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S U M M A R Y
We propose a wavelet-based method to characterize acoustic impedance discontinuities from
a multiscale analysis of seismic reflected waves. Our approach relies on the analysis of ridge
functions which contain most of the information of the wavelet transform in a sparse support.
This method falls in the framework of the wavelet response (WR) introduced by Le Gonidec
et al. which analyses the impedance multiscale behaviour by propagating dilated wavelets into
the medium. We further extend the WR by considering its application to broad-band seismic
data. We take into account the bandpass filter effect related to the limited frequency range of
the seismic source. We apply the method to a deep-water seismic experiment performed in
2008 during the ERIG3D cruise to demonstrate the potential of ridge functions as multiscale
seismic attributes. In conjunction to the analysis of seismic data acquired by the deep-towed
SYSIF system (200–2200 Hz), we use ground truth data to characterize the fine scale structure
of superficial sediments by using the continuous wavelet transform (CWT). The availability of
in situ measurements allows to validate the relationship between CWT and WR and to estimate
the attenuation of seismic waves into the sediments. Once validated, the method is applied on
a whole seismic profile and WR ridge functions are computed for two particular reflectors.
The reflector thicknesses fall below the resolution limit of the seismic experiment making the
WR seismic attributes a super-resolution method.

Key words: Wavelet transform; Seismic attenuation; Wave propagation; Acoustic properties.

1 I N T RO D U C T I O N

The characterization of both petrological and mechanical properties
of marine sediments in large areas often relies on the joined analysis
of both seismic survey data and local ground truth measurements
obtained from wells and cores (e.g. Sheriff 1992; Pennington 2001;
Sultan et al. 2007a). This kind of approach falls in the main topic of
applied seismology where a quantitative mutual analysis of seismic
soundings and in situ data is performed to derive links between
seismic attributes and properties of the geological medium (Barnes
2001; Fomel 2007). Many of these studies rely on statistically estab-
lished relationships between seismic features and geological prop-
erties (e.g. Gastaldi et al. 1997). Because of the variety of attributes
and the diversity of the geological properties to be determined, seis-
mic interpreters are faced with a huge combinatorial complexity for
which data mining and non-linear search algorithms are involved
(e.g. Banchs & Michelena 2002; Strecker & Uden 2002).

A notable difficulty encountered when relating seismic attributes
and core data comes from the generally huge discrepancy existing
between the frequency range of the high-resolution (HR) in situ data
and the low-frequency range of the filtered seismic traces (Widess

1973; Banik et al. 1985; Burridge et al. 1988). Consequently, the
seismic data furnish a blurred, low-pass filtered view of the geo-
logical interfaces producing the reflected waves. This prohibits a
simple correspondence between seismic arrivals and reflectors. In
particular, a small-scale cluster of geological interfaces may appear
as a single equivalent seismic reflector either because of the intrinsic
low-frequency nature of the incident waves (Marsset et al. 2010)
or because of low-pass filtering effects produced by interferences
occurring within the cluster of interfaces (e.g. Morlet et al. 1982).
These effects are often reinforced and complicated by the conjuga-
tion of multiple scattering produced by small-scale heterogeneities
(Banik et al. 1985; Resnick 1990) and the fractal nature of the
heterogeneous geological layers (Frankel & Clayton 1986; Sheng
et al. 1986). However, the degradation of the resolution produced
by these filtering phenomena constitutes, by itself, an information
which provides constraints on the properties of the complex hetero-
geneous geological medium (Aki & Chouet 1975; Le Gonidec &
Gibert 2007).

Considerable efforts are being made to widen the frequency
range of seismic apparatus by pushing the limits due to techno-
logical constraints, especially the physical properties of the seismic
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sources which mainly radiate their energy in the low-frequency
domain (Gettrust et al. 1991; Wood et al. 2003; Marsset et al.
2010). Important technological advances have recently been ob-
tained for full deep-towed devices, equipped with both sources and
receivers, allowing to perform measurements close to the seafloor.
Such new seismic tools, like the SYSIF seismic device developed by
IFREMER (Ker et al. 2008; Ker et al. 2010; Marsset et al. 2010),
furnish a better penetration of the seismic waves into the sediments
and a dramatic improvement of the frequency content of the seismic
data.

The significant widening of the available frequency range moti-
vates further developments in the local analysis of seismic traces.
Indeed, active research on seismic attributes gained a renewal of
interest during the last decade to propose new seismic attributes
and study their relation with yet seismically unrecognized geologic
features (e.g. Chopra & Marfurt 2008). In particular, the wide fre-
quency range of the data now available allows to undertake spectral
decompositions in the seismic attribute domain to obtain informa-
tion on the fine structure of the reflectors (Chopra & Marfurt 2008).
In the most recent studies, time-frequency decomposition, using ei-
ther windowed Fourier transform or continuous wavelet analysis, to
perform a local spectral decomposition of seismic arrivals (Castagna
et al. 2003; Chopra et al. 2006). These promising new approaches
transfer the information originally contained in the seismic traces
into multidimensional spaces where the time-frequency character-
istics of the reflected wave packets are used to derive information
about the nature of the reflectors.

The aim of this paper is to contribute to the understanding of the
wavelet decomposition of seismic traces by exploiting the physical
phenomena—interferences, attenuation—influencing the wavelet
transform signature of seismic wave packets. Here, the wavelets
must be understood in the sense of the constant shape wavelets used
in wavelet analysis (e.g. Goupillaud et al. 1984). Our approach
relies on the analysis of the so-called ridge functions formed by
lines of extrema in the wavelet transform (Mallat & Hwang 1992;
Alexandrescu et al. 1995; Mallat 1998; Le Gonidec et al. 2002). As
explained later in this paper, such lines constitute a sparse support
containing much of the information brought by the wavelet trans-
form. Indeed, Mallat & Hwang (1992) showed that, under some
conditions, a complex signal may be reconstructed with the sole
ridge function skeleton extracted from its wavelet transform.

We propose to consider the ridge functions extracted from wavelet
transforms of seismic traces as seismic attributes. In Section 2, we
show how the ridge functions of the wavelet transform of the seismic
data may provide information on the small-scale structure of the
reflectors. Our work falls in the framework of the wavelet response
(WR) introduced by Le Gonidec et al. (2002), and defined as the
seismic traces obtained for a family of source signals corresponding
to wavelets with different dilations. These authors showed that the
ridge functions of the WR contain informations on the shape of the
impedance variations—not necessarily step-like jumps—associated
with the reflectors (Le Gonidec et al. 2002; Le Gonidec & Gibert
2006, 2007; Gesret et al. 2010).

In this paper, we further extend the WR approach by considering
the application of the method to real seismic data. In particular,
we study the distortions produced by the limited frequency range
of the source used in real seismic surveys. To illustrate the po-
tential usefulness of the seismic attributes constituted by the ridge
functions, we apply them to a deep-water seismic experiment per-
formed in year 2008 during the ERIG3D cruise (Ker et al. 2010),
and where HR seismic measurements were done in two frequency
bands (220–1050 Hz) and (580–2200 Hz) to obtain very high reso-

lution (VHR) seismic images of the superficial sediment structures
(Fig. 1). In conjunction to these original seismic data, ground truth
data—both penetrometer and core measurements—are used to char-
acterize the fine structure of the layered geological medium at some
locations along a seismic profile.

The paper is organized as follows. Section 2 introduces the theo-
retical framework of the multiscale analysis illustrated on theoretical
discontinuities, that is, reflectors with simple geometries. Section 3
is devoted to ground truth data constituted by a sediment core and in
situ measurements (density and P-wave velocity). We describe the
processing and corrections applied to obtain the acoustic impedance
log of the site that we used to perform the multiscale analysis of the
superficial marine sediments. In Section 4, we consider the deep-
towed SYSIF seismic data and compare their WR with the wavelet
transform of the impedance log. Afterwards, the entire seismic pro-
file is processed and ridge function seismic attributes are used to
follow the along-profile variations of the characteristic thickness of
reflectors.

2 WAV E L E T - B A S E D M U LT I S C A L E
A NA LY S I S O F C O M P L E X
D I S C O N T I N U I T I E S

This section presents a multiscale analysis of complex disconti-
nuities based on the continuous wavelet transform (CWT). We first
recall the main properties of the CWT to characterize discontinuities
present in vertical profiles of the acoustic impedance as measured in
boreholes. We next examine how the CWT analysis can be extended
to the WR analysis to detect and characterize impedance discontinu-
ities by using the reflected waves instead of the impedance profile.
Finally, we address the case of real seismic data with finite fre-
quency bandwidth that do not allow to obtain a pure WR, and for
which distortions occur.

2.1 Multiscale analysis in the space domain: the
continuous wavelet transform

This section contains the fundamental properties of the CWT to de-
tect and characterize discontinuities present in signals correspond-
ing to vertical profiles p(z) of either density, P-wave velocity or
acoustic impedance. Such discontinuities produce reflection and re-
fraction of incident waves and correspond to seismic reflectors. We
consider the case of complex impedance variations representable
as a sum of a finite number of elementary singularities sharing the
common homogeneity property

Da p(z) ≡ 1

a
p

( z

a

)
=

(
1

a

)α+1

p (z) , (1)

where α is the homogeneity degree which depends on the type
of singularity (Holschneider 1995) and Da is a dilation operator
(Goupillaud et al. 1984) with a > 0, the dilation parameter also
referred to as the scale factor. The CWT of p(z) is defined as

W [ψ, p] (z, a) ≡ (Daψ ∗ p) (z) (2a)

= 1

a
ψ

( z

a

)
∗ p (z) , (2b)

where ∗ denotes the convolution operator. ψ is a given func-
tion called the mother-analysing wavelet, where wavelength is
λ0. The factor a is defined as a = λ/λ0 where λ is the
wavelength of the dilated wavelet. Indeed, for functions p

C© 2011 The Authors, GJI, 187, 1038–1054

Geophysical Journal International C© 2011 RAS



1040 S. Ker et al.

F
ig

ur
e

1.
(a

)
L

oc
at

io
n

of
th

e
se

is
m

ic
pr

ofi
le

an
d

gr
ou

nd
tr

ut
h

da
ta

ac
qu

ir
ed

du
ri

ng
th

e
E

R
IG

3D
cr

ui
se

.(
b)

P
ho

to
gr

ap
h

of
th

e
C

S
-0

8
co

re
.(

c)
In

si
tu

P
-w

av
e

ve
lo

ci
ty

lo
g.

(d
)

S
ei

sm
ic

pr
ofi

le
s

at
th

e
co

ri
ng

si
te

,w
it

h
a

hi
gh

-r
es

ol
ut

io
n

[H
R

:(
22

0–
10

50
H

z)
],

ve
ry

hi
gh

re
so

lu
ti

on
[V

H
R

:(
58

0–
22

00
H

z)
]

an
d

a
co

m
bi

na
ti

on
of

bo
th

.(
e)

Fr
eq

ue
nc

y
sp

ec
tr

a
of

th
e

H
R

,V
H

R
an

d
co

m
po

si
te

se
is

m
ic

pr
ofi

le
s.

C© 2011 The Authors, GJI, 187, 1038–1054

Geophysical Journal International C© 2011 RAS



Multiscale seismic attributes 1041

Figure 2. Top panels (left- to right-hand side): complex discontinuity of aperture �z = 0.6 m and modulus of the wavelet transform (WT) in the depth-dilation
domain and ridge function. Middle panels (left- to right-hand side): complex discontinuity and modulus of the wavelet response (WR) in the time-dilation
domain and ridge function. Bottom panels (left- to right-hand side): complex discontinuity, WR modulus in two dilation ranges including band-limited
distortions and ridge function (log is the neperian logarithm).

satisfying eq. (1), we have

W [ψ, p]
(
z, a′) =

(
a′

a

)α+1

Da′/a W [ψ, p] (z, a) . (3)

Eq. (3) states that the entire CWT of a homogeneous singu-
larity can be recovered from its values taken at a single dilation
a (Grossmann et al. 1987; Holschneider 1988; Mallat & Hwang
1992). Geometrically, eq. (3) indicates that the wavelet transform
of an isolated homogeneous singularity has a cone-like appearance
with the apex pointing onto the singularity location. The analysing
wavelet ψ may be any localized oscillating function with a vanish-
ing integral; however, it must also have at least α vanishing moments
to preserve the localized conical shape of the wavelet transform of
a singularity with homogeneity degree α. In this work, ψ is taken
as the third derivative of a Gaussian function and possesses four
extrema.

Eq. (3) also shows that the amplitude of the CWT of a homo-
geneous singularity scales as aα . By plotting the absolute value
of the CWT taken along its lines of extrema as a function of a,
straight lines with slope α in a log–log diagram characterize the
singularity geometry (Mallat & Hwang 1992; Alexandrescu et al.
1995; Holschneider 1995; Moreau et al. 1997; Le Gonidec et al.
2002). In Appendix A, we remember the basic results for two ideal
discontinuities, that is, the Dirac and the Heaviside functions.

When combining such homogeneous singularities, the resulting
complex discontinuities will no more be homogeneous and, con-
sequently, they will have one or more characteristic scales. We
shall suppose that the centres of homogeneity of these singularities
are contained in an interval of finite width. As an example, let us
consider a window discontinuity, w, constructed with two Heavi-
side functions H (α = 0) of opposite signs and separated by �z
(Fig. 2a-1),
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w(z) = H

(
z + �z

2

)
− H

(
z − �z

2

)
. (4)

Invoking the linearity of the wavelet transform and using eq. (3),
we get

W [ψ, w] (z, a) = W [ψ, H ]

(
z + �z

2
, a

)

−W [ψ, H ]

(
z − �z

2
, a

)
(5a)

= W [ψ, H ]

(
z + �z

2

a
, 1

)
− W [ψ, H ]

(
z − �z

2

a
, 1

)
.

(5b)

As can be observed on Fig. 2(a-2), at small enough dilations
(i.e. scales) the compact supports of the wavelet transforms of the
two-step discontinuities forming w are disjoint and the window dis-
continuity appears as two distinct step discontinuities. Conversely,
when a → +∞, eq. (5b) becomes

W [ψ, w] (z, a) = �z

2a

d

d (z/a)
W [ψ, H ]

( z

a
, 1

)
, (6)

and the window of finite width �z is seen as a Dirac discontinuity
(Fig. 2a-2). These asymptotic appearances of the window disconti-
nuity are also visible in the lines of extrema hereafter called ridge
functions whose slope α = 0 at small dilations and α = −1 for
large ones (Fig. 2a-3). Observe that the number of ridge functions
in Fig. 2(a-2) changes accordingly, with two groups of three ridges
typical of step discontinuities at small scales (internal structure of
w) and a single group of four ridges typical of an impulse discon-
tinuity at large scales (global structure of w). See Appendix A for
a quantitative description of the transition between these two be-
haviours. At intermediate dilations, corresponding to a complicated
appearance of the CWT which can no more be discussed in term
of homogeneous discontinuities, the ridge functions are not straight
but curved lines whose precise shape depends on the structure of
the complex discontinuity. Consequently, the intermediate dilation
range contains much informations relevant to the internal mor-
phological characteristics of the discontinuity. Actually, the ridge
functions of the window discontinuity possess a maximum located
at the critical dilation ac whose value is related to the characteristic
size �z of the window function.

In this case of Fig. 2(a), where we fixed �z = 0.6 m and the
reference wavelength λ0 = 0.26 m for the mother-analysing wavelet,
we get ac � 6.05 [ln (ac) � 1.8] and

λc = acλ0 � 2.61�z. (7)

The proportionality factor 2.61, specific to the considered analysing
wavelet, was already introduced in Kallweit & Wood (1982) and
Chung & Lawton (1995) for Ricker signals. The knowledge of ac,
measured from the ridge functions with an uncertainty δa, allows
the determination of the thickness �z with an error of ±1 cm.

The example of the CWT analysis of the window discontinuity
illustrates the general capability of CWT to perform a morphologi-
cal multiscale analysis of complex intricate discontinuities from the
appearance of both the CWT map and its ridge functions. The main
properties of the wavelet transform discussed in this example—
that is, asymptotic behaviour, intermediate dilations and merging
of ridge functions—are retrieved for more complex discontinuities,
provided the spanned dilation range is sufficiently large. However,
the complexity of the analysed discontinuities may preclude full
analytical developments like those made in Appendix A for the

window discontinuity. In such cases, a numerical inverse approach
should be used instead as will be described in a forthcoming paper.

2.2 Multiscale analysis in the time domain: the wavelet
response

We now turn to the problem of characterizing impedance
discontinuities—that is, reflectors—not directly from the
impedance vertical profile, p(z), as performed in the preceding sec-
tion but, instead, by analysing the waves reflected by the geological
medium whose structure corresponds to the impedance profile of
interest. This is accomplished by replacing the CWT described in
the preceding section by the WR introduced by Le Gonidec et al.
(2002). Instead of convolving a family of dilated wavelets with p(z)
as in the CWT (see eq. 2b), the WR is obtained by propagating a
wavelet family through a medium whose impedance profile corre-
sponds to p(z). Accordingly, the WR is defined as

R [ξ, p] (t, a) ≡ (Daξ ⊗ p) (t) (8a)

= Daξ (t) ∗ r (t), (8b)

where ⊗ represents the 1-D propagation of the dilated wavelet
Daξ (t) through the medium. The function r(t) is the Green’s func-
tion of the medium, also known as the reflectivity function. Using
r(t) instead of p(z) allows to write the WR as a convolution product.
Physically, the WR represents the collection of the reflected time-
varying wavefields obtained by exciting the medium with a family
of dilated source wavelets. A notable difference is that the depth z
axis of the CWT is now replaced by the two-way traveltime t axis
in the WR.

Le Gonidec et al. (2002, 2003) have shown that, provided the
Born approximation is valid, the WR and the CWT of homoge-
neous discontinuities are equivalent, that is, they produce the same
ridge function and eq. (7) remains valid. In other words, the WR
obtained with the reflected waves provides the same information on
the singularities as if a CWT was directly applied on the impedance
profile. This is illustrated in Fig. 2(b) where a window discontinuity
in the impedance profile (Fig. 2b-1) produces a WR (Fig. 2b-2)
similar to the wavelet transform of the window (Fig. 2a-2) with
similar ridge functions (Fig. 2b-3). To obtain a full equivalence
between the CWT and the WR, the latter is computed for source
wavelets, Daξ (t) equal to the integrals of the wavelets, Daψ (z),
used to computed the CWT, that is, ψ = ξ ′. In particular, the WR
of a step discontinuity reproduces the source wavelets whereas the
CWT gives the integrated wavelets (see Le Gonidec et al. 2002,
2003 and Appendix B for more details). This derivative relation-
ship between the families of wavelets used to compute R (eq. 8b)
and W (eq. 2b) allows to apply the results of the CWT to the WR
methods, which involve, in this work, a third and a second Gaussian
derivatives, respectively. Note that the second Gaussian derivative
is the Ricker wavelet commonly used in seismic modelling.

2.3 Wavelet response with band-limited seismic data

Up to now, we introduced the theoretical framework of both the
CWT and the WR without any consideration of limitation on the
dilation range spanned by these methods. Actually, excepted in
experiments where high-frequency devices can be operated to obtain
WR spanning up to six octaves in the dilation domain (Le Gonidec
& Gibert 2006, 2007), most seismic data have a limited bandwidth
(Parkes & Hatton 1986; Sheriff 1991). We now extend the WR

C© 2011 The Authors, GJI, 187, 1038–1054
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to analyse such seismic data instead of assuming ideal unlimited
frequency contents. This puts limits on the dilation range practically
attainable and alters the scale resolution. In this section, we address
some practical consequences of these limitations.

As seen in the examples concerning both the CWT and the WR,
much information concerning the internal morphological struc-
ture of a complex discontinuity is contained in the high- and
intermediate-dilation domains where the wavelength of the wavelets
is on the order of the characteristic scales of the features forming the
discontinuity. Consequently, much limitation of the performances
of the WR mainly comes from the high-frequency cut-off in the data
spectrum, and less from the low-frequency limit. In the discussion
below, we shall assume that the limitation of the frequency band-
width of the seismic data may be represented by a single bandpass
filter with an impulse response b(t). In such a case, eq. (8b) becomes

R [ξ, p] (t, a) ≡ Daξ (t) ∗ [r (t) ∗ b(t)] (9a)

= [Daξ (t) ∗ b(t)] ∗ r (t) (9b)

= W [ξ, b] (t, a) ∗ r (t), (9c)

where, owing to the associative property of the convolution prod-
uct, the action of the filter b(t) may be applied to either the reflectivity
or to the family of dilated wavelets. This dual view of the action
of filter b(t) is not purely aesthetic but, instead, is of a practical
interest. Indeed, the [r(t) ∗ b(t)] term in eq. (9a) is nothing but the
seismic trace and this equation shows that the experimental WR is
practically obtained by computing the CWT of the seismic trace.
Conversely, when filter b(t) is applied to the wavelet family Daξ (t)
(eq. 9b), the resulting kernels Daξ (t) ∗ b(t) acting on the reflectiv-
ity no more constitute a family of wavelets with a constant shape,
and more or less pronounced distortions of the WR are expected.
In practice, eq. (9b) is more comparable to eq. (8b) and useful to
understand the distortions due to the limited frequency bandwidth
of the data. Finally, observe that the kernel family Daξ (t) ∗ b(t) is
the CWT of the filter as written in eq. (9c).

The distortions produced in the WR are controlled by the precise
form of the filter b(t) and then depend on the spectrum of the
seismic data. For a general form of b(t), the distortions of the ridge
functions are expected to be complex and analytically intractable.
We now give some hints to practically undistort, at least partly, the
ridge functions. The following discussion is based on our previous
work on wavelet theory applied to potential fields, and the interested
reader could find detailed theoretical developments in, for example,
Moreau et al. (1997, 1999) and Sailhac et al. (2009).

There are some instances where the distortions are mathemati-
cally tractable and may be eliminated if the filter b(t) is a convolu-
tionally stable function, that is, it belongs to a family of functions
such that convolving two member functions gives a third function
of the same family. For instance, convolving two Gaussians gives
another Gaussian. Assuming that both the filter and the analysing
wavelet are derivatives—possibly fractional—of a Gaussian func-
tion, the kernels Daξ (t) ∗ b(t) will also be the derivative of a Gaus-
sian and will constitute a family of dilated wavelets of constant shape
(e.g. Sailhac et al. 2009). The distortions of the ridge functions pro-
duced by convolutionally stable filters summarize as a rescaling and
a translation along the dilation axis (see eqs 30 and 31 in Moreau
et al. 1999), and the experimental WR may be undistorted.

In this study, the filter b(t) is only approximately known and the
distortions of the ridge functions must be empirically corrected as
no analytical formula can be derived. To do so, we estimate the dis-
tortions from the ridge function of a Heaviside discontinuity when

a limited frequency content is considered. In that case, the ridge
function is not a straight line with a flat slope, as it should be with-
out distortion (Fig. 1a-3), but a more complex curve instead. The
distortion due to b(t) can then be removed, as a first approximation,
by normalizing the ridge functions with this curve which provides
an empirical estimate of the correction to apply. Fig. 2(c) illustrates
this procedure for the case of the window discontinuity already
discussed. In this figure, the dilation range is separated in two do-
mains to mimic the HR and VHR data sets discussed by Ker et al.
(2010) and presented below in a dedicated section. The distorted
WR is obtained by applying filters—one for each data set—to limit
the frequency content of the ideal WR shown in Fig. 2(b). It may
be observed that the global plan view appearance of the distorted
WR (Fig. 2c-2) looks very similar to the ideal WR (Fig. 2b-2) with
two clusters of ridges at small dilations, a complicated merging of
the ridges at intermediate dilations and, finally, four ridges typical
of an impulse discontinuity at large dilations. The corrected ridge
functions are shown in Fig. 2(c-3).

2.4 Remarks

The results discussed in Section 2 show that the multiscale infor-
mations given by the CWT of an impedance profile obtained by in
situ data (Fig. 2a) are retrieved in the WR constructed with the re-
flected seismic waves (Fig. 2b). Despite the distortions produced by
the frequency cut-off of real data, a large amount of the multiscale
information can be retrieved through an empirical correction of the
ridge functions (Fig. 2c). From a general point of view, the ridge
functions, including the location points of their traces in the (z; a)
plane, contain all information necessary to characterize a disconti-
nuity. This property comes from the fact that both the CWT and WR
are redundant as the wavelet family is not orthogonal. Hence, a sub-
set of the CWT (and WR) is sufficient to reconstruct the analysed
signal. In particular, the ridge functions constitute such a subset and
Mallat & Hwang (1992) showed that a signal may be reconstructed
from its ridge functions.

From the point of view of this study, the ridge functions constitute
a multiscale data set containing the information brought by the
original signal, and they may be used to compress signals. The
localization of the ridge functions preserve their assignment to a
given discontinuity—that is, reflector—and they can be viewed as
seismic multiscale attributes suitable for further analysis.

The next two sections present the application of the multiscale
analysis, both CWT and WR, to a marine seismic data set joined
with in situ measurements. The data have been acquired during the
ERIG3D cruise (2008) offshore Nigeria (Fig. 1) which provided the
opportunity to investigate the first 25 m of hemipelagic sediments
with deep-towed HR and VHR seismic and in situ coring tech-
niques in deep-water ≈1700 m (Ker et al. 2010). The frequency
ranges of the HR and VHR seismic data are (220–1050 Hz) and
(580–2200 Hz), respectively, allowing to span more than three oc-
taves in the dilation range in the experimental WR. The z resolution
along the reconstructed in situ impedance profile equals 5 cm and
allows to explore small dilations in the CWT.

3 A P P L I C AT I O N O F T H E C W T T O I N
S I T U A C O U S T I C I M P E DA N C E DATA

3.1 Description of the in situ data

In 2008, the ERIG3D cruise was conducted on the R/V Pourquoi
Pas? in the eastern Niger delta . The aim of this joined project
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Figure 3. (a). P-wave velocity profiles: PENFELD in situ measurements (red), laboratory core measurements (dashed) + length-to-depth law correction
(black) + environmental corrections (bold). (b) Length-to-depth relationship provided by the coring monitoring.

between IFREMER and the French oil company TOTAL was to
assess the characterization of deep-water geohazards. During this
cruise, ground truth data have been acquired at the VPS-05 site
(Fig. 1a). In situ geotechnical measurements were performed with
the PENFELD penetrometer developed by IFREMER (Sultan et al.
2007), to measure both cone penetration resistance and P-wave ve-
locity down to 30 m below the seabed by steps of 2 cm (Fig. 1c).
A core sample (CS-08), 22 m in length, was extracted on the same
site with a Calypso piston corer (Kullenberg 1947) and direct litho-
logical descriptions indicate that the sediments are mainly silty clay
(Fig. 1b).

In addition, laboratory measurements were performed with a
Geotek Multi Sensor core liner (Weaver & Schultheiss 1990) to
obtain the bulk density and P-wave velocity logs along the CS-08
core. The bulk density was measured with a gamma ray attenuation
method by steps of 1 cm. The P-wave measurements suffered from
a lack of coupling between the sensor and the sediment, and were
not satisfying. Instead, a non-conventional method involving the
500 kHz acoustic transducer of the PENFELD system was applied
on CS-08 core for P-wave velocity measurements. The P-wave
velocity profiles measured on the same superficial sediments at the
laboratory and in situ (Fig. 3a, dashed and red lines, respectively)
should be in good accordance. Actually, significant disagreements
exist, leading in particular to a discrepancy along the z-axis because
of core deformations. Because we aim at analysing the fine scale
structure of the superficial sediments, density and P-wave velocity
logs must correspond to real in situ conditions to compute the in
situ acoustic impedance log. To do so, we define the corrections
applied on the laboratory P-wave velocity log to fit the in situ
measurements and then use the corrections to compensate the bulk
density log available only from laboratory measurements.

3.2 In situ acoustic impedance log of the superficial
sediments

Recent upgrades of the Calypso corer allow an improved sampling
of the marine sediments together with a full monitoring of the

coring progression with accelerometers and pressure sensors
(Bourillet et al. 2007). During the CS-08 coring, these control pa-
rameters indicate a penetration of about 25 m for a core length of 22
m only (Fig. 3b). This reveals an undersampling of the upper part
of the sediment column, typical of core deformations during coring
processes. We remove this artefact by applying the length-to-depth
law defined from the coring monitoring (Salzat & Woerther 2010)
and correct the z-axis of the laboratory P-wave velocity measure-
ments along the core (black line in Fig. 3a). This original approach
is based on physical parameters about the coring itself. It allows a
control of the P-wave velocity deformation better than conventional
methodologies based on correlation with the lithology derived from
Cone Penetration Test measurements (Bourillet et al. 2007) or syn-
chronization between synthetic seismic traces computed from core
and seismic chirp data (Széréméta et al. 2004; Manley & Brachfeld
2007).

Moreover, the laboratory P-wave velocities are roughly
1.5 per cent larger than the in situ measurements (Fig. 3a). This
bias may be explained by environmental differences between the
laboratory (20 ◦C and 0.1 MPa) and the deep-water conditions (4 ◦C
and 17 MPa). The ratio method (Hamilton 1971) was used to cor-
rect the laboratory P-wave velocity measurements from temperature
and hydrostatic pressure differences, leading to a very good agree-
ment with the in situ velocity profiles validating the length-to-depth
conversion law (Fig. 3a, thick and red lines, respectively).

The laboratory bulk density profile measured on CS-08 core suf-
fered from the same deformation as the core P-wave velocity profile.
We remove this artefact by using the length-to-depth conversion law
applied to the z-axis of the velocity profile (Fig. 3b). Because near
surface sediments were not sampled by the Calypso corer, the den-
sity values of the upper part of the profile were interpolated values.
The environmental variations are negligible for the bulk density
parameter (Hamilton 1971) and no corrections associated to tem-
perature and depth have been applied on it.

From the corrected bulk density and in situ P-wave velocity
profiles (Figs 4a and b), we establish the in situ acoustic impedance
log of the superficial sediment down to 25 m under the seabed by
steps of 5 cm (Fig. 4c). Note that the cross-plot presented in Fig. 4(d)
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Figure 4. (a) In situ P-wave velocity log. (b) Corrected bulk density log. (c) Corrected acoustic impedance log. (d) Cross-plot acoustic impedance versus bulk
density of the core sample.

shows that the acoustic impedance parameter is mainly controlled
by the bulk density, that is, the P-wave velocity fluctuations have
weak impacts on the seismic reflector strength.

3.3 CWT analysis of the acoustic impedance profile

We now apply the CWT analysis to the corrected acoustic
impedance profile shown in Fig. 4(c). This profile appears very
complex with conspicuous multiscale discontinuities. Qualitative
descriptions based on direct observations of the sediment core show
that the acoustic impedance is almost constant ∼1.9 MPa s m−1

down to a depth of 9 m before increasing up to ∼1.95 MPa s m−1

between 9 and 14 m. At greater depths, large scale oscillations of
few metres in width occur in the 1.9–2.07 MPa s m−1 range.

The CWT of the impedance profile is shown in Fig. 5(b) for a
dilation range corresponding to wavelengths from 0.25 to 3.75 m
in accordance to the seismic data analysed in the next section. Sev-
eral cone-like signatures are visible in the CWT map. These struc-
tures point towards the centres of discontinuities localized along the
acoustic impedance log. The major signature typical of a Heaviside-
like discontinuity centred at z = 0 m is due to edge effects and does
not deserve interpretation. Numerous intricate signatures of low
amplitude are present in the 0 < z < 15 m range where the acoustic
impedance display small-scale fluctuations. At greater depths z >

15 m, several high-amplitude signatures with an internal structure
showing cone coalescences at intermediate dilations as seen in the
window example of Fig. 2. As demonstrated previously, this cor-
responds to transitions between global and internal structures of
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Figure 5. (a) Acoustic impedance log of the CS-08 core sample. (b) Modulus of the wavelet transform (WT) and selected ridge functions in dashed lines. (c,
d, e and f) Ridge functions.

complex discontinuities. The core lithology analysis reveals that
these complex structures correspond to silty layers of finite thick-
ness.

We shall now discuss in more details the four signatures la-
belled A, B, C and D in Fig. 5(b) and, respectively located at z =
15.5, 17.5, 20 and 21.5 m. The impedance discontinuities corre-
sponding to these signatures are expected to produce strong seismic
reflections in the seismic traces analysed in the next section. Se-
lected ridge functions extracted from these signatures and corrected
as explained in Section 2.3 are shown in Figs 5(c)–(f). Ridge A
(Fig. 5c) is very similar to the ridge of the window discontinu-
ity (Fig. 2) with a slope α � −1 at large dilations and α � 0
in the small-dilation range. A maximum is present at a character-
istic dilation ln (ac) � 2 given a typical size �z = acλ0/2.61 �
74 cm (here λ0 = 0.26 m stands for the reference wavelength of
the wavelet transform). A similar interpretation for ridge function
B where ln (ac) � 2.28 gives �z � 98 cm. The error in the thick-
ness values is ±1 cm. Ridges C and D are almost linear over the
whole dilation range with a slope α � 0 and correspond to step-like
discontinuities.

4 A P P L I C AT I O N O F T H E W R T O
D E E P - WAT E R H R A N D V H R S E I S M I C
DATA

4.1 Presentation of the deep-water seismic data

In conjunction to ground truth data, deep-towed SYSIF seismic data
have been acquired during the ERIG3D cruise. The SYSIF seismic
survey crosses a submarine landslide, and the reader is referred to
Ker et al. (2010) for a full presentation of the ERIG3D experiment
and the processing of SYSIF seismic data.

The SYSIF deep-towed seismic device is equipped with acoustic
sources covering the HR and VHR frequency bands—220 < f <

1050 Hz and 580 < f < 2200 Hz—allowing to image the subbottom
with a metric (HR) to submetric (VHR) resolution for a depth
penetration reaching 350 m in a silty clay sediment type. The SYSIF
device acquires single channel data with a distance of 10 m between
the seismic source and the receiver towed at a minimum altitude
of 60 m above the seafloor (Table 1). These acquisition conditions
correspond to an incident angle smaller than 5◦ and associated with

C© 2011 The Authors, GJI, 187, 1038–1054

Geophysical Journal International C© 2011 RAS



Multiscale seismic attributes 1047

Table 1. Geophysical tools used during the ERIG3D cruise and acquisition parameters.

Seismic device Frequency/duration Altitude Shooting rate Ship speed SL Line name
(Hz)/(ms) (m) (s) (Kn) (dB µPa@1 m)

VHR Sysif [580–2200]/50 60 3 2 196 SY05-VHR-Pr01
HR Sysif [220–1050]/100 150 3 2 196 SY06-HR-Pr01

altitudes much larger than the far field distance of the seismic source
(12 m).

The SYSIF seismic profiles used in this study crosses the CS-
08 core site (Fig. 1a). However, the acquisition of the HR and
the VHR seismic profiles (Table 1), which involved both seismic
source of the deep-towed SYSIF device, were not exactly at the
same positions, except at the core site. As a consequence of this
measurement uncertainty, only the HR component was considered in
the assessment of complex reflectors over the submarine landslide.
See Fig. 9(a) for an illustration of the HR SYSIF seismic profile.

4.2 WR analysis of the seismic data near the CS-08 core
site

We first present and discuss the WR of the SYSIF seismic trace
nearest to the CS-08 core site, that is, the middle trace in Figs 6(a)
and (d) for the HR and VHR frequency bands, respectively. The WR
is obtained by using eq. (9a) which, in practice, is to compute the

CWT of the seismic trace with the ξ analysing wavelet. The result-
ing WRs are shown in Fig. 8(a) for the VHR band and in Fig. 8(b) for
the HR band. The WR looks very similar to the CWT of the acoustic
impedance profile (Fig. 5b), with a shallow strong conical signa-
ture followed by a low-amplitude region for 2210 < t < 2230 ms
and strong-amplitude signatures for t > 2230 ms. These late strong
signatures visible in the WR are easily associated with those iden-
tified in the CWT of the acoustic impedance profile, and corrected
ridge functions are shown in Figs 8(c)–(f), allowing quantitative
comparisons with their impedance counterparts of Figs 5(c)–(f).

The WR ridges labelled A and B (Figs 8c and d) have a global
appearance similar to their corresponding CWT impedance ridges
of Figs 5(c) and (d) and are typical of the signature of a window
discontinuity (Fig. 2c). These A and B WR ridges have a maximum
at ln (ac) � 2.1 and ln (ac) � 2.3, respectively, and using the relation
�z � acλ0/5.22, where λ0 � 0.52 m is the reference wavelength
of the wavelet, the corresponding window sizes are �z � 81 cm
for A and �z � 99 cm for B. Here, we consider a constant P-wave
velocity V = 1485m s−1, that is, the impedance profile is mainly

Figure 6. (a and b) Measured and synthetic HR seismic traces, respectively (220–1050 Hz) . (c and d) Synthetic and measured VHR seismic traces, respectively
(580–2200 Hz).
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Figure 7. (a and b) Modulus of the wavelet transforms (WT) of the deep-towed seismic trace in the VHR (580–2200 Hz) and HR (220–1050 Hz) domains,
respectively, and selected ridge functions in dashed lines. (c, d, e and f) Compensated ridge functions, in the VHR (blue) and HR (red) domains.

dominated by the density parameter. V is used to define the reference
wavelength λ0 = V /f 0, and if sharp velocity contrasts exist, the
velocity inside the layer is considered. In the case of the WR of the
window function, the uncertainty δe on the thickness �z depends on
δa and δV , which are associated to uncertainties on the ac position
and on the P-wave velocity V , respectively, δe = (aδV + Vδa)/(2 ×
2.61f 0) � Vδa/5.22f 0. The uncertainty δe in the thickness values
is ±2 cm for reflectors A and B. These thickness values fall near
the �z � 74 cm and �z � 98 cm values obtained from the A and
B CWT ridges of the impedance profile. The WR ridges labelled C
and D (Figs 8e and f) are almost linear over the whole dilation range
as observed for the CWT impedance ridges of Figs 5(e) and (f).
This signature is typical of homogeneous discontinuities without
any particular scale.

The positive trends of the C and D WR ridges (Figs 8e and f) are
clearly steeper than the trends of their companion CWT impedance

ridges and, although less conspicuous, this bias is also visible in the
A and B ridges (Figs 8c and d). To understand this fact, we computed
the synthetic WR corresponding to the impedance profile (Fig. 4c).
The synthetic HR and VHR seismic traces are shown on Figs 6(b)
and (c) and were obtained with the Goupillaud’s method also used
to compute the synthetic WR discussed in Section 2 (Fig. 2c). The
WR corresponding to the HR and VHR synthetic traces are shown
in Fig. 7 together with the ridge functions equivalent to the A, B,
C and D ridges already discussed. We observe that these synthetic
WR ridges do not display the positive trend presented in the WR
ridges and are more similar to the ridges extracted from the CWT
of the impedance profile. This indicates that the trend bias observed
in the WR ridges of the SYSIF data do not result from the ridge
correction procedure but, instead, are likely to be due to frequency-
dependant attenuation, a phenomenon not considered in the
modelling.
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Seismic attenuation (Wang 2009), defined by the parameter β

which can depend on the frequency f , can be expressed as

Az = Az0 exp [−β( f )z], (10)

where Az and A0 are the wavefield amplitudes at depth z and at
a reference depth z0, respectively. Regarding the decrease of the
seismic data ridge functions with frequency, we can assume an
attenuation coefficient β which depends linearly on the frequency
(Hamilton 1972; Harris et al. 1997), although several papers suggest
a power law between β and f (Best et al. 2001 and Wang 2009 for
a review). In our case, the attenuation coefficient is β � 0.14 dB/λ,
corresponding to a quality factor Q ≈ 200 in accordance with the
upper part of the Q range (30–180) measured for very fine silt and
clay sediments (Shumway 1960; Hamilton 1972; Stevenson et al.
2002).

The �z estimated from the WR ridges A and B (Figs 8c and d) cor-
respond to a better spatial resolution than the extreme wavelengths

of the HR bandwidth, and the WR analysis then allows to perform
some kind of super-resolution analysis. When this type of approach
is possible, this is always at the expense of some additional infor-
mation. Here, this information is brought by the assumption that
the window model is valid so that the dilation ac may be converted
to an equivalent size �z. The interest of the WR is that it enables
to locally check the validity of the window model by looking at the
shape of the ridge functions.

4.3 WR analysis of the seismic data set

We now extend the WR analysis to the SYSIF data set shown on
Fig. 9(a) which counts 1114 traces, 3 m apart, for a total length
of 3340 m. We focus on the analysis of the reflectors A and B
defined in the preceding section. These reflectors have WR ridge
functions typical of window discontinuities with a maximum located
at dilation ac defining a characteristic size �z.

Figure 8. (a and b) Modulus of the synthetic wavelet responses (WR) including band-limited frequency of the seismic source in the VHR (580–2200 Hz) and
HR (220–1050 Hz) domains, respectively, and selected ridge functions. (c, d, e and f) Compensated ridge functions, in the VHR (blue) and HR (red) domains.

C© 2011 The Authors, GJI, 187, 1038–1054

Geophysical Journal International C© 2011 RAS



1050 S. Ker et al.

Figure 9. (a) Seismic profile across a submarine landslide in HR (220–1050 Hz) domain, in situ P-wave velocity profiles (VP-S02 and VP-S05), CS-08 core
sample location and A and B seismic reflectors pointed with black arrows. (b and c) Ridge function attributes of reflectors A and B, respectively, as a function
of the seismic trace number. (d and e) Reflector thicknesses extracted from the ridge function attributes. Note that both thicknesses increase from the upper
part to the base of the landslide with a super-resolution.
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Using the same approach as described in the preceding section,
we performed a WR analysis of each trace and extracted the ridge
functions related to reflectors A and B. These ridge functions are
plotted versus the seismic trace number in Figs 9(b) and (c) where
the maximum values appear in yellow and are centred on dilation
ac. The coherency between the ridge functions extracted from the
remote seismic profile enables us to extend the calibration of trace
1923 relying on the in situ observations over a distance of more
than 3000 m. The coherency of both ridges disappears at almost the
same limit (traces 1000–1050) where the loss of reflectors continuity
may be related to the presence of numerous faults. In addition, the
reflector A may be affected by the submarine landslide (located from
traces 1000 to 1634) as this reflector seems to constitute the base of
the slide in its upper part (Sultan et al. 2007b).

A gentle and regular variation of dilation ac is visible for both
reflectors, indicating a progressive change of the characteristic size
�z whose value is reported on parts (d) and (e) of Fig. 9. The
weaker amplitude of reflector B induces a poor signal-to-noise ratio
for several traces in the first part of the profile where the �z were
discarded. On the overall, a clear increase of �z is observed, for
both reflectors, from the shallower to the deeper part of the seismic
section, with �z = 45 ± 1 → 80 ± 2 cm for reflector A and �z =
55 ± 1 → 110 ± 3 cm for reflector B. Unfortunately, no other core
sample is available to verify these thickness changes. Nevertheless,
a second P-wave velocity profile (VP-S02) was measured close to
trace number 1233, in the upper part of the landslide (Fig. 9a), and
was used to confirm the identifications and depths of reflectors A
and B. Actually, we observed similar P-wave velocity profiles on
VP-S05 and VP-S02 where the geological reflectors are identified
with the existence of velocity peaks in accordance with the reflector
positions defined from the seismic survey. The variation of the
thickness �z is in accordance with growth strata associated with a
fold characterized by a limb rotation and a tectonic uplift faster than
the sediment filling (Shaw et al. 2004; Mercier et al. 2007). Thus,
these thickness estimations can be used to quantify the kinematic
evolution of this compressional anticline.

Let us again point out the fact that the reflector thicknesses de-
termined with the WR ridges fall below the resolution of the SYSIF
seismic profile used here, indicating that the seismic attributes con-
stituted by the ridges allow to obtain information about the internal
structure of the complex reflectors. As a first approximation, the
reflectors appear as step-like interfaces in the seismic profile but
are in fact complex discontinuities with characteristic sizes. The
multiscale analysis, performed on an extended seismic profile, puts
in evidence weak fluctuations of the thickness in good agreement
with discrete ground truth data.

5 C O N C LU D I N G R E M A R K S

In this paper, we presented a wavelet-based method to character-
ize acoustic impedance discontinuities present underground from a
multiscale analysis of the reflected waves. The method, called the
WR, extends the classical CWT of signals to the case of seismic
waves.

As demonstrated by Le Gonidec et al. (2002, 2003) and re-
called in this study, both the CWT and the WR are equivalent
provided the Born approximation is valid and accounting for the
propagation operator effects by an appropriate choice of the
analysing wavelets. Such an approach is similar to the one de-
scribed for potential fields and the Poisson wavelets semi-group
where source singularities are detected and characterized through

the wavelet analysis of the potential field anomaly they produce
(Moreau et al. 1997, 1999; Sailhac et al. 2009). We further show
that, as first quoted by Mallat & Hwang (1992) in the case of the
CWT, the relevant information concerning impedance discontinu-
ities is contained in the ridge functions forming a subset of points in
the WR map. By this way, ridges are information packets localized in
the space–time domain and may be considered as a class of seismic
attributes.

The theoretical developments and synthetic examples presented
in Section 2 are applied to deep-water HR and VHR seismic data.
The availability of in situ measurements allows to validate the re-
lationship between CWT and WR, and to estimate the effects of
the attenuation of seismic waves. Once validated, the method is
applied to the whole seismic data set, and profiles of WR seismic
attributes are constructed for two particular reflectors whose char-
acteristic thickness is determined along the profile. This thickness
falls below the resolution limit imposed by the shorter wavelength
available in the seismic data, making the WR seismic attributes a
super-resolution method. This is, of course, possible only by provid-
ing additional information which consists in choosing a particular
class of discontinuity topology, that is, a window-like discontinu-
ity in the present instance. However, this choice may be guided
by the shape of the ridge functions themselves and it is conse-
quently possible to assign a particular discontinuity model to each
reflector.

The HR and VHR seismic data used in this study span a particu-
larly wide frequency bandwidth which enables to compute the WR
over a wide dilation range. We hope that such high-quality deep-
water data will be more frequent in a near future, making multiscale
seismic attributes of a wider usage to perform a local analysis of
seismic traces and to characterize the fine structure of reflectors.
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A P P E N D I X A : R I D G E F U N C T I O N O F A
W I N D OW D I S C O N T I N U I T Y

In the framework of the wavelet transform, homogeneous disconti-
nuities do not have any characteristical size, that is, their appearance
remains unchanged whatever the scale considered (see eq. 3). For
instance, the Dirac impulse function, δ(z) and the Heaviside step
function, H(z) = ∫

z
−∞δ(ξ )dξ are characterized by straight ridge

functions all over the dilation range (Fig. A1). Moreover, the num-
ber N of ridge functions in the CWT, which depends on the homo-
geneity degree α of the discontinuity, is N = 4 and 3 for the δ and
H singularities, respectively.

A complex discontinuity has a characteristical size, such as the
thickness �z of the window function w(z). The ridge functions of
this discontinuity, constructed with two Heaviside functions (see eq.
4), possess a maximum value at the characteristic wavelength λc =
acλ0 (see Section 2.1 for details). An analytical relation between
ac and �z is not straightforward (Widess 1973), but Kallweit &
Wood (1982) and Chung & Lawton (1995) report the following
relationship, dealing with Ricker wavelets: �z � 1/2.61λc. To go

further, we can write the wavelet transform of w, where w is defined
in eq. (4), as two Heaviside discontinuities, as follows:

W [ψ, p] (z, a) = 1

a
ψ

( z

a

)
∗ w (z) = ψa (z) ∗ w (z) (A1a)

= ψ (−1)
a

(
z + �z

2

)
− ψ (−1)

a

(
z − �z

2

)
, (A1b)

where the exponent ( − 1) stands for the integration operation
applied on ψa. Note that the centre of the discontinuity w(z) is at
z = 0. For each dilation a, the maxima of eq. (A1b) compose the
ridge functions and their positions z satisfy the relation

ψa

(
z + �z

2

)
= ψa

(
z − �z

2

)
. (A2)

By considering ψ as the third derivative of a Gaussian function, we
demonstrate that the positions z are solutions of the system⎧⎪⎪⎨
⎪⎪⎩

P(z) =
(

z − �z

2

)[
6 − ω2

a

(
z − �z

2

)2
]

eω2
a

�z
4 z

P(−z) = −P(z), (A3)

where ωa is defined by ωa = 2π /a, where we consider λ = 1 m to
work in the reduced wavelength framework. It is worth underlining
that a solution at z = 0, that is, P( − z) = −P(z)(z = 0), only exists
when the dilation a equals a critical dilation acr = π√

6
�z. This

means that the number N of ridge functions depends on a. Note
that in the example of Fig. 2 presented in Section 2, the wavelength
of the analysing wavelet is 0.26 m and acr = 2.96 [ln (acr) = 1.08]

Figure A1. Top panels (left- to right-hand side): Heaviside step function, CWT modulus and ridge function. Bottom panels (left- to right-hand side): Dirac
impulse function, CWT modulus and ridge function.
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which is half the dilation ac of the ridge function maximum defined
in Section 2.1. At small dilations a < acr, solutions of eq. (A3) are
the roots of P(z)(z > 0) and P( − z)(z < 0). In this limit N = 6 and
w is equivalent to two distinctive Heaviside discontinuities, both
characterized by three ridge functions: z1 = −�z

2 −
√

6
ωa

, z2 = −�z
2

and z3 = −�z
2 +

√
6

ωa
for the first Heaviside and z4 = �z

2 −
√

6
ωa

,

z5 = �z
2 and z6 = �z

2 +
√

6
ωa

for the second Heaviside. Note that z2 and
z5 do not depend on ωa, that is, they correspond to ridge functions
centred on the edges of the discontinuity. At larger dilations, the
number of ridge function is N = 5 when a = acr where z3 = z4 =
0, and is then reduced to N = 4 at dilations a > acr where the w

discontinuity can be assimilated to a Dirac discontinuity.

A P P E N D I X B : C O M P U TAT I O N O F
S Y N T H E T I C WAV E L E T R E S P O N S E S

In this work, we perform the Goupillaud’s model (Goupillaud 1961)
to compute the Green’s function of a medium sounded in normal
incidence by plane waves. This forward modelling is very effective
for a 1-D structure which WR can be computed by convolving its

Green’s function with the wavelet family. We consider a thickness
�z = 0.6 m for the window discontinuity which apparent aperture
is 1.2 m when sounded by wavelets of wavelength λ. The wavelet
dilation is a = λf 0/c, where c = 1500 m s−1 is the sound velocity and
f 0 = 2860 Hz the central frequency of the mother-analysing wavelet,
which corresponds to λ0 = 0.52 m, that is, twice the reference wave-
length of the wavelet transform analysis (see Section 2.1). The ridge
function reaches a maximum value at the dilation ac � 6.05 [ln (ac)
� 1.8], which leads to a characteristic wavelength λc � 3.15 m. This
characteristic value is then related to the real width of the window
function by λc � 2�z × 2.61 because of the two-way traveltime
involved in the WR. These quantitative descriptions show that the
ridge function analysis based on either the WR or the wavelet trans-
form are in good accordance. Moreover, we observe that multiple
scattering can be neglected and the Born approximation acceptable
in this case, where the reflected wavefield of the window function
in response to a Dirac source equals the reflectivity function (Gray
& Bleisten 1986)

r (t) ≡ 1

2

d

dt
ln γ (t) , (B1)

where γ (t) is the acoustic impedance of the medium.
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