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SUMMARY
We investigate the influence of the structure and dynamics of the liquid outer core on the
Earth’s rotational modes through the squared Brunt–Väisälä frequency N 2 . The frequencies
of the rotational modes are embedded into the continuous spectrum of inertia-gravity modes,
which is governed in the complex domain by N 2 and the Earth’s rotation speed. By solving
the equations for the normal modes of a rotating ellipsoidal elastic earth model and varying
the N 2 parameter, we show interactions between pseudo-modes of the liquid core and three
rotational modes: the Chandler Wobble (CW), Free Inner Core Nutation (FICN) and Free Core
Nutation (FCN). The interaction between pseudo-modes of the outer core and the CW gives
rise to avoided crossings, which result in two modes sharing similar displacements, that is, an
almost rigid wobble of the mantle and oscillations in the outer core having roughly the same
amplitude. The corresponding eigenperiods in a corotating frame of reference are separated
by a few days. Avoided crossings are also the only kind of interaction that occurs between core
pseudo-modes and the FICN. The coupling is stronger than for the CW, the eigenperiods being
a few hundred days apart in an inertial frame of reference. The eigenfunctions are mixed in
such a way that the amplitude of the nutation of the inner core is an order of magnitude bigger
than the oscillations in the outer core. The FCN shows weaker interactions with the pseudomodes of the core. However, the shift of its nutation period can reach up to 15 d. Consequently,
our results show that the angular momentum approach through Liouville’s equations is not
sufficient to describe fully the nutational modes.
Key words: Earth rotation variations; Surface waves and free oscilations; Theoretical
seismology.

1 I N T RO D U C T I O N
On the one hand, we know that, theoretically, there exists at least
four rotational (or nutational) normal modes for a rotating ellipsoidal earth model. These are the Free Core Nutation (FCN), Free
Inner Core Nutation (FICN), Chandler Wobble (CW) and Inner
Core Wobble (ICW). The observational discovery of the CW in polar motion data goes back to the end of the 19th century (Chandler
1891a; Chandler 1891b). The first indirect observations of the FCN
in gravity data were obtained in the 1970s by Blum et al. (1973) and
Lecolazet & Steinmetz (1974), later confirmed by Lecolazet & Melchior (1977), following theoretical models developed by Jeffreys
& Vicente (1957) and Molodensky (1961). The period of the FICN
deduced from the observation of the forced nutations in VLBI data
was reported more recently (Mathews et al. 2002). The ICW has not
been observed yet (Guo et al. 2005a). To simplify, we will also call
‘observed periods’ the periods that are obtained indirectly through
resonance effects in gravity, polar motion, or VLBI data.
A common feature of the FCN, FICN and CW is that their observed periods significantly differ from the theoretical periods computed for elastic earth models in hydrostatic equilibrium. However,

368

the usual explanations for the discrepancies between the observed
and theoretical periods are different for each mode. An extra nonhydrostatic flattening of the core–mantle boundary brings the theoretical period of the FCN closer to its observed period (Gwinn
et al. 1986). The observed period of the FICN is explained by
the strong magnetic field at the inner core–outer core boundary
(Mathews et al. 2002). The influence of the ocean and a highdissipation mechanism are invoked to reconcile the observed and
theoretical periods of the CW (Smith 1981).
Moreover, the single or multiple nature of the CW peak in the
spectrum of polar motion has been controversial for over a century.
Chandler (1901a,b) himself was the first to suggest that the wobble
might be double. Rogister & Valette (2005) collected a series of
published values for the CW period from 1974 until 2003. Different
analyses of the same data set of polar motion give different results: the CW period may be single, double, multiple, or variable in
time. Since that paper has been published, new analyses have been
made (Guo et al. 2005b; Hu et al. 2007; Pan 2007) but no definite
conclusion has been reached yet.
On the other hand, much less is known about the normal modes of
the liquid core. Most notably, core modes have never been observed.
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2 N O R M A L M O D E S S P E C T RU M O F
A R O TAT I N G E L A S T I C E A RT H

(1)

where Id is the identity and A is the elastic-gravitational operator
(Valette 1986). The spectrum  L of the family L is the set of
complex numbers ν for which the operator L(ν) is not continuously
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2
to whether N 2 is everywhere negative or not. For PREM,  + 2 + Nsup

2 is 0.1621 mHz (10.77 hr), and N
is 0.1745 mHz (10.00 hr), 42 + Nsup
inf
is i 0.1703 mHz (i 10.25 hr). Modes that have frequencies on the imaginary
axis are purely oscillatory. Modes that have frequencies with a non null real
part grow or decay exponentially with time. If they grow with time, they are
convective modes. The seismic modes spectrum, which, for PREM, includes
the Slichter modes, is discrete. The spectrum  related to the liquid core
includes S and is included in S’: S ⊆  ⊆ S’. The four rotational modes
(Free Core Nutation, Free Inner Core Nutation, Chandler Wobble and Inner
Core Wobble) are embedded into .

invertible, which means that the equation
L(ν)s = f(ν),

(2)

where s is the displacement vector, cannot be correctly solved for
all f(ν). The point spectrum  p is the set of all the eigenvalues: it
is the subset of  L that consists of all the complex numbers ν for
which the null space of L(ν) is not reduced to the null vector, that
is, for which there exits a non-null displacement vector s such that
L(ν)s = 0.

We consider a rotating earth model having an isotropic linearly
elastic constitutive relation and being in hydrostatic equilibrium.
To determine the spectrum of its normal modes, we must study the
non-linear spectral problem related to the family of operators
L(ν) = −ν 2 I d + 2iν × + A,

Figure 1. Normal-modes spectrum of a rotating elastic earth model. The
abscissa (resp. ordinate) is the imaginary (resp. real) part of the eigenfrequency ν = ω + iγ . The axes are not drawn to scale. N 2 is the squared
Brunt–Väisälä frequency defined by eq. (4). The expression max (0, N 2sup )
stands for either 0 or the maximum N 2 value over the liquid core,
 according

(3)

The discrete spectrum  d is the set of all the eigenvalues of finite
multiplicity which are isolated in  L . In an infinite-dimensional
space, spectrum  L must be clearly distinguished from both the
point and discrete spectra. More precisely, it may contain a continuous part with no eigenvalue.
Fig. 1 shows the complex eigenfrequencies ν = ω + iγ of the
normal modes of a rotating elastic earth model in the plane (γ , ω).
A normal mode with a purely real (resp. purely imaginary) eigenfrequency ω (resp. iγ ) has an associated motion that is oscillatory
(resp. exponentially growing or decaying).  is the norm of angular
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Their calculation for realistic earth models remains challenging.
Ideally, the gravitational, Coriolis, viscous and magnetic forces, as
well as the shape of the inner core–outer core and core–mantle
boundaries, should be taken into account. Nevertheless, to simplify
the problem, we will limit ourselves to rotating ellipsoidal elastic
earth models, neglecting viscous and magnetic effects. Except for
the planetary modes that we will briefly investigate in Section 4,
the existence of isolated eigenfrequencies is not guaranteed. Consequently, the normal modes that we will obtain by truncating the
displacement field expanded in a series of spherical harmonics will
be called ‘pseudo-modes’.
It has been repeatedly suggested (for instance, Rochester et al.
1974; Toomre 1974; Smith 1977; Gwinn et al. 1986; Lumb &
Aldridge 1991) that the nutational modes could be influenced by hypothetical core modes. Wu & Wahr (1997) unsuccessfully searched
for interaction between core modes and the CW and FCN of an earth
model made up of a rigid mantle and a homogeneous incompressible liquid core, so they concluded that ‘it is unlikely that they [the
inertial core modes] play an important role in the Earth’s rotation’.
In this paper, we use Smith’s (1974) theoretical approach to compute the frequencies of the normal modes of a rotating, elastic earth
model. We vary the structure of the outer core within limits allowed
by seismological constraints to show that rotational modes and core
pseudo-modes can have close frequencies. We estimate how much
the frequencies of the FCN, FICN and CW are modified when this
interaction happens. We find that the influence of pseudo-modes is
stronger for the FICN than CW and FCN. We show that two interacting modes have similar eigenfunctions, which results from the
superposition of the eigenfunctions of both an isolated rotational
mode and an isolated core pseudo-mode. The difference between
their periods is roughly a few days to 15 d for the CW and FCN,
while it can reach up to a few hundred days for the FICN, being
understood that the FCN and FICN periods are nutation periods in
an absolute frame of reference and the CW period is the wobble
period in a frame of reference tied in a prescribed way to the Earth
mantle.
The paper is organized as follows. Section 2 is devoted to the
description of the normal-modes spectrum of a rotating elastic earth
model. It includes the seismic modes, the rotational modes and
the inertia-gravity spectrum of the liquid core. In Section 3, we
expand the displacement field of the nutational modes in a series
of vector spherical harmonics, which we truncate for numerical
computation. In Section 4, we first compute the planetary modes,
which are toroidal inertial modes. Next, we successively consider
the interaction of the CW, FCN and FICN with the inertia-gravity
spectrum of the liquid core. In Section 5, we discuss the accuracy of
an alternative approach to the study of the rotational modes, which
is based on Liouville’s equations, and summarize our conclusions.
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Figure 2. Periods (in sidereal days) of planetary modes of PREM and corresponding eigenperiods (m + 1) π / of a non-gravitating, incompressible, and
inviscid liquid shell, as a function of harmonic order m. The planetary mode of order 1 is the tilt-over mode. The periods have been computed using a TSTS
coupling chain that starts at τ m
m.

velocity  of the Earth and N 2 is the square of the Brunt–Väisälä
frequency defined by


g
∇ρ
2
(4)
− 2 ,
N =g·
ρ
vp
where g is gravity, ρ is density and vp is P-wave velocity. N 2 can
also be expressed in terms of the stability parameter β defined by
ρ
(5)
∇ρ = (1 − β) 2 g,
vp
which gives
βg 2
N2 = − 2 ,
vp

for the translational modes of the inner core, the so-called Slichter
modes, the frequencies (resp. periods) of all the seismic modes are
higher (resp. lower) than approximately 0.2999 mHz (resp. 55.6
min). For realistic earth models, the Slichter frequencies (resp. periods) range between 0.040 and 0.056 mHz (resp. 5 and 7 hr). We
anticipate that they might be imbedded into the continuous spectrum
of the liquid core and, therefore, do not necessarily belong to the
discrete spectrum. We will not consider the seismic free oscillations
any further.

2.2 Inertia-gravity spectrum of liquid core
(6)

where g is the norm of g. In a spherically symmetric, chemically
homogeneous and single-phase layer, N 2 can be related to the actual
gradient of specific entropy or equivalently, to the departure of
the actual temperature gradient from the isentropic temperature
gradient (Birch 1952; Bullen 1975, pp. 153–156; Valette 1986):



d 
1 ∂ρ 
ds
d
−
(7)
=
g ,
N 2 = αP g


dr
dr s
ρ ∂s
dr
r being the radius, α P (r ) being the coefficient of volume expansion
at constant pressure, (r ) the temperature and s(r ) the specific
entropy.
In the complex plane ν = (γ , ω), the spectrum of a rotating elastic
earth model can be divided into three sets: the discrete seismic
spectrum, the inertia-gravity spectrum of the liquid outer core and
the set of rotational (or nutational) modes.

The inertia-gravity spectrum  of an inviscid liquid core is controlled by the Coriolis and buoyancy forces. Therefore, the relevant parameters are  and N 2 . Valette (1989a,b) showed that  is
Table 1. Upper layers of a modified oceanless PREM model. ρ, VP and VS
and Q κ and Q μ are the density, seismic wave velocities and quality factors,
respectively. Values in parentheses are the original PREM values.
Radius (km)

ρ (kg m−3 )

vp (m s−1 )

6346.6
6356.0
6368.0
6371.0

PREM
PREM
2800 (2900)
PREM
2500 (2600)
PREM
2500 (1020) 5800 (1450)

The seismic spectrum corresponds to the discrete part of the spectrum, which means that it is made up of all the eigenfrequencies of
finite multiplicity that are isolated in the whole spectrum. Except

PREM
PREM
PREM
3200 (0)

Qκ

Qμ

PREM PREM
PREM PREM
PREM PREM
PREM 600 (∞)

Table 2. Period (in solar days), in a uniformly rotating reference frame, of
the CW for four models and three coupling chains. The second and fourth
models have a neutrally stratified liquid core (N 2 = 0).
Model

2.1 Seismic modes

vs (m s−1 )

Oceanless PREM
Oceanless PREM (N 2 = 0)
1066 A
1066 A (N 2 = 0)

C

TS

TST

TSTS

404.8
405.3
402.3
403.3

402.1
405.5
402.3
402.4

401.5
405.2
402.2
402.4
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continuous and set bounds on it. More precisely, he showed that S
⊆  ⊆ S , where sets S and S of frequencies ν = ω + iγ are,
respectively, defined by
ν = ω + iγ ∈
⎧
⎪
⎨γ = 0
S ⇐⇒ or
⎪
⎩
ω=0

and |ω| ≤



2 )
42 + Max(0, Nsup

371

and
ν = ω + iγ ∈
⎧

2 )
⎪
⎨ γ = 0 and |ω| ≤  + 2 + Max(0, Nsup
S ⇐⇒ or
⎪
⎩
2
),
|ω| ≤  and ω2 + γ 2 ≤ Max(0, −Ninf

(9)

N 2inf (resp. N 2sup ) denoting the minimum (resp. maximum) value of
N 2 over the outer core. The three Slichter frequencies, bounded
by 0.040 and 0.056 mHz, all belong to the discrete spectrum if

(8)

2
)
and γ 2 ≤ Max(0, −Ninf

1
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Figure 3. Top panel: theoretical CW for the oceanless version of PREM given in Table 1. Its period is given in Table 2 for different lengths of the coupling
−1
chain. The eigendisplacements, computed
 for a TST coupling chain, are shown as a function of radius. The solid line is the toroidal scalar W 1 . The degree-2
−1 2
−1 2
spheroidal displacement is shown as 2(U2 ) + (V2 ) . To be visible on the same scale, it is multiplied by 10. The degree-4 spheroidal displacement is of
the same order of magnitude but is not shown to keep the figure readable. The motion is dominantly a wobble of the mantle. Bottom panel: theoretical CW for
the same oceanless version of PREM that has been further modified so that N 2 = 0 in the liquid core.
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N 2sup ≤ 2.8 × 10−8 rad2 s−2 , whereas they are imbedded into the
continuous spectrum if N 2sup ≥ 10−7 rad2 s−2 .
Spectrum  can be entirely determined in the following two
cases:
(i) If  = 0,  is the spectrum of the elastic-gravitational operator. It follows from (8) and (9) that
ν = ω + iγ ∈

⎧
⎨γ = 0
 = S = S ⇐⇒ or
⎩
ω=0

and
and

2
ω2 ≤ Max(0, Nsup
)

γ ≤ Max(0,
2

(10)

2
−Ninf
).

Eigenfrequencies (nHz)

ν = ω + iγ ∈  = S = S ⇐⇒ γ = 0 and |ω| ≤ 2.

(11)

In particular, this yields the result obtained by Ralston (1973) for
the Poincaré problem, which consists in considering a uniform liquid contained in a rigid shell of any shape, neglecting the buoyancy
forces, and assuming that the motion is divergence free. For a cylindrical or spherical configuration, Greenspan (1969) calculated the
point spectrum, which is the set of eigenfrequencies, for the Poincaré
problem. It is everywhere dense in the interval [−2, 2]. The corresponding modes are called ‘inertial modes’. Kudlick (1966) found
an implicit solution for the eigenfrequencies of the inertial modes
of a contained fluid spheroid.
In the general case, the determination of the point spectrum remains an unsolved problem. The only inertial modes of a fluid
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Figure 4. Eigenfrequencies of pseudo-modes (solid lines) and CW (dashed line) as a function of the uniform squared Brunt–Väisälä frequency in the outer
core. Pseudo-modes along a branch are characterized by a same number of nodes of the displacement scalars in the outer core. This number is 1 for the first
branch on the right. Top panel: TS coupling. Bottom panel: TST coupling. Zooms in on the intersections between the Chandler branch and the third and 19th
branches of pseudo-modes in the bottom panel are shown in Fig. 5, where one can actually see that the branches avoid crossing.
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Hence we recover Schwarzschild’s criterion (Schwarzschild 1906):
the stratification is either locally stable or unstable according to
whether N 2 is locally positive or negative (Friedman & Schutz
1978; Valette 1986).

(ii) If N 2 = 0 everywhere in the fluid, sets (8) and (9) give

Relative periods (solar days)
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2.3 Rotational modes

29.5

392.3

29

399.1

28.5

406.1

28

413.4

27.5

420.9

Relative periods (solar days)

Apart from the tilt-over mode (Smith 1977), a non-spherical rotating
earth model a priori possesses four rotational modes: the FCN,
FICN, CW and ICW. In a uniformly rotating frame of reference,
the first two modes have nearly diurnal periods, whereas the CW
period is approximately 430 solar days and, as far as the models
fairly represent the dynamics of the Earth, the ICW period is likely
to be a few thousand days. In that frame, both the FCN and FICN
are retrograde modes, whereas both the CW and ICW are prograde
modes. In the next section, we expand the displacement field of the
nutational modes in spherical harmonics. The CW, FCN and FICN
will be separately considered in Section 4.

-1.8 -1.79 -1.78 -1.77 -1.76 -1.75 -1.74 -1.73 -1.72
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Eigenfrequencies (nHz)

N2 (10 -9 rad 2 /s 2 )

-39
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rad /s )

Figure 5. Zooms in on the intersections between the Chandler branch and the thirrd (top panel) and 19th (bottom panel) branches of pseudo-modes in the
bottom panel (TST coupling) of Fig. 4. Actually, the branches do not cross but avoid crossing. In some way, they are interrupted in the vicinity of the avoided
crossing and the eigenfunctions mix with equal amplitudes. For that reason, we do not connect the dots by solid lines. The eigendisplacements of the modes
indicated by + signs are shown in Fig. 6, those indicated by crosses in the top panel are shown in Fig. 7, those indicated by triangles are shown in Fig. 8, and
those indicated by crosses in the bottom panel are shown in Fig. 9.
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Eigenfrequencies (nHz)

spherical shell that are analytically known are purely toroidal modes
(Rieutord & Valdaretto 1997) named ‘planetary modes’ or ‘Rossby
modes’, which are well known in atmospheric and oceanographic
dynamics (Longuet-Higgins 1964). We devote Section 4.1 to their
description. Numerical investigation by Rieutord et al. (2001) of the
Poincaré problem suggests that they are the only modes for a spherical shell, thereby extending the conclusion by Aldridge (1975) that
there are no regular axisymmetric inertial modes for a spherical
shell.
Finally, we mention that a regularization of the problem can be
achieved by considering a viscous fluid core. Indeed, the spectrum
then becomes discrete, except for 0, which remains an accumulation
point in the spectrum.
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and

3 DISPLACEMENT FIELD
O F R O TAT I O N A L M O D E S

τ = ∇ × (W r) = r × ∇W,

To compute the normal modes of a rotating spheroidal earth model,
we solve the equations of motion established by Smith (1974) and
improved by Schastok (1997), Rogister (2001), Rogister (2003) and
Huang et al. (2004). We split the displacement field s, which is
relative to a uniformly rotating reference frame, into a toroidal field
τ and a spheroidal field σ
s = τ + σ,

(12)

where
σ =U

r
r
+ × [∇ × (V r)]
r
r

(13)

(14)

r being the position vector. Scalars U, V and W are then decomposed
on the basis of complex spherical harmonics D m (θ, ϕ), where θ
and ϕ are colatitude and longitude, respectively, and  ∈ N and
m = −, − + 1, . . . ,  − 1,  are the harmonic degree and
order, respectively. The normalization adopted for the spherical
harmonics is the same as Smith’s (1974). The harmonic components
Um , −Vm / 2( + 1), and −i Wm / 2( + 1) of U, V and W ,
respectively, depend on the radius and frequency of the motion.
Because of rotation and ellipticity of figure, spheroidal and toroidal
displacements of different harmonic degrees couple according to
the rules

5

0

-5

-10

Toroidal 1
Spheroidal 2
Toroidal 3

-15
0

1000

2000

3000
Radius (km)

4000

5000

6000

1000

2000

3000
Radius (km)

4000

5000

6000

1
Toroidal 1
Spheroidal 2
0.8

Toroidal 3

0.6

0.4

0.2

0

-0.2
0

Figure 6. As Fig. 3 for our oceanless PREM model that has been changed so that N 2 = −1.8 × 10−9 rad2 s−2 everywhere in the outer core. The eigenperiods
are 390.7 (top panel) and 405.6 (bottom panel) solar days. The corresponding eigenfrequencies are indicated by + signs in Fig. 5. The first mode is dominantly
a pseudo-mode of the outer core whereas the second mode is dominantly the CW.

C

2008 The Authors, GJI, 176, 368–388
C 2008 RAS
Journal compilation 

Downloaded from https://academic.oup.com/gji/article/176/2/368/2024712 by guest on 12 March 2021

10

Liquid core dynamics and rotational modes
∞

s=



σ m + τ m+1



at relative angular speed ω. In complex notation, the infinitesimal
rotation of a mass point about A is the toroidal motion of degree 1
and order ± 1 given by


i ±1
±1
iωt
r
(17)
τ ±1
1 (r, t) = ∇ × − W1 (r )D1 (θ, ϕ)e
2

(15)

=|m|, |m|+2, ...

or
∞

s=




τ m + σ m+1 .

375

(16)

=|m|, |m|+2, ...

=−

Let us consider a system of reference with absolute axis z and
relative axes x and y that rotate about the z-axis at absolute angular
velocity  in the direct sense. In that frame, a nutational mode
corresponds to a quasi-rigid rotation about an equatorial axis of at
least one of the layers of the Earth, that is, the solid inner core, the
liquid outer core or the mantle. Thus, let us also consider an axis
A that uniformly rotates about the z-axis in the equatorial plane xy

i W1±1 (r )
(ex ± ie y ) × r eiωt ,
√
2 2r

(18)

where
1
D1±1 (θ, ϕ) = ± √ sin θe±iϕ ,
2

(19)

t is time and e x and e y are unit vectors along the x and y-axes,
√
respectively. The amplitude of the nutation angle is W1±1 /2 2r .
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Figure 7. As Fig. 6 for the modes indicated by crosses in the top panel of Fig. 5. N 2 = −1.7625 × 10−9 rad2 s−2 everywhere in the outer core. The eigenperiods
are 404.6 (top panel) and 407.1 solar days (bottom panel). Both modes share a similar wobble of the mantle. The amplitude of the oscillations in the outer core
is comparable to the wobble amplitude.
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Consequently, if W 1±1 is a linear function of r, the rotation of the
body about A is rigid. Using our sign convention for the Fourier
transform (eiωt ), displacement τ 11 (resp. τ −1
1 ) corresponds to a retrograde (resp. prograde) wobble in the uniformly rotating reference
frame. The FCN and FICN involve retrograde wobbles whereas the
CW and ICW are prograde wobbles. The FICN and ICW involve a
wobble of the inner core, the FCN involves a wobble of the outer
core, and the CW involves a wobble of the mantle.
Besides, the Earth deforms as it wobbles. Since the eigendisplacement of a rotational mode can be written
∞

s=




±1
τ ±1
 + σ +1 ,

where
τ ±1



∂D±1
D±1
eθ + i
eϕ eiωt
=−
±
sin θ
∂θ
2( + 1)
i W±1

and
σ ±1





=

U±1 D±1 er

−



V±1
2( + 1)

D±1
∂D±1
eθ ± i  eϕ
∂θ
sin θ

(21)

eiωt ,
(22)

the deformation is given by the terms of harmonic degrees 
greater than 1, and by the non linear part of W 1±1 as a function
of r. We make no explicit assumption about the amplitudes of the
deformation terms. However, for numerical purposes, series (20)

(20)
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Figure 8. As Fig. 6 for the modes indicated by triangles in the top panel of Fig. 5. N 2 = − 1.72 × 10−9 rad2 s−2 everywhere in the outer core. The eigenperiods
are 405.4 (top panel) and 425.0 solar days (bottom panel). The first mode is dominantly the CW whereas the second mode is a pseudo-mode of the outer core.

C

2008 The Authors, GJI, 176, 368–388
C 2008 RAS
Journal compilation 

Downloaded from https://academic.oup.com/gji/article/176/2/368/2024712 by guest on 12 March 2021

1

Liquid core dynamics and rotational modes
must be truncated. This implies that we expect that the amplitudes
rapidly decrease as  increases. In the numerical study below, series
(20) will be cut off after 2, 3, or 4 terms. We will denote the
corresponding sums by TS, TST and TSTS, respectively. The TSTS
sum is
±1
±1
±1
s = τ ±1
1 + σ2 + τ3 + σ4 ,

which includes
monics:
D2±1 (θ, ϕ) = ±

D1±1 (θ,

Table 3. Nutation periods (in sidereal days), in an absolute frame of reference, of the FCN and FICN for four models and three coupling chains.
Mode

Model

FCN

Oceanless PREM
Oceanless PREM (N 2 = 0)
1066 A
1066 A (N 2 = 0)
Oceanless PREM
Oceanless PREM (N 2 = 0)
1066 A
1066 A (N 2 = 0)

(23)

ϕ) as well as the following spherical har-

FICN

√

6
cos θ sin θ e±iϕ ,
2

377

(24)

TS

TST

TSTS

−459.3
−459.3
−459.3
−459.1
470.6
470.4
511.0
510.4

−459.3
−459.3
−459.4
−459.2
472.9
472.7
513.6
513.0

−459.3
−459.4
−459.4
−459.2
432.7
417.8
489.6
449.7

√
D3±1 (θ,

ϕ) = ±

3
sin θ(5 cos2 θ − 1)e±iϕ ,
4

(25)
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Figure 9. As Fig. 6 for the modes indicated by crosses in the lower panel of Fig. 5. N 2 = −4.0375 × 10−9 rad2 s−2 everywhere in the outer core. The
eigenperiods are 403.5 (top panel) and 407.4 solar days (bottom panel). Both modes share a similar wobble of the mantle. The amplitude of the oscillations in
the outer core is comparable to the wobble amplitude.
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and

do not couple. Next, by assuming a uniform N 2 in the liquid core,
varying its value and computing in a systematic way the pseudomodes of the models, we show that they can indeed interact with the
nutational modes. Because the liquid core is convecting at a speed of
a few meters per year and is therefore well mixed, its stratification is
thought to be nearly adiabatic, so that N 2 is close to zero. Variations
of a few 10−8 rad2 s−2 about zero are allowed by inversion of normal
mode data (Masters 1979). We will take ±2 × 10−8 rad2 s−2 as
upper and lower bounds for the N 2 value. To assume a uniform N 2
may look like an oversimplification. However, as stated above, the
truncature of coupling chain (16) makes a more refined treatment of
the core structure superfluous. Moreover, a heterogeneous N 2 would
pointlessly complicate the pattern of pseudo-modes frequencies.

√

D4±1 (θ, ϕ) = ±

5
sin θ cos θ(7 cos2 θ − 3)e±iϕ .
4

(26)

To picture the eigendisplacement s, we will integrate |s|2 over the
surface of the unit sphere
 π  2π
|s|2 sin θ dθ dϕ
0

0
∞

=
=1, 3, 5, ...




1  ±1 2  ±1 2 1  ±1 2
W
V+1
,
+ U+1 +
2
2

(27)

4.1 Planetary modes
We mentioned in Section 2.2 that the only known regular inertial modes of a non-gravitating and incompressible liquid shell are
purely toroidal modes called ‘planetary’ or ‘Rossby’ modes. Their
eigenfrequencies are given by
ωm =

(28)

with m > 0, and the only non null toroidal scalar is
Wmm = Ar m ,

(29)

where A is a constant determined by the initial conditions (Rieutord
& Valdaretto 1997). The motion is accompanied by a pressure
variation of degree m + 1 that behaves like r m+1 . The case m = 1 is
the tilt-over mode that is actually a mode of the whole Earth. Viewed
from inertial space, it is a steady and rigid rotation of the body at
the speed  about an axis that is slightly inclined with respect to
the z-axis of the rotating reference frame. Since it does not depend
on the structure and shape of the body, it serves as a useful test
for the correctness of the theory and accuracy of the computation
(Rogister 2001; Rogister & Rochester 2004). When m = 1, the

4 I N T E R A C T I O N O F R O TAT I O N A L
M O D E S W I T H C O R E DY NA M I C S
Fig. 1 shows that the nutational modes are embedded into the inertiagravity spectrum of the liquid core. Therefore, we may wonder how
much the eigenfrequency of a rotational mode changes if it is close
to the frequency of a planetary mode or pseudo-mode. First, we
show that the frequencies of rotational and planetary modes are
well separated, so that two modes belonging to different families
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Figure 10. Eigenfrequencies of the tilt-over mode (TOM, the nutation period of which is exactly 1 sidereal day), FCN and FICN for the TS, TST and TSTS
coupling chains, and eigenfrequencies of pseudo-modes for the TSTS coupling chain as a function of the uniform squared Brunt–Väisälä frequency in the
outer core. Pseudo-modes along a branch are such that V 12 , W 13 and V 14 have the same number of nodes in the outer core. No pseudo-mode was found in that
frequency range for the TS and TST coupling chains. The nutation period is the period in an absolute frame of reference.
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normalize the eigenfunctions so 
that W 1±1 (R) = 1 at the surface r = R, and plot W1±1 , 2(U2±1 )2 + (V2±1 )2 , W3±1 , and

2(U4±1 )2 + (V4±1 )2 as a function of r.
Many studies, in which it is assumed that the core spectrum
contains eigenvalues, showed that the convergence of series (20)
of vector spherical harmonics is slow when one tries to compute
the hypothetical inertia-gravity modes of an inviscid liquid core
(for instance, Johnson & Smylie 1977; Rieutord 1991; Crossley
1993; Wu & Rochester 1993). Therefore, we should not expect that
truncated eq. (23) correctly represents inertia-gravity modes of the
outer core, if they exist. For that reason, we call the computed modes,
‘pseudo-modes’. In the following, we focus on the rotational modes
and want to explore the influence of the dynamics of the liquid
core.
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Figure 11. Zooms in on the avoided crossings between the FCN branch and second (top panel), fourth (middle panel) and sixth (bottom panel) pseudo-modes
branches of Fig. 10. The eigenfunctions of the modes indicated by crosses are shown in Fig. 12.
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frequencies (28) and displacements (29) are not exact solutions for
the modes of a gravitating and compressible liquid core. Fig. 2 shows
the periods of planetary modes of PREM and the corresponding periods, given by 2π /ω m , of a non-gravitating and incompressible
core. There is a small difference between the two sets of eigenperiods because, in the gravitating and compressible core, the eigendisplacements are not pure toroidal modes. The toroidal displacement
τ mm couples with the spheroidal and toroidal displacements of harmonic degrees l > m according to eq. (16), which involves gravity
variations. Generally, the eigenfrequencies computed for both the
TST and TSTS coupling chains agree to within 10−5 per cent and
the spheroidal displacement of degree m + 3 is approximately 10
times smaller than the spheroidal displacement of degree m + 1.

Although it is satisfying that our numerical code provides the planetary modes, they are of limited interest in this study because their
frequencies are too different from those of the nutational modes to
influence them.
We now consider the rotational modes, first the CW, then we turn
to the FCN and FICN.
4.2 Chandler wobble
A first account of the influence of the core dynamics on the CW was
given by Rogister & Valette (2005). We provide here more details.
First, in order to avoid the complications due to the oceans, we
consider an oceanless earth model by replacing the global ocean of
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Figure 12. Eigenfunctions of the modes indicated by crosses in Fig. 11 for N 2 = − 15.27 × 10−9 rad2 s−2 . Thenutation periods are −450.5
(top panel)

and −467.7 (bottom panel) sidereal days. The spheroidal displacements of degrees 2 and 4 are shown as 100 × 2(U21 )2 + (V21 )2 and 2(U41 )2 + (V41 )2 ,
respectively. The degree-1 toroidal displacement in the liquid core is the superposition of a linear function associated to the FCN and oscillations associated
to the pseudo-mode. It is to be compared with Figs 2 and 3 of Rogister (2001) that show the FCN eigenfunction without the influence of pseudo-modes. The
changes of the signs of the eigendisplacements are the same as for the avoided crossings between the Chandler wobble and pseudo-modes.
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the eigenfrequencies are getting closer but are always separated by
a few days. When the difference between their frequencies is the
smallest, both modes share similar eigendisplacements, namely a
wobble of the mantle and oscillations in the outer core of the same
amplitude as the wobble, as Fig. 7 shows for the displacements of the
modes designated by crosses in Fig. 5. Thus, we have a double CW
with two periods separated by 2.5 solar days. As N 2 still increases,
the separation between the eigenfrequencies now increases. Fig. 8
shows the eigendisplacements for the modes designated by triangles
in Fig. 5. We have two different modes: the mode with the shortest
period is dominantly a wobble of the mantle, while the other one
is dominantly a pseudo-mode of the liquid core. The difference
between their periods is approximately 20 d.
It is noticeable that, for the modes plotted in Figs 6–8, the signs of
the scalars W 1−1 and W −1
3 in the inner and outer cores are opposite
in the top and bottom panels. Although we do not show U −1
2 and
separately,
we
have
checked
that
it
is
also
true
for
them.
By
V −1
2
going through the avoided crossing, the pseudo-mode of the outer
core shown in the top panel of Fig. 6 becomes the pseudo-mode
in the bottom panel of Fig. 8. The only difference between the
−1
−1
eigendisplacements is a change of sign for W −1
1 , U 2 , V 2 and
−1
W 3 in the inner and outer cores. In Fig. 7, making half the sum
(resp. difference) of the eigendisplacements of both panels gives a
pure CW (resp. pseudo-mode).
The avoided crossing between the 19th pseudo-modes and Chandler branches is illustrated in the bottom panel of Fig. 5. The eigenfunctions of the modes designated by crosses, for the model having
N 2 = −4.0375 × 10−9 rad2 s−2 in the outer core, are shown in Fig. 9.
Again, we obtain a double CW. The separation between the two periods is about 3.9 solar days. The interaction is thus stronger than
the interaction between the third branch and the Chandler branch
but the signs of the displacement scalars follow the same rules: they
are, for the two modes, of different signs in the inner and outer cores
and the eigenfunctions of the modes are mixed in such a way that,
along a branch, the signs of the scalars in the inner and outer cores
change across the avoided crossing.
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-10.92

N2 (10 -9 rad 2 /s 2 )
Figure 13. Zoom in on the intersection between the FCN (horizontal) and fifth pseudo-modes (inclined) branches of Fig. 10. In the range N 2 ∈ [−11.00,
−10.96] 10−9 rad2 s−2 , where the two branches merge, the eigenfrequency is complex. Since our numerical code is not meant to compute complex eigenvalues,
we cannot plot the real part of the eigenfrequency in that range. The eigendisplacements of the modes indicated by crosses are shown in Fig. 14, those of the
modes indicated by + signs are shown in Fig. 15.
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the PREM (Dziewonski & Anderson 1981) by a solid crust. The
density, wave velocities and quality factors of our model are given
in Table 1.
Table 2 shows the CW period for the modified PREM and 1066 A
(Gilbert & Dziewonski 1975) for the TS, TST and TSTS coupling
chains. As an illustration, Fig. 3 displays the eigenfunctions for
the oceanless PREM and the TST coupling chain. As expected,
the dominant displacement is a wobble of the mantle alone. In the
−1
−1
−1
3
mantle, U −1
2 and V 2 are roughly 10 smaller than W 1 and U 4 ,
−1
−1
−1
6
7
V 4 and W 3 are approximately 10 to 10 smaller than W 1 . In the
inner core, W 1−1 is from 300 to 10 000 times bigger than the other
scalars. The amplitudes of the tangential displacements in the outer
core are roughly 50 times bigger than the radial displacements.
Second, we modify the N 2 profile to make it constant throughout
the liquid core. For a given N 2 profile, that is for a given earth model,
we compute the CW and pseudo-modes eigenfrequencies in the
range 20–40 nHz. By varying N 2 , we then plot the eigenfrequencies
as a function of N 2 for the TS and TST coupling chains. In Fig. 4, the
dashed line is the CW branch and the solid lines are pseudo-modes
branches. Along a pseudo-modes branch, the displacement scalars
have a constant number of nodes in the outer core. For instance,
along the first branch on the right, the toroidal scalar W 1−1 has 1
node in the outer core. The number of its nodes increases by 1 as
one moves to the next branch to the left.
We are interested in the vicinity of the points where the pseudomodes and CW branches seem to cross. Actually, if we look closer,
we see that all the crossings are avoided. To exemplify the avoided
crossings, we consider the third and19th branches of the TST coupling.
The top panel of Fig. 5 shows the avoided crossing between the
third pseudo-modes and Chandler branches, where N 2 ∈ [−1.82,
−1.72] 10−9 rad2 s−2 . On both the right and left ends of the plot,
the difference between two eigenperiods of a same model is about
15–20 d. As shown in Fig. 6 for the modes marked by + signs in
Fig. 5, the motions are either a dominant wobble of the mantle, that
is, the CW, or an oscillation of the liquid outer core. As N 2 increases,
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Avoided crossings can be found in many branches of physics. For
instance, they occur in quantum systems that depend on a certain
number of parameters when, by varying a parameter, two eigenvalues of a Hamilton operator come close to each other (Landau
& Lifshitz 1977). Various types of avoided crossings in quantum
systems were described by Rotter (2001). The eigenfrequencies
of gravity and capillary waves at the surface of a fluid also show
avoided crossings when, for example, the finite amplitude of the
waves is taken as a parameter (MacKay & Saffman 1986). Avoided
crossings are common in the astrophysical literature. In a seismological context, the non-crossings of families of seismological modes
in a dispersion diagram that shows the eigenfrequencies as a function of harmonic degree  are also referred to as ‘avoided crossings’
(Dahlen & Tromp 1998, pp. 303–305).

The conclusion of this subsection is that the dynamics of the outer
core influences the CW through avoided crossings that, in narrow
N 2 ranges, allow for the existence of a double CW, the periods of
the two wobbles being separated by a few days.

4.3 Free core nutation and free inner core nutation
The periods of the FCN and FICN for 1066 A and our oceanless
version of PREM are given in Table 3. The FICN period is more
sensitive than that of the FCN to the length of the coupling chain.
We cannot even conclude that a TSTS chain is sufficient to compute
accurately the FICN period, which changes by 5–8 per cent when
one adds one term to the TST chain to obtain the TSTS chain. The
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Figure 14. Eigenfunctions of the modes indicated by crosses in Fig. 13 for N 2 = −11 × 10−9 rad2 s−2 . The nutation periods are −466.7 (top panel) and
−468.9 (bottom panel) sidereal days. The eigenfunctions are almost the same since they continuously vary along the FCN and pseudo-modes branches that
merge.
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FCN and FICN eigendisplacements for the oceanless PREM and
TST chain were shown by Rogister (2001).
We numerically investigate the spectrum of a rotating earth model
in the nearly diurnal band for coupling chains having m = 1, which
includes both the FCN and FICN, by varying the N 2 parameter
in the liquid core of our oceanless PREM. In Fig. 10, we plot the
eigenfrequencies found between 1.15 × 10−5 and 1.165 × 10−5 Hz,
corresponding to relative periods of approximately 86956.5 and
85836.9 s, respectively, in a corotating frame. The nutation period
Ta shown on the right ordinate axis is the period in an absolute
reference frame. It is related to the relative period Tr in a corotating
frame by

where T = 1 sidereal day = 86164.1 s. Of course, the relative period of the tilt-over mode is always one sidereal day. The nutation
period of the FCN is approximately −459 sidereal days. Pseudomodes cannot be found in the frequency range [1.15, 1.165] 10−5
Hz for either the TS and TST chains. When the FCN and FICN
do not interact with pseudo-modes, their frequencies are not sensitive to the Brunt–Väisälä frequency. But, the TSTS chain contains
pseudo-modes in that frequency range. In the following, we explore
the crossings between pseudo-modes branches and, first, the FCN
branch and, second, the FICN branch.

Tr
,
Ta =
Tr /T − 1

To explain the discrepancy between the nutation period of the
FCN determined from gravity measurements or VLBI data, which

4.3.1 Free core nutation
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Figure 15. Eigenfunctions of the modes indicated by + signs in Fig. 13 for N 2 = − 10.96 × 10−9 rad2 s−2 . The nutation periods are −450.9 (top panel) and
−452.4 (bottom panel) sidereal days. The signs of the displacement scalars in the inner and outer cores are opposite to those of the scalars shown in Fig. 14,
except for W 11 in the outer core. But, the oscillations of W 11 around the straight line that represents the nutation of the outer core is opposite in this figure and
Fig. 14.
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fifth pseudo-mode and FCN branches. The horizontal (FCN) and inclined (pseudo-mode) branches merge at the two exceptional points
of approximate abscissa N 2 = − 11.00 × 10−9 and −10.96 ×
10−9 rad2 s−2 . The frequency of the resulting normal mode becomes complex. However, since our numerical code is not meant to
compute complex eigenfrequencies, we cannot plot their real part in
Fig. 13, leaving an artificial gap between N 2 = −11.00 × 10−9 and
−10.96 × 10−9 rad2 s−2 . By studying the stability of water waves
with respect to the variation of a parameter, for example the steepness of the waves, MacKay & Saffman (1986) found similar crossings of the complex eigenvalues (in particular, see their Fig. 4,
which is a plot of the complex eigenfrequency as a function of
the wave amplitude). Because the waves then become unstable, the
crossings are called ‘bubbles of instability’. Similar crossings were
also obtained by Gubbins & Gibbons (2002) for dynamo waves and
by Stefani et al. (2006) for a simple kinematic α 2 dynamo. They
found that, by varying certain parameters, for instance the magnetic
Reynolds number or the helical turbulence, two purely imaginary
eigenvalues, which correspond to steady decaying or growing magnetic fields, coalesce to form a complex conjugate pair of oscillatory
modes. This phenomenon, which is actually the opposite of a bubble of instability, provides a plausible mechanism for the reversal of
the magnetic field. A mathematical description of such exceptional
points can be found in (Kato 1976, pp. 65–66).
The eigendisplacements of the modes indicated by crosses in
Fig. 13, close to the essential point where the eigenfrequencies
coalesce, are shown in Fig. 14. They are, of course, almost identical.
By comparing with the eigendisplacements, shown in Fig. 15, of
the modes indicated by + signs in Fig. 13, we see that W 31 changes
its sign across the crossing, as does W 11 in the inner core. We have
checked that the signs of U 12 , V 12 , U 14 and V 14 also change from
Figs 14 and 15. In the outer core, W 11 has the same sign for the
four modes displayed in both Figs 14 and 15 but its oscillations are
opposite in Figs 14 and 15.
Although this kind of interaction between the FCN and pseudomodes looks interesting, it cannot be a real feature of the dynamical
system. It is an artefact due to the truncation of the coupling chain
(20). Indeed, the FCN frequency cannot leave the real axis and
become complex, as Fig. 1 shows.
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Figure 16. Zoom in on the avoided crossing between the FICN and fifth pseudo-modes branch in Fig. 10. As for the CW, the influence of the outer core
dynamics on the FICN always results in avoided crossings. The eigenfunctions of the modes indicated by crosses are shown in Fig. 17.
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is approximately −429 d (Florsch & Hinderer 2000; Hinderer
et al. 2000; Mathews et al. 2002), and its theoretical period, approximately −459 d, Gwinn et al. (1986) or Lumb & Aldridge
(1991) suggested that a gravity-inertial mode with a period close
to the FCN period would change the latter. Before we explore this idea, we mention that the 30-d discrepancy is commonly attributed to a departure of the actual dynamical flattening of the CMB from its hydrostatic value (Gwinn et al.
1986).
A first look at Fig. 10 already convinces us that the interaction
of the pseudo-modes branches with the FCN branch is weaker than
that with the FICN branch. A closer inspection of the interaction
between the FCN branch and the second, fourth and sixth pseudomodes branches reveals that the crossings are avoided (Fig. 11).
Moreover, contrary to the CW, the spacing between the closest
eigenfrequencies in an avoided crossing decreases as the number
of nodes of the eigenfunctions in the outer core increases, that
is when N 2 decreases. For the three avoided crossings shown in
Fig. 11, the closest eigenperiods are −442.3 and −475.7, −448.8
and −472.0, and −450.5 and −467.7 sidereal days for, respectively, N 2 = −2.7575 × 10−9 , −7.46 × 10−9 and −15.27 × 10−9
rad2 s−2 . The eigendisplacements corresponding to the eigenperiods of −450.5 and −467.7 d, which are indicated by crosses in
Fig. 11, are shown in Fig. 12. They can be compared with the
eigendisplacements of the FCN shown in Figs 2 and 3 of Rogister (2001) for the TST coupling chain. The spheroidal scalars U 12
and V 12 are of the same order of magnitude for both the TST and
TSTS coupling chains. On the contrary, because of the presence
of a pseudo-mode, the toroidal scalar W 13 is two orders of magnitude bigger for the TSTS coupling chain than for the TST coupling
chain. In Fig. 12, the W 11 scalar in the outer core is the superposition of a rigid nutation associated to the FCN and oscillations
associated to a pseudo-mode. The signs of the eigendisplacements
and their changes across an avoided crossing follow the same rules
as those described for the avoided crossings between the CW and
pseudo-modes.
By zooming in on the crossings between the FCN branch and
the first, third and fifth pseudo-mode branches in Fig. 10, we find
another kind of interaction, which is illustrated in Fig. 13 for the

Absolute periods (sidereal days)
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The coupling of pseudo-modes and FCN through avoided crossings, albeit very weak and occurring for narrow N 2 ranges, is a
plausible candidate to bring the theoretical period of the FCN closer
to the period deduced from the resonance with the observed forced
nutations, in particular the retrograde annual nutation. ‘Retrograde’
here refers to an absolute system of reference. Our results indeed
indicate that the theoretical FCN period closest to −429 d, which is
the ‘observed’ period, is −442.3 sidereal days. Moreover, since the
avoided crossings actually generate a double FCN, the second FCN
would also modify the amplitude of the observed retrograde annual
nutation, maybe reducing the need for other geophysical explanations to fill the gap between the ‘observed’ period of −429 d and
the period of −459 d for PREM.
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4.3.2 Free inner core nutation
We have mentioned at the beginning of Section 4.3 that 4 terms in
the coupling chain (16) may not be enough to estimate accurately
the period of the FICN. Moreover, the theoretical FICN period for
PREM or 1066 A, roughly ranging from 433 to 514 d (Table 3), is
still very far from the period that is estimated from the observed
amplitudes of the forced nutations, which are determined by using
VLBI data, and that is 1038 ± 105 sidereal days (Mathews et al.
2002). According to them, the discrepancy comes from the effect
of the electromagnetic coupling between the inner and outer cores,
which is neglected here.
As for the FCN, we aim at verifying that the dynamics of the
outer core can significantly alter the FICN frequency. Fig. 10 shows
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Figure 17. Eigenfunctions of the modes indicated by crosses in Fig. 16 for N 2 = −12 × 10−9 rad2 s−2 . The nutation periods are 348.9 (top panel) and 774.3
(bottom panel) sidereal days. The total displacement field is dominated by the nutation of the inner core.

C

2008 The Authors, GJI, 176, 368–388
C 2008 RAS
Journal compilation 

Downloaded from https://academic.oup.com/gji/article/176/2/368/2024712 by guest on 12 March 2021

100

386

Y. Rogister and B. Valette

5 D I S C U S S I O N A N D C O N C LU S I O N S
An alternative theoretical approach to the computation of the nutational modes consists in solving the equations of conservation of
angular momentum, or Liouville’s equations, which are obtained by
integrating over the inner core, outer core and entire Earth the cross
product of the position vector r and the local equations of motion.
Initiated by Hough (1895) and Poincaré (1910) who considered a
liquid core contained in a rigid mantle, the method was extended
by Molodensky (1961) and Sasao et al. (1980) to take the elasticity
of the mantle into account, and later by Mathews et al. (1991) and
de Vries & Wahr (1991) to include a solid elastic inner core. The
approximation for the displacement field is a TS coupling chain
where the toroidal term τ ±1
1 is supposed to be a linear function of
the radius that is discontinuous at the ICB and CMB. Moreover, the
spheroidal term σ ±1
2 is computed for a non-rotating spherical model
perturbed by a static body force that is the variation of the centrifugal force induced by the rigid rotation about an equatorial axis given
by τ ±1
1 . Buffett et al. (1993) brought improvement by including the
effects of the ellipticity and inertia forces on σ ±1
2 . Up to now, the
studies based on the angular momentum approach have dealt with
the free and forced nutations only. However, in view of our coming
conclusions, they are not accurate enough to represent the FICN, or
possibly the ICW. They should be extended to accommodate for a
more complicated flow in the outer core. But, the angular momen-

tum approach is not suited to the study of the interaction between
the nutational modes and the inertia-gravity spectrum of the core.
We would like to restate that the approximation that consists in
keeping only four terms in coupling chain (20) does not allow for
a quantitative interpretation of our results. For instance, we do not
claim that they provide constraints on the N 2 parameter, that is, the
thermal stratification, in the outer core. We rather want to show that
the dynamics of the Earth is possibly richer than often thought or
assumed.
Our first conclusion is that the calculation of the free wobbles of
the inner core requires more than two terms in the eigendisplacement
(20). Our second and main conclusion is that the nutational modes
interact with the inertia-gravity modes that we numerically obtained
and called ‘pseudo-modes’. The frequencies of the pseudo-modes
depend on both the speed of rotation and squared Brunt–Väisälä
frequency N 2 . For narrow ranges of N 2 , avoided crossings occur
between the frequencies of the pseudo-modes and those of the CW,
FCN and FICN. The eigenfunctions of two modes having nearby
frequencies are a combination of the eigenfunctions of two isolated
modes, one being a rotational mode, the other, a pseudo-mode.
The eigenfunctions are mixed with equal amplitudes for the CW
and FCN. For the FICN, the amplitude of the nutation of the inner
core is an order of magnitude bigger than the oscillations in the
liquid core. In avoided crossings, the wobble period of the CW and
nutation period of the FCN are shifted by, say, 3–15 d, whereas
the nutation period of the FICN is shifted by a few hundred days.
Although our conclusions are qualitative, they could provide an
alternative explanation, at least partial, to the discrepancies between
the predicted and observed frequencies of the nutational modes. In
particular, the double or multiple nature of the Chandler frequencies
finds here a plausible explanation.
Another approach to the interaction between the nutations and
dynamics of the core could be a spectral approach in the time domain
that takes the stratification of the core into account, as described by
Chaljub & Valette (2004) and Chaljub et al. (2007).
Finally, we mention that including viscosity in the fluid core will
make its spectrum discrete, except for the zero complex frequency.
Series (15) and (16) will then surely be convergent. The interaction
of the inertia-gravity modes of a viscous fluid core with the rotational modes is certainly worth exploring, especially as a function
of the viscosity.
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