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[1] We calculated the electron pitch-angle diffusion coefficients in the outer radiation belt for L-shell 4.5 taking into
account the effects of oblique whistler wave propagation.
The dependence of the distribution of the angle q between
the whistler wave vector and the background magnetic field
on magnetic latitude is modeled after statistical results of Cluster wave angle observations. According to in-situ observations, the mean value and the variance of the q distribution
rapidly increase with magnetic latitude. We found that inclusion of oblique whistler wave propagation led to a significant
increase in pitch-angle diffusion rates over those calculated
under the assumption of parallel whistler wave propagation.
The effect was pronounced for electrons with small equatorial
pitch-angles close to the loss cone and could result in as much
as an order of magnitude decrease of the electron lifetimes. We
show that the intensification of pitch-angle diffusion can be
explained by the contribution of higher order cyclotron resonances. By comparing the results of calculations obtained from
two models of electron density distribution along field lines,
we show that the effect of the intensification of pitch-angle diffusion is stronger when electron density does not vary along
field lines. The intensification of pitch-angle diffusion and
corresponding decrease of energetic electron lifetime result
in significant modification of the rate of electron losses and
should have an impact on formation and dynamics of the outer
radiation belt. Citation: Artemyev, A., O. Agapitov, H. Breuillard,
V. Krasnoselskikh, and G. Rolland (2012), Electron pitch-angle
diffusion in radiation belts: The effects of whistler wave oblique
propagation, Geophys. Res. Lett., 39, L08105, doi:10.1029/
2012GL051393.

1. Introduction
[2] Studies of particle energization and scattering in the
inner magnetosphere began in the 1960’s with pioneering
work by Trakhtengerts [1966] and Kennel and Petschek
[1966]. Pitch-angle and energy diffusion due to the resonant interaction of electrons with whistler waves are now
considered to be one of the main mechanisms responsible for
the dynamics of electron radiation belts (see, e.g., reviews by
Shprits et al. [2008] and Thorne [2010]). The efficiency of
particle acceleration due to wave-particle resonant interaction
may be comparable or even more significant than effect of
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the adiabatic energy increase (see the discussion of the relationship between these two mechanisms in the work of
Horne et al. [2005a], Chen et al. [2007], and Shprits et al.
[2009]).
[3] Since the work of Kennel and Petschek [1966], waveparticle resonant interaction within the inner magnetosphere
has been described by a quasi-linear diffusion equation in
pitch-angle and energy space. The description requires one to
determine the coefficients of pitch-angle, a, and the energy E
diffusion, Daa and DEE, respectively. In order to calculate
these coefficients one needs to define the wave spectrum
characteristics. The widely used [see, e.g., Lyons et al., 1972;
Glauert and Horne, 2005; Horne et al., 2005b; Ni et al.,
2011, and references therein] approach consists of an intro^ 2(w) and the
duction of the wave frequency distribution B
distribution g(X) for the variable X = tan q that has a single
narrow peak, where q is the angle between the wave vector
direction and the background magnetic field. The calculations are based on the assumption that diffusion processes
are slow with respect to the bounce oscillations of trapped
particles between mirror points. For this case, one needs to
average out the diffusion coefficients over all latitudes for a
given L-shell.
[4] To evaluate the diffusion coefficients, the distributions
^ 2(w) and g(X) need to be defined either self-consistently
B
from theoretical models or determined from experimental
observations. For this work, we use the second approach.
Both distributions are often assumed to be Gaussian with the
following two parameters: the mean value and the variance.
^2(w), the parameters are
[5] For the frequency distribution B
generally defined as input data [Glauert and Horne, 2005;
Horne et al., 2005b; Summers et al., 2007b] or can be
determined from observations [see, e.g., Ni et al., 2011].
Although Shprits and Ni [2009] and Ni et al. [2011] demonstrated the role of the obliqueness of wave propagation for
pitch-angle diffusion, thus far the overwhelming majority of
calculations for diffusion coefficients have been made by
assuming the parallel propagation of whistler waves, when
the mean value of X is equal to zero [Glauert and Horne,
2005; Horne et al., 2005b; Albert, 2007]. Early spacecraft
observations showed that angle q is small enough in the
vicinity of the equator [Hayakawa et al., 1984; Goldstein and
Tsurutani, 1984]. Summers [2005], utilizing an assumption
for wave parallel propagation, developed a simplified technique for diffusion coefficient calculations and later generalized the technique by including the effects of heavy ions in
the dispersion relationship [Summers et al., 2007b]. The
approximation of the wave parallel propagation is widely
applied in order to obtain analytical estimates of diffusion
coefficients [see Albert, 2007; Mourenas and Ripoll, 2012,
and references therein].
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We transformed the observational distribution of q from
Agapitov et al. [2011] to the distribution of the X variable
and approximated this new distribution using a Gaussian
function. The dependence of the parameters of this approximation (the mean value and the variance Xm, Xw) on l were
fitted using the following polynomial functions:
2
Xm ¼ p
0:79
0:16l 3
ﬃﬃﬃ  0:36l þ 0:11l þ
2
Xw ¼ 2ð0:84  0:4l þ 2:0l  1:1l 3 þ 0:17l 4 Þ

ð1Þ

where l = l/10 and l < 40 . A comparison of equation (1)
with the dependencies obtained directly from Cluster observations is presented in Figure 1. Here, the experimental data
were collected for the L-shells ∈ [3.5, 5.5].

3. Pitch-Angle Diffusion Coefficients
Figure 1. The dependencies of the mean value Xm, and the
variance Xw on magnetic latitude l are shown by diamonds
(experimental data). The corresponding fitting used for modeling is shown using dotted curves.

[9] We calculated the local diffusion coefficients using the
following expression obtained by Glauert and Horne [2005]:
Daa ¼

Xmax
 
^ 2 wi;n
X Z nWe =g þ wi;n sin2 a2 g ðX ÞB
  Di;n dX ð2Þ
cosa
N wi;n
i;n
Xmin

[6] Significant deviations in q from zero for particular
events were detected by Lauben et al. [2002] and Santolík
et al. [2009]. Additionally, recent spacecraft statistical
observations [Haque et al., 2010; Agapitov et al., 2011; Li
et al., 2011] and numerical modeling [Bortnik et al., 2011]
have unambiguously demonstrated that the direction of the
whistler wave-vector can substantially deflect from the local
direction of the magnetic field, even at relatively low latitudes. The deflection becomes significant for magnetic latitudes equal or larger than l > 15 , where whistler waves can
have wave vectors close to the resonant cone, approaching
the perpendicular of the background magnetic field
[Agapitov et al., 2011].
[7] In this work, we modified the method for diffusion
coefficient calculations as proposed by Glauert and Horne
[2005] by incorporating a realistic dependence of the g(X)
distribution on the magnetic latitude l. We used the results of
the statistical study of whistler wave propagation [Agapitov
et al., 2011] to define the distribution gl(X) as a function of
l for the computation of bounce averaged coefficients in
pitch-angle diffusion 〈Daa〉. Here, we show that a consideration of the realistic distribution of gl(X) results in an
increase of the role of a higher number of cyclotron resonances, and leads to the important growth of 〈Daa〉.

2. The Statistical Distribution of Whistler
Propagation Directions
[8] For calculating diffusion rates, we used a Gaussian
distribution of the variable X = tan q, similar to previous
studies [see, e.g., Glauert and Horne, 2005; Horne et al.,
2005b; Ni et al., 2011, and references therein]: g(X) =
exp((X  Xm)2/X2w). However, in contrast to these models we considered the mean value Xm, and the variance Xw
to be functions of the magnetic latitude l. According to
Cluster statistics observations, the mean value, and the
variance of the q distribution increase with magnetic latitude [see Agapitov et al., 2011, Figure 2(e)]. On the
equatorial plane, Agapitov et al. [2011] found Xm ≈ 0.3
and Xw ≈ 0.8, with Xm ≈ 4 and Xw ≈ 2 already at l = 30 .

where Di,n is the resonant factor |vk  ∂w/∂kk|1 (see details
in work by Glauert and Horne [2005]), and wi,n are the resonance frequencies, and, as follows:
1
N ðwÞ ¼ 2
2p

ZXmax
Xmin

^ 2 ðwÞ ¼ Aexp 
B


2
gðX Þki;n
X ∂k 
 dX ;
ð1 þ X 2 Þ3=2 ∂w 
X

w  w

m 2

dw

;

w ∈ ½wlc ; wuc ;

^ 2 = 0 for w 2
where B
= [wlc, wuc], wlc,ucR = wm ∓ 1.5dw, and
^ 2(w)dw = B2w. The
A is determined from the normalization B
boundary values of X are Xmin = 0 and Xmax = min(10, Xr),
where Xr is the X value in the resonant cone angle (see, e.g.,
the discussion in work by Glauert and Horne [2005]).
The resonant frequencies (and the corresponding wavenumbers ki,n) can be found from the dispersion relationship
w = w(k) and the resonantp
condition
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ w  kkvk = nWe/g;
where We = |e|B/mec, vk = c 1  g 2 cos a, g is the gamma
factor, and i is the number of resonant roots. Although, recent
calculations demonstrate possibly important roles for the
difference between the real background magnetic field
and the dipole model [Orlova and Shprits, 2010; Ni et al.,
2011], we used a dipole approximation to obtain first estimates and to compare them with
previous calculations, as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
follows: B = Beqb(l), b(l) = 1 þ 3sin2 l /cos6 l, and the
equatorial value Beq corresponds to the selected L-shell. Here,
Weq = |e|Beq/mec indicates the equatorial gyrofrequency.
[10] We solved the resonant equations for each latitude l
and found wi,n(l, a, g, s). The ratio of the plasma frequency
and the gyrofrequency s = wpe/We should be specified by
choosing wpe as a function of l . For the majority of calculations, a constant approximation wpe = const was used
[Glauert and Horne, 2005; Ni et al., 2011; Summers et al.,
2007b]. However, a possible increase in the electron density with latitude [Denton et al., 2002] resulted in an increase
in wpe. Here, we used the following two approximations:
1) wpe = const for the given L-shell, and 2) the ratio s that
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Figure 2. Pitch-angle diffusion coefficients averaged over electron bounce oscillations are shown for constant parameters
(Xw = 0.577, Xm = 0, gray color) and for parameters dependent on the magnetic latitude (Xm,w = Xm,w(l) from equation (1),
black color). Dotted curves correspond to the approximation wpe = const, and solid curves show results for s = const. The
corresponding particle energy and the ratio wpe/We evaluated at the equator are indicated inside the panels. Red dotted curve
shows diffusion coefficient calculated with Xm,w = Xm,w(l) and wpe = const for lm = min(lmax, 30 ).
is assumed to be constant for a given L-shell (i.e. wpe varies in
a similar manner with We). Real variation in the s parameter
should be determined between these two approximations.
[11] Then, for each l we calculated the local value of the
diffusion coefficient Daa(a, l) using Xm(l) and Xw(l) from
equation (1). The coefficient 〈Daeqaeq〉 was obtained by
averaging over magnetic latitudes (corresponding to the
averaging obtained over bounce oscillations), as follows:
Daeq aeq

1
¼
T

Zlm
Daa ða; lÞ

cos a cos7 l
dl;
cos2 aeq

0

where sin2 a = b(l) sin2 aeq, T = 1.30  0.56 sin aeq, lm =
min(lmax, 40 ), b(lmax) sin2 aeq = 1, and aeq is the equatorial
value of the pitch-angle (see details in work by Glauert and
Horne [2005]).
[12] We also calculated the diffusion coefficients 〈Daeqaeq〉
using Xw = 0.577 and Xm = 0 for a comparison with results
found by Glauert and Horne [2005] and Summers et al.
[2007b]. For calculating these coefficients, we used lm =
lmax, Xmin = 0, Xmax = 1.

[13] For both calculations we used the wave magnetic field
amplitude Bw = 100 pT and wm = 0.35Weq similar to the
previous studies. The L-shell was 4.5 and maximum number
of cyclotron harmonics was taken to be equal to n = 5 (we
used the same parameters used by Glauert and Horne
[2005]). The pitch-angle diffusion coefficients were normalized on p2 = (g 2  1)m2ec.
[14] In Figure 2, we present the results of the calculations
for the diffusion coefficients with constant Xw,m and with
Xw,m = Xw,m(l) as described by equation (1). The main
differences between the coefficients were found for particles with a small pitch-angle at the equator aeq. Indeed, these
particles can reach high latitudes (lmax > 15 ), where values
of Xm and Xw are substantially larger than for the equatorial
plane l = 0 . The ratio of 〈Daeqaeq〉 for Xw,m = const and for
Xw,m = Xw,m(l) from equation (1) can exceed an order of
magnitude. In comparison with Shprits and Ni [2009] and Ni
et al. [2011], where a nonzero Xm was also used, we obtained
a more substantial increase of 〈Daeqaeq〉 due to the increase
of variance Xw with latitude. Comparison of diffusion coefficients calculated with lm = min(lmax, 30 ) and with lm =
min(lmax, 40 ) show the role of resonant wave-particle
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Figure 3. The pitch-angle diffusion coefficients, averaged over electron bounce oscillations for each cyclotron resonance
n = 0, 1, 2, 5, are shown using colored curves. The total value of the diffusion coefficient 〈Daeqaeq〉 = ∑n〈Daneqaeq〉 is
marked by the symbol S.
interaction for small pitch-angles. The strong increase of pitchangle diffusion coefficients for aeq < 10 corresponds with
resonant interaction with almost transverse waves at l > 30 .

4. Higher Order Cyclotron Resonances
[15] To determine the importance of the contribution
of higher order cyclotron resonances to 〈Daeqaeq〉 we plotted
the total diffusion coefficients 〈Daeqaeq〉 = ∑n〈Daneqaeq〉 and the
partial rates 〈Daneqaeq〉 for various conditions in Figure 3.
[16] One can see that for Xm,w = const, only resonances
with n = 0 (Cherenkov resonance) and n = 1 play an
essential role. In contrast, higher order resonances significantly contribute to pitch-angle diffusion coefficients in the
system, with Xw,m = Xw,m(l). The effect of the increase in the
role played by higher order resonances for oblique whistler
waves was noted before by Shklyar and Matsumoto [2009].
One can determine that different higher order resonances
tend to be dominant at various equatorial pitch angle intervals, showing an energy dependence (a similar effect was
observed for calculations with a nonzero Xm by Shprits and
Ni [2009]).

[17] To point out the intensification of the role of higher
order resonances, let us suppose that the distribution depen^ 2(w) on the frequency is sufficiently narrow, with
dence of B
wi,n ≈ wm (see the details of this approach in work by
Mourenas and Ripoll [2012]). Then, the resonance conditions, together with the simplified dispersion relationship,
allow one to evaluate the largest possible value of the resonance order for which wave particle interaction occurs.


w2pe wm vk g=c 2 cos2 q
n ≈ 2
We We cosq  wm
2

[18] One can see that higher order resonances become
important when the corresponding vector approaches the
resonance cone for the given frequency cos q = wm/We at a
given latitude. On the other hand, for the quasi-parallel
propagation, the angle q for any given l remains far from the
resonance cone. One can conclude that for this case, higher
order resonances cannot provide any significant input to the
diffusion coefficients (at least for small particle energy, when
g  1).
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[19] According to experimental observations, Xm and Xw
grow with l (see Figure 1 and Agapitov et al. [2011]). For
such a case, cos q (l), corresponding to the core of the distribution gl(X), decreases with l while the wave vector
becomes closest to the resonant cone. As a result, higher
order resonances can contribute to diffusion. To reach latitudes with a small cos q, particles should have small equatorial pitch angles, in agreement with the results shown in
Figures 2 and 3.

L08105

when Xm = 0. In this work, we demonstrated that the increase
in diffusion rates corresponds to an important contribution of
higher order cyclotron resonances.
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5. Discussion and Conclusions
[20] In this work we show that higher order cyclotron
resonances can contribute significantly to electron pitchangle diffusion (for small aeq) where whistler wave-vector
directions become oblique to the background magnetic field.
Although our results demonstrate a significant increase in the
pitch-angle diffusion coefficients for small equatorial pitchangles aeq, one would not expect a comparable increase in
the energy diffusion rate. For energy diffusion coefficients,
one can find 〈DnEE〉  〈Daneqaeq /n2〉 [see, e.g., Glauert and
Horne, 2005; Summers et al., 2007b]. As a result, the
impact of higher order resonances is weaker for energy diffusion, and the expected increase in energy diffusion rates
should be smaller than the increase obtained for pitch-angle
diffusion rates.
[21] For our calculations, we employed the distribution of
the variable X = tan q, as first proposed by Lyons et al. [1972].
The issue is important to note since the transformation of the
q to X variable is nonlinear and the real dependence of gl(X)
on X significantly deviates from Gaussian. Therefore, one
can consider two possible approaches for describing gl(X),
as seen in spacecraft observations with slightly different
results. On one hand, we can find the mean value 〈q〉 and the
variance Dq of the q distribution, and then assume Xm =
tan 〈q〉 and Xw = tan Dq [see, e.g., Glauert and Horne, 2005;
Ni et al., 2011]. On the other hand, we can transform the
observed q distribution onto the distribution of the X variable
and then calculate Xm,w as a parameter of the approximation
of this new distribution using the Gaussian function. The
choice of these two approaches is not important for constant
small values of 〈q〉 and Dq . For 〈q〉, depending on l, it seems
to be more relevant to rewrite gl(X) as a distribution of the
angle q and to use the Gaussian (or a more complicated)
approximation for gl(q). Such an improvement is beyond the
scope of this work and is left for future publications.
[22] Pitch-angle diffusion rates determine the lifetime
of electrons in radiation belts and define the evolution of
particle flux [see Horne et al., 2005b; Summers et al., 2007a;
Shprits et al., 2009, and references therein]. According to
simplified estimates by Albert and Shprits [2009], the electron lifetime is 1/〈Daeqaeq〉, where diffusion rate is evaluated
at the loss-cone boundary pitch-angle. Therefore, the increase
of 〈Daeqaeq〉 obtained for particles with small equatorial pitchangles (close to loss-cone) should result in a significant
decrease in lifetime.
[23] In conclusion, we calculated pitch-angle diffusion
coefficients for the realistic distribution of X = tan q while
taking into account the dependence of this distribution on
magnetic latitude. The obtained results demonstrate that the
diffusion rates of electrons with small pitch-angles are significantly larger for the realistic gl(X) distribution, in comparison with the approximation of parallel wave propagation,
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