real wavelets can then be considered:
the horizontal ¥ and the vertical v,. They correspond, respec-
tively, to one horizontal or one vertical derivation of P;, that
is, the first horizontal or vertical derivative upward-continued
at level a=1. Wavelets of higher order of derivation y are ob-
tained by y — 1 additional derivations along the X-axis only.
Their expressions in space and Fourier domain are, respec-
tively,

Y () = 9 Pi(x)
Y7 () = % aPa(X)lazt
{Qf)}(/(u) = (i2mu)r e~ 2"l

¥ (u) = (iZnu)Vfl(_2n|u|)efzn|u\‘ (5)

Finally, the y-order wavelet transform of the potential field
¢(X, z) measured at level z is obtained at altitudes a > 0. It
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corresponds to the upward-continued derivatives of the field
¢, also known as wavelet coefficients:

37 'u(x, 2+ )

— aVY
Wigs.p*-a)=a Py

(6)

and

37 1 (x, z+ a)
Tv (7)

where ¢«(., ) and ¢,(., z) are the horizontal and upward verti-
cal derivatives of ¢ at level z. To these two real wavelets corre-
sponds a complex wavelet (Moreau, 1995) defined as the sum
of ¥} for the real part and its Hilbert transform H[y)} ] = —y7
for the imaginary part (z positive downward):

Ve =vx — iy, ®)

Thus, the complex wavelet transform of the potential field

¢(.,2)1is

Wit o006 @) = Wz (% 8) =Wy, (X, @).
)

Real and imaginary parts of the complex wavelet transform
are, respectively, the horizontal and vertical real wavelet coeffi-
cients. Expression (9) can be related to the modulus of the 1-D
analytic signal (Nabighian, 1972) applied to the field ¢(x, z):

IAK)| = \/ (ontx. z))z + (et z))z. (10)

Indeed, the modulus of the y = 1 complex wavelet transform
represents the analytic signal that would have been computed
at any level above the measurement level:

Wydion(x-R)]/3° = \/[¢X(X, z+a)? +[gx, z+ @)%
(11)

where ¢«(., z) and ¢,(., z) are the horizontal and upward ver-
tical derivatives of the potential ¢(X, z). Similarly, from equa-
tions (6), (7), and (9), any order y of the wavelet transform can
be obtained:

4%
| W e(.2)
aV+1

Wyt g% @) =2

xa)\’

2

=<£%@al+mf+<£%@ul+m>.um

Geometric developments

We now consider a gravity field ¢(., z=0), i.e., measured
at level z=0, which results from a local homogeneous source
located at abscissa X=0 and depth z=12,. The homogene-
ity o of the source can be stated via the scaling relation
p(AX) ~ A%p(x). This is not to be confused with the homo-
geneity n of the field T(x) introduced by Thompson (1982),
T(AX) ~ A"T(x). The homogeneity of the source is a general-
ization of the homogeneity of the field. Both exponents n and
« are related via (Sailhac et al., 2000)

n=a+l, (13)

and N = —nis ashape factor characteristic of the source, which
is known as the Euler structural index. Under the assumption

that the source is homogeneous, Moreau (1995) gives the rela-
tion that exists between the wavelet coefficients at two levels
aand a” (for any of the ¥}, 7, or 7 wavelets):

a\’ a//-I—Z() —B
Wwy|¢<.,z=0)(x’a)=( ) < )

a’ a+2z
a//+20 ,
X W¢V|¢(_,z:0)<x atz ,a )

(14)

This relation exhibits a double scaling law with two expo-
nent parameters; exponent y is the order of derivation of the
wavelet, and exponent S is associated to the homogeneity de-
gree o of the source. On gravity profiles, the relation is given
by

B=a+1—y. (15)

Combining equations (13) and (15) yields the relation between
B and Euler structural index N:

p=—-(+N). (16)

Equation (14) defines a set of lines in the (X, a) space which
satisfy X/(zp+a) = constant. If we name k this constant, for
various k we obtain a family of lines that intersect at the loca-
tion of the source (x = 0,z = ) inside the lower half-plane
(Figure 1a). Equivalently, in three dimentions the wavelet
transform exhibits a conelike structure pointing to the source.
In practice, we only use the modulus maxima lines (on which
the S/N ratio is the best) to locate the source (see the example
of the pointlike source in two dimensions in Figure 1). Similarly,
when considering the complex wavelet coefficients, isovalues
of their modulus also draw a cone pointing to the source. Once
the depth z, of the source is obtained, exponent 8 (related to
the shape of the source) is computed as the slope of log(|W|/a”)
versus log(a + zy) along modulus maxima lines of the wavelet
transform. Therefore, at this point, with only the assumption

60 a)
(2]
5
£ 40
'-a ~
20 8
® 0 %
£ >
g 20 o} o,
T o 100 200 300
20 b)
E 10
(o))
[ 35 : : :
35 4 45 5 55

distance along the profile log(a+z,

FIG. 1. (a)Wavelet transform coefficients of the gravity field
[shown in (b)] in the case of a pointlike 2-D source. Derivation
operator is 3/dx. Maxima lines are superimposed in white; they
converge toward the source. Along one such line [in (c)] in
the case of the pointlike source, the scaling relation between
log(|W,|/@”) and log(a + z) is strictly linear when z = z,. The
obtained slope B = —2 is directly related to the homogeneity
degree of the source @ = —2 using equation (15) (see text for
details).
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of homogeneity of the source, we are able to recover both the
depth z, and the shape of alocal source. Euler deconvolution or
analytic signal methods cannot address both questions without
additional information.

STUDY OF SOME SYNTHETIC SOURCES

Theory has been developed for local homogeneous sources
for which equation (14) holds. For nonlocal or nonhomoge-
neous sources (at least for magnetic studies), the asymptotic
behavior of the wavelet transform has proven to conveniently
extend the domain of the technique’s application (Moreau
et al., 1999; Sailhac et al., 2000). To determine precisely the
behavior of the wavelet operator in the gravity case, we derive
the analytic expressions for several simple-shaped sources:
vertical and inclined steps as well as vertical and inclined dykes.
First we show that in the gravity case as well as for magnetics
the theory developed for local homogeneous sources (Moreau
et al., 1997) can be satisfactorily extrapolated to extended
sources. In the case of extended sources, following the ap-
proach of Moreau et al. (1999), we show that the determination
of average depth and shape factor can be improved greatly
when focus on a certain range of dilations is done using a trial-
and-error process. Also in the case of the inclined step, using
the phase term of complex wavelets, we propose two methods
for determining the dip of the source. Finally, in addition to
depth, shape, and dip, we show that under certain assumptions
it is possible to recover the thickness of the extended step. This
is achieved by inverting simultaneously the average depth z,,
the shape factor 8, and the thickness h. The generalization
to the case of the dyke source is also briefly described. In all
cases, analytic expressions are determined for 2-D sources.

The vertical step

We consider a 2-D vertical step, i.e., of infinite length in a di-
rection perpendicular to the profile. The step extends between
z1=2y — (h/2) and z, =2z, + (h/2) and has a constant den-
sity contrast, positive inside the step (see geometry and ex-
tended notations in Figure 2a).

We consider the complex wavelet transform which, as pre-
viously mentioned, corresponds to the upward-continued ana-
lytic signal. Analytic developments are reported in Appendix
A, in the general case of the inclined step. For the vertical step,
the wavelet coefficients are

2

Wilign(.2=0/(%- 8) = Gpa|:ln (@) +2i (o — ¢u)],
17)
with G the universal gravitational constant, p the density con-

trast, and Ry, Ry, ¢, and ¢, shown in Figure 2a. The associated
modulus and phase are, respectively,

2
W 1220y % A = Gpa | (2(¢o — ¢u))* +2In (%)

(18)

and

2(¢0 - ¢u)

In (i)
Ro

As described for the analytic signal (Nabighian, 1972), the
modulus has a unique maximum located at the vertical contact
(X =Xo). In our case, this maximum turns into a straight modu-
lus maxima line that runs across the scales (see Figure 3a). The
phase along the modulus maxima line is 0. Therefore, along the
maxima line, equation (17) yields

P (x,a) =tan!

(19)

viloz(.2=0)

w

h/2)?
W%Igz(.,z:O)(X =0,a) = Gpaln [M]

(z0+a—h/2)?
(20)
When 7, + a > h/2—that is, when considering high dila-
tions, deep sources, or thin sources—asymptotic behavior of
the wavelet coefficients can be stated via a Taylor expansion

(this equation is derived in the general case of the inclined step
in Appendix B):

h/2
}WW%IQZ(.,Z:O)(X =0, a)‘ = 4G,oa<zo m a)

Jodz) T o2y e

:*X i P(x,z)
' - //&
- >
Z1+ RS \@T x
Ru
Zol- = A e LR F e
A h
V43
©=0°)

71

Z3

Y.

FIG. 2. Cross-sectional view of (a) the vertical step model and
(b) the inclined model, showing the notations used throughout
this paper. The thin-dyke model corresponds to the inclined
edge of the step.
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The first-order term corresponds to a local source located at
depth z, with scaling exponent 8 = —1 (that is, « = —1 and
N = 0). Higher order terms describe the perturbation induced
by the vertical extension of the step.

At this point, we discuss the role of this perturbation and
the estimation of both the depth z, and the scaling exponent
B. When the source is pointlike, the scaling relation between
log(|W|/a") and log(a + z) is strictly linear when z=2z, (see
Figure 1c). Using this approach, Moreau et al. (1999) have in-
troduced the first wavelet-based automatic interpretation pro-
cedure. Adjusting, in a least-squares sense, a straight line to the
log-log plot for a set of a priori z provides both the depth z,
and the scaling exponent 8 of the source. When the source is
no longer pointlike, even when z = z,, the previous log-log plot
exhibits a curved shape with a linear tendency at high dilations
only (see Figure 3a). The curved part of the log-log plot (cor-
responding to low dilations) strongly influences the L2 misfit

and biases the estimates of z; and 8. The more extended the
source, the stronger this effect. Following this observation, we
propose a modification to the original technique: the minimiza-
tion is now performed using a trial-and-error procedure over
the dilation ranges. Starting with the entire range of dilations,
we successively test the L2 misfit between the log-log plot and
its linear fit over a series of decreasing dilation ranges. We se-
lect the dilation range for which the variance of the misfit is
minimal. Corresponding slope 8 and depth z, characterize the
studied source. Results obtained for the vertical 2-D step using
both the method of Moreau et al. (1999) and our technique are
shown in Figure 4a. As expected, for strongly extended sources
(h/zy — 2), the improvement of the technique we propose is
quite effective, with resulting errors <25%.

We now go further and provide an iterative scheme in which
we simultaneously invert for z,, 8, and an intensity parame-
ter K (which depends on both the density contrast and the

a) b)
2 2
2 k]
& I
T b=
e e
o N
k7 -2 H ) -2 i
0 3 4 5 0 3 4 5
distance along the profile log(a+z ) distance along the profile log(a+z,)
c) d)
50 50
[11] 1]
f=4 =
o R . . L TR
= 0 5 § O ~
5 g 5 g
=3 I T SURU U
-50 = -50 k=]
Q o
0 - 0 100 200 300 —
= 50 = 50
c c
o 5
(] -3 ) -3 :
0 3 4 5 0 3 4 5
distance along the profile log(a+z ) distance along the profile log(a+z )

Fic. 3. First-order complex-wavelet transform coefficients of the gravity field. In each case, the associated gravity field and scaling
relation between log(|W,|/a) and log(a + zy) are also show. (a) Vertical step, (b) inclined step, (c) vertical dyke, and (d) inclined
thin dyke. For vertical sources (a and c), the modulus maxima line remains straight across the scales. For inclined sources (b and d)
at large dilations, this line asymptotically points toward the barycenter of the source. For low dilations, it is curved toward the upper
edge of the source. Since all these sources are extended, their scaling relation do not exhibit a perfect linear trend over the entire
range of dilations. High dilations are to be preferentially considered to determine the scaling exponent S since they represent the

bulk source.



Wavelet Transform Gravity Analysis 1121

inclination of the step) to recover the thickness h of the step
source. Following Sailhac et al. (2000), equation (21) can be
rewritten in the form (Appendix B)

=0,a)|

In |Wwé|agz(.,z=0>(x
a
=K +BIn(zo+2a)+R(a; 2.8, K), (22)

where R represents the perturbation induced by the vertical
extension of the step. In Appendix B, R is used to derive a
function H(a; z), B, K), which is an estimator of the thickness
h of the step. The set of parameters (zy, 8, K) that minimizes
the fluctuations of H(a; zy, 8, K) provides the thickness h of
the step. Practically, to limit the domain of investigation dur-
ing the iterative process, initial values of the three parame-
ters are the results of the previous trial-and-error stage. Re-
sults obtained for the average depth z, of the vertical 2-D step
are plotted in Figure 4a, together with those obtained using
the two previous techniques. For strongly extended sources
(h/zy — 2), the improvement is very effective (but is still not
perfect since the Taylor expansion implies that we are neglect-
ing a term proportional to h/(z) + a) to the power of five).
The accuracy of the estimation of the average depth z, of the
step is better than 85%. When h/z, — 0, the assumption of

35

computed depth
- vl N n wW
[4;] o o o [$;] o
o
> + d

o

[ S 0 (e
o o o o

computed thickness
N
o

0 0.5 1 15 2
H=h/z0

FIG. 4. Plot of the computed average depth and thickness in
the case of the vertical step. The influence of the ratio H be-
tween the true thickness h and the true average depth z, of
the step is emphasized. (a) Computed average depth. Trian-
gles correspond to results obtained using the technique pro-
posed by Moreau et al. (1999). Crosses are obtained by the
trial-and-error technique we propose; circles are computed us-
ing the inversion scheme. (b) Computed thickness of the step.
In (a) and (b), the plane line represents the true average depth
and thickness, respectively.

extended source is not well suited; therefore, results obtained
by the trial-and-error technique (or even the original method
by Moreau et al., 1999) are preferred. In addition, Figure 4b
presents the estimation of the thickness h of the vertical step.
Whether or not perfect, these results can be considered reason-
able first-order estimates of the thickness h of the source. When
the assumption of extended source holds, the discrepancy be-
tween computed and true thicknesses does not exceed 30%;
otherwise, the ratio of the true to the computed thicknesses
reaches three.

The inclined step

We now consider an outcropping inclined 2-D step with its
edge having an inclination 6 with respect to the vertical (Fig-
ure 2b). The step of thickness h extends between z; = zy—(h/2)
and z, = 7, + (h/2), with average depth z, and a positive den-
sity contrast. With this geometry, expression of the wavelet
coefficients equivalent to equation (17) is (Appendix A)

)

+i |:2(¢0 — ¢u) cos? 0 + cos O sin6 In (

Wiligs(.z=0)(*: @)

= Gpa{(qbu — ¢p) sin 26 + cos? A In (

A

J

I
il

R R

with modulus

Wodigat. 220/ D)

= Gpa{ |:(q>u — ¢pp) sin 260 + cos? @ In (

d-ul\.)lf-UN

IR,

+|:2(¢0 — ¢y) cos? O + cos O sin6 In (

24)
and phase
-1
<D‘ﬁélgz(.,z:o)(x, a) = tan
2
2(¢o — ¢y) cos® 6 + cos 6 sinf In =
(25)

2
(¢u — ¢0) sin 26 + cos? 6 In (%)

Using the same approach as for the vertical step, we derive
both the average depth and thickness of the inclined step for
the case 6 = 30° (see Figure 5). The results and accuracies we
obtain are very similar to those derived for the vertical step
case: both the trial-and-error and the inversion schemes im-
prove the determination of the average depth z, of the step,
especially in the case of extended sources (h/zy — 2). Esti-
mates of the thickness h of the step are also comparable to
those obtained for the vertical step. When the step outcrops,
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Figure 6 shows the influence of the inclination of the step on
the determination of (a) its average depth and (b) its thickness.
Estimates of depth made by the method of Moreau et al. (1999)
remain stable independently of the inclination but provide re-
sults 50% underestimated. In comparison, both the trial-and-
error and the inversion scheme we propose provide accurate
results for 0 < 6 < 50° but become unstable for higher values
of the inclination. This is because of the increasing curvature of
the modulus maxima line when 6 increases and the subsequent
difficulty of the curve-fitting process. Concerning the estimate
of the thickness h, the accuracy of the results remains within
65% of the true thickness, independent of the inclination 6 of
the step.

As shown on Figure 3b in the case of the inclined step, con-
trary to the vertical step, the modulus maxima line is no longer
straight. For high dilations (zp + a > h/2), the maxima line
is a branch of hyperbola and its asymptote (dotted line in Fig-
ure 3b) points toward the barycenter of the step. For low dila-
tions (zp + a <« h/2), the line is curved toward the upper edge
of the step (see Figure 3b). Sailhac et al. (2000) show that for
the magnetic field, the tangent at low dilations is related to the
dipping angle 6 of the step. This is also true for gravity. But here,
we do not use this property to recover the dipping angle of the
step. Instead, we study the value of the phase at the base of the
modulus maxima line, that is, for a — 0*. This is equivalent to
picking the phase at the maximum of the analytic signal— in
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FIG.5. Plotof the computed average depth and thickness in the
case of the inclined step. Symbols are the same as in Figure 4.
(a) Computed average depth. (b) Computed thickness of the
step.

our case, where the edge of the step outcrops (X; = 0). At this
point, the phase is given by

lim &

a—>ot

1/félgz(.,z=o)(xl =0,a)=0. (26)

Figure 7 shows the results obtained numerically for the out-
cropping inclined step we previously defined. Dipping angle
0 varies from 0° to 80° with respect to the vertical. Values of
the phase reported in Figure 7 are picked out for dilations of
0 (equivalent to the analytic signal), 2, and 4. Using this tech-
nique, we are able to estimate the dip of the source with an un-
derestimation of about 10-20%. In addition, obtained curves
clearly exhibit the influence of the noise at the ground level
and also the decrease of the phase toward zero when higher
dilations are considered. Indeed, this behavior is well known in
the potential field domain: close to the source, the field holds
much information but is noisy; far from the source, the field is
less irregular but has lost most of the short-wavelength infor-
mation.

Another way to recover the dipping angle of the source
without being as sensitive to the noise at low dilations is de-
rived from equation (25). We investigate the locations where
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FiG. 6. Plot of the computed average depth and thickness in
the case of the inclined step. The influence of the dip 6 of
the step is emphasized. (a) Computed average depth. Trian-
gles correspond to results obtained using the technique pro-
posed by Moreau et al. (1999). Crosses are obtained by the
trial-and-error technique, and circles are computed using the
inversion scheme. (b) Computed thickness of the step. In (a)
and (b), the plane line represents the true average depth and
thickness, respectively.
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the phase of the complex wavelet transform is equal to 6
(the dipping angle of the step). Since Wi (. = A(0x9 +
19,9)(X, z+ &), such points are given by dxgtan 6 = 9,g, that is,

2 Rl
2(¢y — ¢po) tan” 6 + tan 6 In %

=2(¢o — ¢u) + tand1n (é) 27

Therefore, we see that for ¢, = ¢y, i.e., in the alignment of
the edge of the step, the phase is constant and equal to 6. This
particular property is suggested by Sailhac et al. (2000) and,
for the field itself, by Paul (1966). In fact, in the case of a local
homogeneous source, the isophase lines are straight and define
a conelike structure pointing toward the source. For extended
inclined sources, isophase lines are no longer straight. At low
dilations they are curved and converge toward the upper part
of the source (see Figure 8), except for the line corresponding
to ¢ = ¢, which remains straight. This approach is convenient
for determining the dipping angle of the source since, contrary
to the exposed technique, it is not strongly influenced by data
noise. Still, the method can be applied as long as the source
is not too deep. Otherwise, it can be considered a local source
and every isophase line becomes straight.

Inclined and vertical dykes

The last synthetic case we consider is a 2-D thin dyke. Here
we expose the general case of the inclined dyke with an angle
6. (A vertical dyke corresponds to 6 = 0.) The dyke extends
between z; = zy—(h/2) and z, = zy+ (h/2) with average depth
Z, and a positive density contrast.

Using Poisson’s relation, we can convert the total magnetic
field into the pseudogravity field (Baranov, 1957). Here we use
this property to derive the analytic expressions corresponding
to our gravity dyke. In the wavelet domain, (y + 1)—order
wavelet coefficients of g, (the vertical gravity field) are asso-
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FiG. 7. Case of the y = 1 complex wavelet of the outcropping
inclined step. Plot of the value of the phase at the base of the
modulus maxima line versus the dip of the step. According to
equation (26), both terms should be equal, which is represented
by the straight plane line. Crosses correspond to values of the
phase picked at the dilation 0, dots at dilation 2, and circles at
dilation 4.

ciated to y-order wavelet coefficients of T (the total magnetic
field) via (Sailhac et al., 2000)

Wor oK@ =aWyrp H(xa) - (28)

in the case of a normal and vertical magnetic field. Thus,
we can derive the analytical expression of the y =1 wavelet
transform of the gravity field of the dykelike source from the
one of the total magnetic field of a steplike source:

Wildig.z=0)(*: @)

1
= 2Gpah|:

(m+a)+iX, (z+a)+iX;

The associated modulus is

]. (29)

Wodigat.220) 6 D)

2Gpah
- Gpa (30)

X+ @ +aR]6 + (2 +a)]

and phase is

Py 1igs(.z=0) (% @)

= —|:tan_1 (le—ta> + tan~! (%)] (31)

The correspondence between the total magnetic field of a
steplike source and the vertical component of the gravity field
of a dykelike source has been shown. Since Saillhac et al. (2000)
extensively develop the analytic expressions for deriving 7y, 8,
and h of the magnetic step, we will only show the numerical
results obtained on the corresponding gravity dyke. Using the
same approach as described in the step, we derive in Figure 9
both the average depth z, and the vertical extension h of the
dyke for (a) the vertical dyke and (b) the inclined one. Globally,
accuracy of the estimation of both 7, and h for the dyke are
comparable to that obtained for the step.

FIELD EXAMPLE

The wavelet transform method is used on gravity data
we measured in central Nepal during an IDYLHIM French-
Nepalese cooperation project. We collected 80 gravity mea-
surements along a north-northeast-south-southwest profile,
perpendicular to the Himalayan range (Figure 10). The pro-
file crosses the main thrusting structures outcropping at the
front of the range as the result of the India—Asia collision.
These thrusts are generally interpreted in an evolutionary
model (e.g., Le Fort, 1975). The shortening between India
and Asia is successively accommodated by several decolle-
ment structures migrating southward (see Figure 10), namely,
the main central thrust (MCT), the main boundary thrust
(MBT), and the presently most active main frontal thrust
(MFT). At depth, all these thrusts are underlain and linked
via the flat-ramp-flat main horizontal thrust (MHT), which
represents the upper limit of the underthrusting Indian plate.
The measured gravity profile is 150 km long, sampled every
1-4 km. Classical corrections have been applied to the data set,
including terrain corrections computed up to 167 km (Martelet
etal., 1997). Prior to wavelet processing, the resulting complete
Bouguer anomaly profile was interpolated every 1 km using a
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cubic spline (Figure 11a). It was extended to the north and
south using data from China (Sun, 1989) and India (extracted
from the Bureau Gravimétrique International database) to
avoid edge effects.

Wavelet transform coefficients were computed along the
profile using 3%2/98x2, 3°/8zdx?, and 3°/9x> derivatives. In
Figure 11b, we show the wavelet coefficients (grayshades) and
associated modulus maxima lines (dots) obtained in the case
of the third horizontal derivative (3°/9x*). When possible, we
superimposed continuations of the maxima lines in the lower
half-plane (plane lines). Their intersections allow us to locate
several sources. In Figure 12, we summarize all the localiza-
tions obtained geometrically using the three derivatives of the
real wavelet. When sources are extended, the obtained local-
izations range between the top and the middle of the source,
depending on the order of derivation of the wavelet. Gener-
ally, the higher the order of derivation, the shallower the in-
tersection of the maxima lines. Sources shown in Figure 12
are all located between the surface and the MHT decolle-
ment. This result is satisfactory since short-wavelength gravity
anomalies along the profile are generally interpreted by lateral
contrasts of density that occur above the MHT. Figure 13 sum-
marizes all the localizations, shape indices, thicknesses, and
dips of the sources obtained using first and second deriva-
tives of the complex wavelet. For these determinations we used
the methods of computation that we exposed before, namely,
the simultaneous inversion of average depth, homogeneity

degree and thickness of the source, and picking of the phase at
the base of the complex modulus maxima lines. Again, sources
appear to be located between the surface and the MHT decolle-
ment. In addition, we get information concerning the homo-
geneity degree of the source (i.e., its shape), its inclination, and
vertical extension. The thicknesses we determine here are not
taken into account for further interpretations since all the stud-
ied contacts outcrop. Nevertheless, the computed vertical ex-
tensions of the sources appear reasonable. Using the results of
Figures 12 and 13, we infer, in terms of simple-shaped contacts,
the interpretive section of Figure 14. Results are superimposed
on a structural cross-section (J. Ph. Avouac, personal commu-
nication, 1998) derived from surface geology and seismologic
active and passive experiments (e.g., Schelling and Arita, 1991;
Zhao et al., 1993; Pandey et al., 1995).

It turns out that beneath the Lesser Himalaya, step-shaped
sources (black dots in Figure 14), reach depths of 6 to 8 km,
in good agreement with the previously estimated depth of the
flat, subhorizontal detachment. The sources dip northward at
angles of about 30°. All these estimate are comparable to
what was deduced from surface geological observations and
focal mechanism relocalizations. Farther north, the smoother
gravity variations beneath the Higher Himalaya are related to
deeper sources. Their location are consistent with the position
of deeper thrusts that merge with the midcrustal detachment
surface at about 20 km depth. For shallow depths their signa-
ture is comparable to that of a dyke. This can be explained
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FiG. 8. Plot of the phase of the y = 1 complex wavelet of the outcropping inclined step across the scales. Dip 6 of the steps is (a)
0°, (b) 30°, (c) 50°, and (d) 70°. Superimposed 0°, 30°, 50°, and 70° equiphase lines have the same value as the dip of the step in the
alignment of the edge of the step. Moreover, they remain straight across the scales only in the alignment of the edge of the step.
Once the step source has been localized, this is a convenient way to determine its dip.
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by the fact that these structures are ancient major thrusts in
which the rocks have been strongly crushed and therefore form
a thick gouge. Deeper, the signature evolves toward a step.
Also, in Kathmandu klippe, our method detects the presence
of a granite massif (see Figure 10). Its vertical extension is about
7 to 8 km. This suggests the granites do not cross the flat de-
tachment. On the contrary, they appear to lie on this tectonic
contact. Moreover, our measurement sampling is thin enough
to study both the limits of the massif using low dilations or to
study the massif on the whole when considering high dilations.
This behavior is clearly visible in Figure 11b at x ~ 50 km along
the profile. At high dilations, only one maxima line exists (it
characterizes the whole massif); for dilations lower than 10 km,
this line splits into two lines that point toward the southern and
northern limits of the granite.

CONCLUSION

Gravity interpretation suffers from the well-known
nonuniqueness of the inversion. Consequently, it demands
additional a priori information. Several existing methods let
us analyze the gravity field prior to modeling to extract this
information. The upward continuation operator is often used
to enhance the characteristics of a measured potential field
at several wavelengths. Also, it has long been recognized that
combining the derivatives of the gravity field yields useful
informations concerning the causative sources. Indeed, as-
suming simple-shaped sources, their depths can be recovered
(e.g., Euler deconvolution or analytic signal methods).

The wavelet method we present combines the upward con-
tinuation and derivation operators into a new, convenient for-
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malism. First, it can be used in a geometric manner to recover
simultaneously the average depth and shape of causative
sources (assuming the sources are homogeneous). This ge-
ometric technique is applied on any derivatives of the real
wavelet modulus, depending on which specific property of the
source is emphasized. Lines of the maxima of the modulus
drawn across the dilation scales point to the source. Along these
maxima lines, the wavelet modulus exhibits a double scaling
law. For a pointlike source, the slope coefficients so determined
provide the homogeneity degree of the source, i.e. its shape. In
the case of extended sources, a second-order term appears in
the scaling law. A simple L2 misfit computation over the entire
range of dilations is no longer accurate. Therefore, we propose
a trial-and-error approach that focuses on particular ranges of
dilations. This technique improves the joint determination of
shape and average depth of the source, especially when the
vertical extension of the source is significant. Complex wavelet
transform can also be computed as the sum of ¥ for the real
part and its Hilbert transform H[vy} | = —y} for the imaginary
part. This operator modulus corresponds to the analytic signal
that would have been computed at all levels above the level
of measurements. For this operator we derive analytically an
estimator of the thickness h of the extended source. Taking the
output of the previous trial-and-error stage as a starting point,
we iteratively derive h and, simultaneously, the average depth
Z, and shape factor B in the case of vertical or inclined step
and dyke sources. Tests performed on synthetic sources show
a very good accuracy of the determined depths and a good first
approximation of the computed thicknesses. Finally, analytic
results also allow determination of the dipping angle of the
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FIG. 9. Plot of the computed average depth and thickness in the case of the dyke. (a) For a vertical dyke. (b) For an inclined dyke.
Symbols are the same as in Figure 4.
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Fic. 10. Simplified geological map with location of the gravity
profile measured across the Himalayas of Nepal. Colors of the
circles show the complete Bouguer anomaly. Our data perpen-
dicularly cross several thrusting structures outcropping at the
front of the collision range. Also, in Kathmandu klippe they
cross a zone of granitic massifs.

source from the phase term of the complex wavelet transform.
Synthetic tests show that the computed inclination of the source
is generally good even if slightly underestimated. Application
of these techniques to a gravity profile we measured across
the Himalayas of Nepal (1) provides results in good agree-
ment with previously well-recognized structures and therefore
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FiG. 12. Recapitulation of all the localizations of sources geo-
metrically obtained along the Nepalese profile. Three different
derivation operators of the real wavelet have been used. The
black dashed line corresponds to the MHT flat-ramp-flat deep
detachment (as inferred by active and passive seismological
experiments).

a)
180 M ! ! ! ! !
-200
3
(O]
£ 250
-300 LI i i i | | | |
-20 0 20 40 60 80 100 120
distance along the profile (km)
b)
30 e
25 :
20 3 :
2 T g
S15|% : i
8 H % 47
© 10| : :
5| 1\ / ;
é o L
2
£ \
(]
©
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modulus. Superimposed black lines locate sources in the lower half-plane.
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FiG. 13. Recapitulation of all the localizations, shape indices,
thickness, and dip of the sources obtained using y =1 and
y =2 complex wavelets. Simultaneous inversion of average
depth, homogeneity degree, and thickness of the source was
performed using equation (B-9). The dip was obtained by pick-
ing the value of the phase at the base of the modulus maxima
lines.
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FIG. 14. Interpretive cross-section, taking into account results
obtained both in a geometric way (Figure 12) and by numeric
computations (Figure 13). Interpretations are superimposed
on a structural cross-section (dashed lines) that summarizes
present knowledge of the Himalayan crustal structure (as in-
ferred by seismology). Step-shaped contacts are represented
by dots; dykelike ones, by plane lines. We observe generally
good agreement between the sources we infer and the stuc-
tures previously recognized. In addition, in the deeper parts of
the section where the structures are not well documented, our
results bring new constraints.

demonstrates the applicability of the method to real data and
(2) allows inference of the approximate geometries of other
less constrained deep geological structures.
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APPENDIX A
GRAVITY FIELD OF A STEP AND ITS DERIVATIVES

At an altitude —z above ground level, the gravity field of a
finite inclined 2-D step can be expressed (after Telford et al.,
1990) as

a(x, 2) = Gp{¢u[2(22 —2) + Xsin26]
— ¢0[2(Z] — Z) + Xsin 20]

+ X cos?6In <é>}

Refer to notations and geometry in Figure 2. With
R =X} +(z1 — 2)?
R = X3+ (z—2)

X4
=1 -1 _
% an (Zl - Z)
X5 ’
=1 -1 _—
P an <Zz - Z>

X = X—I—(Z] —Z)tal’l@
Xy = X+(22—Z)tan«9’

(A-1)

and

expressions of 3g/dx and dg/dz can be derived:

99(x, 2)
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This simplifies to
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After simplification,

99(x,2) 2 . Ri
oy = Gp |:2(¢0 — ¢pu) cos” 0 +sin 6 cos 0 In (Q )

(A-5)

Analytic signal and associated complex wavelet coefficients for
inclined 2-D gravity step

Using the notation a=—z > 0 for the altitudes (also
the dilations, positive in the upper half-plane), we define

w, é\gz(qZ:O)(X’ a), the y =1 complex wavelet, as the analytic

signal at all levels above the level of measurement:

W

vd192(..2) g .0
_veletd) _ (D159 g A-6
a <8x + az)g (A-6)

That is,
2
2

. 24, R
+i |:2(¢0 — ¢pu) cos” 6 +sin 6 cos 6 In <%>:|}

(A-T)
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The associated modulus is

IWodign(.0 % @

R 2
= Gpa{ [((ﬁu — ¢)sin20 + cos? O In (— ]

and phase is

_ -1
P16y (X @) = tan

RZ 2
21 2(¢po — ¢u) cos® B + cos O sin6 In (—2>
2
+ |:2(¢>0 — ¢u) cos? 6 + cos @ sind In <i2>:| } 2 (A-9)
Ro (¢u — o) sin20 + cos2 0 In (—2)
(A-8) Ro
APPENDIX B

APPROXIMATED MODULUS OF THE W

¥hlgz(,2)

WAVELET ALONG THE MAXIMA LINE

AT LARGE DILATIONS—GRAVITY CASE OF THE INCLINED 2-D STEP

In the case of the inclined 2-D step, the modulus maxima
line of the y =1 complex wavelet transform is curved (see Fig-
ure 3). For low dilations (z, + a <« h/2), it points toward the
upper edge of the step. For high dilations (zy + a > h/2), it
is a branch of hyperbola whose asymptote points toward the
barycenter of the step (X =0). We want to derive analytically
the form of this hyperbola. Then we show how this can be used,
in an inversion scheme, to recover simultaneously the average
depth, shape, and thickness of the inclined step.

Along the maxima line (for X = 0), we have

R: = (5 tan 9)2 +(z+a)?

(B-1)
R? = (! tan 9)2 +(z; +a)?
and
h
o (3)tano
¢o = tan [421 Ta :|
(B-2)
o0 — tan-! (%) tan o
! L +a ’

It follows from equation (A-8) that
Widigz.0 X D)

h/2tan6
-1
_Gpacose{4|:tan (( ) h/2)

2
B 1 (h/2tan6
tan <(zo+a)—h/2>}

24172
+ln|:(h/2tan0)2+[(Zo+a)+h/2]2:| ] |

(h/2tan6)? + [(z9 + @) — h/2]?
(B-3)
When z, + a>>h/2, we introduce the infinitesimal dimen-

sionless quantity € = (h/2)/(zy + a). Using a Taylor expansion
yields

tan-1 etand ~ tan-! etand
1+e€ 1—¢

= 2% tan @ [1 — (tan” 6 — 1)e?] + O(e®)  (B-4)

and

(etanf)? +[1 +€]?
n (etan6)? +[1 —€]?

—4e [1 + GZE — (tan?6 + 1)]} +0(e). (B-5)

Finally comes the modulus of W wligz(.2) along the maxima line
for high dilations (z) + a > h/2):

W odiget.z=0(* = 0-2)

2
=4Gpacos9( h/2 )[1+1< h/2 )}
Zp+a 3\zy+a

+ o(zohfr 2a)5. (B-6)

Using the log notation,

In |: ‘Ww%\gz(.,z:())(x =0, a)| :|

a

>~ {In(2Gpacos0) + B1In(z) + a)}

+ { In |:1 + %(% — tan? 9) <Zoh—/i—2a>2:| } (B-7)

The first-order term corresponds to a local source [refer to
equation (14)], where the power law exponent 8 is equal to —1.
The second-order term is a residual R that corresponds to the
extension of the step such that

1/2 h/2 \?
R_1~-(Z—tan® . B-
e 2(3 tan 9)<zo+a> (B-8)

This allows for an estimator H(a) of the thickness h of the step
at large dilations. That is, lim, ., H(@) = h, with

v
V2/3 —tan?0

H(@) ~2(z + a)( ) eR—1. (B9



