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S U M M A R Y
Surface displacements induced by ice load variation through time are calculated by spatial
integration of Green’s function for both end-members: an elastic half-space and a thick elastic
plate lying over an inviscid mantle. The elastic half-space model allows the consideration of
displacements caused by short-term (seasonal) variations. The thick plate model describes
the final relaxed state. The transition between these two stages is dominated by an effective
relaxation time which depends on mantle viscosity. This behaviour is considered to estimate
displacements induced by long-term load changes (ice retreat over decades). We apply these
methods to the Mýrdalsjökull ice cap, Iceland, where an annual cycle in ice load occurs as
well as a gradual ice retreat as a consequence of climate warming. Seasonal vertical displace-
ments measured from 2000 to 2006 at two continuous GPS stations located near the edge of
Mýrdalsjökull ice cap fit well to a model of an elastic response to the annual variation in ice
load. A comparison of model displacements and observations provides a minimum value of
29 ± 5 GPa for the effective static local value of the Young’s modulus. We infer long-term
displacements induced by ice retreat over the last 115 yr using a combination of the instanta-
neous elastic response and the final relaxed state. Results are compared to GPS measurements
used to monitor the Katla volcano lying beneath the Mýrdalsjökull ice cap. A forward model
considering an elastic thickness of 5 km can explain a fraction of the uplift recorded from 1999
to 2004, but it cannot account for the observed horizontal velocities. The study confirms that
magma inflow is required to explain observed inflation of the Katla volcano 1999–2004.

Key words: crustal deformation, GPS, Green’s function, retreating ice cap, seasonal effects
on volcanoes.

1 I N T RO D U C T I O N

Crustal deformation at volcanoes is frequently related to subsur-

face magmatic movements, such as volcano inflation due to magma

accumulation prior to eruptions. Other processes may, however, con-

tribute as well. In this paper we explore what role subtle load changes

may have on geodetic measurements at volcanoes, in particular the

influence of ice load changes at subglacial volcanoes. This is of

particular concern as many of the world’s volcanoes are topped by

glaciers, which volume varies considerably over time spans of years.

Ongoing climate warming causes general retreat of small ice caps

covering volcanoes, eventually leading to elastic or glacio-isostatic

crustal adjustment causing uplift and horizontal displacements radi-

ating away from the ice caps. In Iceland, uplift induced by historical

ice volume change at the largest ice cap, Vatnajökull (average ra-

dius of about 50 km), has been inferred e.g. by Sigmundsson &

Einarsson (1992) and Pagli et al. (2005). Such signals at smaller

ice caps with comparable spatial extent to underlying subglacial

volcanoes can mistakenly be interpreted as inflation due to magma

accumulation; alternatively in case of real magma accumulation at

a subglacial volcano it is of importance to correctly relate the asso-

ciated inflation to that process. One aim of this paper is therefore to

develop techniques to discriminate deformation due to the ice un-

loading and magmatic processes at subglacial volcanoes. We apply

the techniques to the subglacial Katla volcano in Iceland, which is

believed to be near the end of its repose period and may receive

inflow of magma. However, the volcano also sits under an ice

cap that has been retreating in recent years. GPS-measurements
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indicative of uplift and expansion at the volcano in the 2001–2004

period are evaluated in terms of the two suggested processes. Ap-

parent annual cycle in deformation of the volcano is modelled as

well in terms of an annual load change.

Load-induced deformation on volcanoes is in general likely to be

affected by 3-D variation in rheology and crustal heterogeneities,

such as those associated with magma chambers and their surround-

ings. A Maxwell viscoelastic behaviour with varying rheological

parameters may be appropriate for the bulk of the crust. Fine-

scale details in load history are, however, difficult to incorporate

in such models, and local variations in crustal rheology remain

poorly known. At Katla volcano, we have good knowledge about

load changes and their spatial extent in recent years, but details of

rheology and the underlying magmatic source are uncertain. We rely

therefore on simplified earth models (with uniform rheology), but

allow for the possibility of complicated load geometries on the sur-

face of the Earth through the use of Green’s functions. We model

the initial response of the Earth to load on the surface as that of a

load on an elastic half-space. The same approach has already been

used to calculate stress field changes induced by partial destruction

of volcanic edifices (Pinel & Jaupart 2005). However, in case of re-

treating ice caps, the lateral extent of the relevant load may be of the

same order or even larger than the effective elastic thickness of the

lithosphere. It follows that the elastic response may only correspond

to a short period of time following a load change. Viscous effect in-

duced by the underlying mantle may contribute to the deformation

as well. We model the final relaxed state of the Earth after loading

as that of an elastic plate over a fully relaxed fluid. The transition

between these two stages is dominated by an effective relaxation

time for displacements.

2 M O D E L D E S C R I P T I O N

Loads on the surface of the Earth induce displacement fields which

evolve through time. The long-term response to such loads can be

approximated as the response to a load introduced on an elastic plate

lying over a ductile material. The plate (corresponding to the rela-

tively cold strong outermost layer of the Earth, behaving elastically

over long timescales) is characterized by the elastic parameters:

Poisson’s ratio ν and Young’s modulus E. The ductile material can

be approximated as a Newtonian viscous fluid characterized by a

density ρ f , which determines the buoyancy force acting at the base

of the elastic plate, and a viscosity η, which determines the temporal

evolution of displacement.

We present calculations of surface displacements induced by a

unit point mass applied at the surface for two end-member models:

the elastic half-space (instantaneous response) and the elastic plate

lying over an inviscid fluid (final response). A combination of these

two cases gives the temporal evolution of displacements. The loads

we consider are of limited spatial extent, warranting a flat Earth

approximation. All calculations in this paper deal with perturbations

from a reference lithostatic state before loading. In the following

models, we will always consider the vertical axis (z) to be directed

downwards so that unloading will mainly induce a negative vertical

displacement.

2.1 Green’s functions for the elastic half-space

Displacement of the surface induced by a unit point mass applied on

an elastic half-space is given, in cylindrical coordinates, by Sneddon

(1951) who solved the equations of the equilibrium (div(σ ) = 0)
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Figure 1. Vertical displacement as a function of lateral distance. Curves

represent the value of UzG∞ (half-space case) and UzG H with H = 2, 5

and 10 km (thick plate case). Calculations are done with ν = 0.25 and E =
15 GPa. The curve representing UzG H for H = 50 km overlaps with the

curve for the half-space.

for an axisymmetric load. Resulting radial (U r) and vertical (U z)

displacements on the surface of the half-space as a function of dis-

tance (r) from the load are given as:

UrG∞ (r ) = − g

2π

(1 + ν)(1 − 2ν)

E

1

r
(1)

UzG∞ (r ) = g

π

1 − ν2

E

1

r
(2)

The buoyancy due to deflection of the top boundary is neglected.

This unit point mass response is used as a Green’s function (SI unit

being m/kg). The displacement induced by any given distributed

load is calculated by the convolution of this Green’s function with

the ice mass. The vertical displacement at point P (coordinates �r ) is

given by:

U∞
z (�r ) =

∫
R

UzG∞ (�r − �r ′)ρ(�r ′)h(�r ′) d S(�r ′) (3)

where ρ and h are, respectively, the density and the thickness of the

load, d S(�r ) is an infinitesimal area of integration around point P and

R is the area of the load. The horizontal displacement is obtained the

same way except doing a vectorial integration. For a disc load, we

checked that the convolution of the Green’s function gave the same

result as calculations by Pinel & Jaupart (2000). Displacements

induced by a unit mass load applied on an elastic half-space are

shown in Figs 1 and 2.

2.2 Green’s functions for a thick elastic plate overlying

an inviscid fluid

We now model the Earth as being made of an elastic layer of arbitrary

thickness H lying over an inviscid fluid of density ρ f , modelling the

fully relaxed response of the Earth to load changes. We do not restrict

our study to the thin plate approximation (where the vertical normal

stress is set to zero (Comer 1983)), so we refer to it as a thick plate

solution. We calculate the surface displacement induced by a unit

point mass and solve for the equation of equilibrium (div (σ ) = 0) in

Lagrangian coordinates. Boundary conditions of this axisymmetric
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Figure 2. Radial displacement as a function of lateral distance. Curves

represent the value of UrG∞ (half-space case) and UrG H with H = 2, 5

and 10 km (thick plate case). Calculations are done with ν = 0.25 and

E = 15 GPa. The curve representing UrG H for H = 50 km overlaps with

the curve for the half-space.

problem are expressed by (SI unit being Pa/kg):

σzz(r, z = 0) = g lim
a→0

�a(r )

πa2
(4)

σzz(r, z = H ) = gρ f Uz(r, z = H ) (5)

τr z(r, z = 0) = 0 (6)

τr z(r, z = H ) = 0 (7)

with�a(r )=1 for 0≤ r ≤a and�a(r )=0 for r >a. Our convention

is such that a compression corresponds to a positive stress. Following

Comer (1983) who calculated the effect of an harmonic load, we

apply at the lower surface of the plate (at z = H ) a pressure equal to

the hydrostatic pressure in the fluid and no tangential component.

In cylindrical coordinates, we use the method outlined by Sneddon

(1951). Displacements are calculated by integrating Bessel function

and are expressed, at the surface (z = 0) by:

UrG H (r ) = − g

2π E(1 − 2ν)

∫ ∞

0

[
(1 − ν2)

(
2ε

A

D
+ 4ν

)]
×J1(εr ) dε + UrG∞ (8)

UzG H (r ) = (1 − ν2)g

Eπ

∫ ∞

0

[
B

D
− 1

]
J0(εr ) dε + UzG∞ (9)

where ε is a variable of integration, J 0 and J 1 are, respectively,

the zeroth- and the first-order Bessel function of the first kind and

coefficients A, B and D are defined by

A = ε2 H 2 − ν(cosh(2εH ) − 1)

− 2(1 − ν2)

E
gρ f

(
ν

sinh(2εH )

ε
+ H

)
(10)

B = 1

2
ε sinh(2εH ) + ε2 H + 1 − ν2

E
gρ f (cosh(2εH ) − 1) (11)

D = −ε3 H 2 + 1

2
ε(cosh(2εH ) − 1)

+ 1 − ν2

E
gρ f (sinh(2εH ) + 2εH ) (12)

When H → ∞, we have (A/D) → − 2ν

ε
and (B/D) → 1 so that we

find the solution for the elastic half-space given by eqs (1) and (2).

Displacements induced by a unit mass load applied on a thick elastic

plate are shown in Figs 1 and 2. This unit point mass response serves

as a Green’s function for the thick plate case and by convolution

with the ice mass we find the displacement caused by any given

distributed load. Similarly to eq. (3) vertical displacement is given

by

U H
z (�r ) =

∫
R

UzG H (�r − �r ′)ρ(�r ′)h(�r ′) d S(�r ′) (13)

Brotchie & Silvester (1969) present a solution for the vertical dis-

placement induced by a concentrated load on a plate but their result

was obtained considering a thin plate. Comer (1983) shows that the

thick plate calculation is different from the thin plate approximation

for short wavelengths. In order to derive Green’s function for con-

centrated load, the thick plate calculation seems more appropriate

than the thin plate approximation. We used our Green’s function to

calculate the displacement induced by a uniform disc load. When

the load radius is large enough compared to the plate thickness,

our results are similar to the ones obtained by Brotchie & Silvester

(1969). In that case the vertical displacement at the centre of the load

approaches the isostatic equilibrium (ρ L H L/ρ f ) where ρL and H L

are the density and height of the load.

2.3 Ratio of horizontal and vertical

displacement-comparison to magmatic deformation

source

A convenient way to characterize the displacement field induced

by a surface load change is to consider the ratio between induced

horizontal and vertical displacements because the ratio is less sen-

sitive to the crustal properties than the amplitude of displacements.

For the instantaneous elastic response to a point source load, this

ratio (|UrG∞ (r )/UzG∞ (r )| = 1−2ν

2(1−ν)
, which corresponds to a numer-

ical value of 1/3 in case of ν = 0.25) depends neither on the value

of Young’s modulus nor on the distance from the point load. For a

given load distribution, the horizontal displacement is obtained by

a vectorial integration (so that the norm is smaller or equal to the

sum of the point load contributions) whereas the vertical displace-

ment is obtained by a simple summation. It follows that the value

of 1/3 corresponds to a upper limit for the ratio of the horizontal

and vertical displacements for any distribution of load applied to an

elastic half-space characterized by uniform Young’s modulus E. For

instance, the ratio between the modulus of horizontal displacement

and the vertical one obtained for a uniform disc load is equal to 0

at the centre of the load and it increases with lateral distance until

it reaches the limit value of |UrG∞ (r )/UzG∞ (r )|. Far enough from

the load, the disc is seen as a concentrated load. The limit value

is reached at a lateral distance around three times the radius of the

load, as shown in Fig. 3.

In case of a concentrated load applied on a thick elastic plate lying

above an inviscid medium, the ratio between horizontal and vertical

displacement depends on the lateral position, the Young’s modulus

and the plate thickness. Results are shown in Fig. 4 (continuous

curves) for different plate thickness considering a Young’s modulus
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Figure 3. Ratio between radial and vertical displacements for a disc load

(radius R) applied on an elastic half-space. Ratio is given as a function of the

dimensionless lateral distance (r/R). Value of parameter ν is fixed at 0.25.

At large distance, this ratio tends to the value of |UrG∞|/|UzG∞| = 1/3.

H= 10 km

H= 5 km

Half–space

0 5 10 15 25 30 3520

Lateral distance  (km)

0

0.1

0.2

0.3

0.4

|U
r/

U
z|

Figure 4. Ratio between radial and vertical displacements as a function

of the lateral distance. Continuous curves correspond to the displacement

induced by a unit point mass, dashed curves correspond to a 7 km radius

uniform disc load. The different colours correspond to different elastic thick-

ness. Value of parameter ν is fixed at 0.25 and E = 15 GPa.

of 15 GPa. At distances less than 10 km from the concentrated

load this ratio is smaller than the value of 1/3 but further away

it can increase above this value. The value of 1/3 is reached, at

respectively, 11.5, 19 and 27 km for plates thickness of H = 2, 5

and 10 km. Similarly as for the elastic case, the ratio |UrG H |/|UzG H |
gives a maximum value for the ratio of displacement induced by

any distribution of surface load applied on a thick plate because

|UrG H | is the horizontal displacement induced in the direction away

from the load. In Fig. 4, values for the disc load (dashed curves)

are always smaller than the corresponding values for the unit point

mass (continuous curves).

For any volcano with deformation suspected to originate from

both magma movements at depth and load changes on the surface,

an immediate concern is how to discriminate the two. We have shown

that ratio of horizontal and vertical displacement during unloading is

to some extent relatively independent of the parameters of the earth

models, and lower than 0.3 near ice caps. This ratio does not depend

on the load thickness or density. This ratio is also fundamentally

different than for many magmatic sources that can be approximated

by a point source of pressure in an elastic half-space (the Mogi

model). For the Mogi model, the ratio between lateral and verti-

cal displacement, at horizontal distance r, is given by r/D M where

DM is the depth of the magmatic source. Magmatic sources that in-

duce surface deformation are usually localized at depth smaller than

10 km, which implies that, at a distance r from the magmatic source

larger than 5 km, the ratio between lateral and vertical displacement

is larger than 0.5. In Iceland, shallow magma chamber are at a much

shallower depth, around 3 km for some of the most active volca-

noes (Sturkell et al. 2006; Sigmundsson 2006; Gudmundsson et al.
1994), implying an even larger value for the ratio between lateral

and vertical displacement.

2.4 Temporal evolution of displacement

The preceding analysis gives the initial and final relaxed response to

surface loads. At intermediate times, the deformation is character-

ized by transition from the initial to the final relaxed state. In the case

of a Newtonian viscosity, this relaxation process is associated with

an exponential decay of displacement rates. In general, a load needs

to be decomposed into its spectral components, and decay of each

spectral component needs to be evaluated (Fourier analysis). A load

spectral component of wavelength λ placed on the surface of a New-

tonian viscous half-space will cause vertical surface displacement

given by (e.g. Turcotte & Schubert 2002):

Uz ∝ e−t/tR (14)

where the relaxation time tR is given by:

tR = 2ηk

ρ f g
(15)

where η is the dynamic viscosity, ρ f is the fluid density, g is accel-

eration of gravity and k is the wave number, equal to 2π/λ. A disc

load placed on Newtonian viscous half-space will cause relaxation

that decays in a similar manner as the equation above, with the wave

number k being replaced by an effective wave number for the load.

The effective wave number for a disc load can be approximated

as to 1.2/Ro, where Ro is the radius of a disc load (Cathles 1975,

p. 325). The effect of an elastic plate lying on the viscous half-space

is to increase the rate of decay of short wavelengths (Cathles 1975,

appendix VI). For the case of a thin elastic plate, the relaxation time

becomes:

tR = 2ηk

ρ f g + k4 D
(16)

where D is the flexural rigidity of the plate.

In our models, we assume that transition from an initial to final

relaxed state is dominated by a similar process as described above,

characterized by displacements with an effective relaxation time

tR. Then, for a given distribution of load, the description of the

deformation field is:

Uz(r, t) = (
U∞

z (r ) − U H
z (r )

)
e−t/tR + U H

z (r ) (17)

Eqs (15) and (16) represent simplifications, where an elastic up-

permost layer is ignored, or assumed to be thin. In more realistic

case, its finite thickness has to be considered. For a given viscosity,

we estimate the corresponding relaxation time by comparing the

predicted deformation using eq. (17) with deformation induced by
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a disc load on an elastic plate lying above a viscous medium. We

use a solution given by Sigmundsson (1990), considering an arbi-

trary thickness of the elastic plate. Taking Ro = 14 km appropriate

for Mýrdalsjökull ice cap, an elastic thickness of 5 km and ρ f =
3100 kg m−3, a viscosity of 4 to 10 × 1018 Pa s (as estimated for

Vatnajökull Pagli et al. 2005, 2006), we derive an effective relax-

ation time of 120 to 300 yr. Eq. (15) for a viscous half-space would

give a larger relaxation time, in the range of 700–1800 yr.

We expect the horizontal and vertical displacements to decay with

the same effective relaxation time. The displacement is obtained by

time–space convolution of the Green functions (see the appendix).

3 D E F O R M AT I O N O F T H E K AT L A

V O L C A N O

The Katla subglacial volcano in South Iceland is one of three most

active volcanoes in Iceland, with 20 documented eruptions in the last

1100 yr (Larsen 2000). It has a caldera that is filled with ice over

600 m thick, located under the Mýrdalsjökull ice cap (Björnsson

et al. 2000). Katla eruptions are phreatomagmatic, associated with

major ice melting and jökulhlaups (sudden glacial outburst floods),

and are therefore particularly hazardous. Deformation around Katla

has been monitored since the 1960s when three optical levelling tilt

stations in the area were installed (Tryggvason 1973). A local GPS

network was installed at the volcano in the 1990s and later expanded

(Sturkell et al. 2003). In 1999, two continuous GPS stations were in-

stalled near the edge of Mýrdalsjökull ice cap and one at the nearby

Eyjafjallajökull glacier, as a part of country-wide network of contin-

uous GPS stations in Iceland (Geirsson et al. 2006). Satellite radar

interferograms based on data acquired by the ERS-1 and ERS-2 mis-

sions covering Katla and surrounding have also been formed as a part

of a larger study of deformation in South Iceland (Pedersen 2004).

However deformation signals in the surroundings of Mýrdalsjökull

ice cap are small, and have not been separated from atmospheric

noise. The current geodetic network is shown in Figs 5 and 6. De-

tailed results from this geodetic network are presented by Sturkell

et al. (2006). From 1999 to 2004 the deformation is characterized by

uplift and expansion across the Katla volcano and the Mýrdalsjökull

Figure 5. Continuous GPS stations (dots) and tilt station (crosses) in Ice-

land. The Reykjavik (REYK) reference station is reported. Volcanic zones

of Iceland are reported (from Einarsson & Saemundsson 1987). The studied

area (Figs 6 and 15) is outlined in black.
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Figure 6. Displacement around Katla, June 2001 to June 2004. Observations

at stations AUST, ENTA, SOHO and HVOL are relative to HAMR. The

black arrows signify horizontal motion and the red arrows denote vertical

movement. Outline of icecaps are shown. Geodetic network around Katla

volcano and Mýrdalsjökull ice cap is reported.

ice cap (Figs 6 and 7). Uplift rates at AUST station at Katla

amount to up to 2 cm yr−1. Horizontal displacements are mostly

aligned away from the volcano/icecap, with rates up to 1 cm yr−1.

Fig. 8 shows the ratio between the horizontal and the vertical dis-

placements observed at GPS stations around Mýrdalsjökull com-

pared to the values expected from the Mogi point source model for

the magma accumulation and the ice load effect (see chapter 2.3).

Ice load change cannot account for the whole displacement mea-

sured around Katla volcano (because the observed ratios are larger

than the expected value considering only a loading effect). In order

to explain this displacement we have to consider an intrusion of

magma beneath the volcano as discussed by Sturkell et al. (2006).
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Figure 7. Uplift of AUST relative to HAMR reference station from 1997 to

2005. The line before 2000 is obtained with one earlier observation recorded

in 1992 and reflects the average displacement between 1992 and 2000. Also

shown is the inferred uplift from 2000 to 2005 of the HAMR reference

station relative to a continuous GPS stations far away in Reykjavik (REYK

shown in Fig. 5). About half of the HAMR–REYK relative uplift is due to

subsidence of the REYK station in a global reference frame of 3 mm yr−1

(Sella et al. 2002).
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5 km), red curves are for the displacement induced by a 14 km radius disc

load (continuous line for half-space, dashed line for H = 10 km and dotted

line for H = 2 km) and the blue curve is for the displacement induced by a

7 km radius disc load applied on an half-space. Value of E is 29 GPa. Values

observed at GPS stations between 2001 and 2004 are shown (filled circles)

versus their lateral distance from the centre of the caldera. The ratio values

corrected from the ice load effect are reported: crosses correspond to the

elastic half-space correction (see Fig. 12) and stars are obtained with the

temporal model shown in Fig. 14.

Figure 9. Time-series of east, north and vertical component of the SOHO and HVOL GPS stations (reference station is REYK). The linear trend (for SOHO,

respectively 16.63 mm yr−1, −8.08 mm yr−1 and 10.11 mm yr−1 for the east, north and vertical component; for HVOL, respectively 18.98 mm yr−1,

−6.94 mm yr−1 and 8.51 mm yr−1 for the east, north and vertical component) has been removed. The green curve is a fit of data by a function A cos (wt + φ)

(for SOHO, the phase φ is respectively 1.73, −2 and 0.42 for east, north and vertical component; for HVOL φ is, respectively, 1.30, −1.94 and 0.57 for east,

north and vertical component). The red curve is for the elastic model (see Fig. 11) considering a maximum of ice thickness at the beginning of May.

The continuous GPS measurements reveal an annual cycle in co-

ordinate values, superimposed on a linear change in east, north, and

vertical components (Fig. 9). Annual fluctuations, modelled with a

function of the form A cos (wt + φ), where A is amplitude, w is

equal to 2π/year, and φ is a phase angle, occur to some extent for

coordinates of all the continuous GPS stations in Iceland (Geirsson

et al. 2006). They may partly be an artefact due to improper con-

sideration of atmospheric effects in data processing, or be a real

Earth response to cryospheric loading. An annual fluctuation in east

components in coordinate values relative to the REYK reference

station has furthermore been suggested to originate mostly from an

annual cycle in the east movement of the REYK reference station

itself. Despite these limitations, the annual cycle in coordinates of

the SOHO station relative to the REYK reference station is excep-

tional (Fig. 9a). Its amplitude is 1.4 mm in east, 1.6 mm in north,

and 5.2 mm in vertical components (Geirsson et al. 2006). In the

vertical SOHO has the second largest amplitude of all continuous

stations in Iceland (with a maximum of observed subsidence at the

beginning of June); in the north component it has the largest ob-

served amplitude (more than 40 per cent larger than for all other

sites, the maximum being observed at the end of April). Consider-

ing the size of the annual amplitudes at SOHO, we expect majority

of these fluctuations to be real and reflect cryospheric loading. For

the other continuous GPS site near the Mýrdalsjökull ice cap, the

HVOL station (Fig. 9b), the amplitudes of the annual cycle are 1.1,

1.1 and 4.9 mm yr−1 in east, north and vertical components. Maxi-

mum subsidence occurs at the end of May and the maximum in the

north component is reached in late April.
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4 D E F O R M AT I O N I N D U C E D B Y

VA R I AT I O N S O F I C E L OA D AT

M Ý R DA L S J Ö K U L L

4.1 Ice thickness variations at Mýrdalsjökull: an annual

cycle superimposed on a long-term decrease

Katla volcano is the best monitored volcano in Iceland. One com-

ponent of the monitoring program is airplane radar measurements

of ice surface elevation (absolute uncertainty 2–3 m, relative un-

certainty about 1m, Gudmundsson et al., 2007). The aim of these

measurements is to detect changes in ice volume, in particular to

locate areas of increased geothermal heat at the volcano. Since 1999

measurements have been conducted at least twice every year. The

measurements have revealed the following: (1) a gradual retreat has

occurred at the glacier termini, and (2) an annual cycle in glacier

elevation occurs within the Katla caldera, the highest part of the

Mýrdalsjökull ice cap.

A map of ice thickness variation observed at Mýrdalsjökull be-

tween October 1999 and October 2004 was produced based on air-

plane radar measurements (Fig. 12a). The ice thickness has clearly

decreased over this period of time and this decrease is restricted

to the marginal areas of the glacier. This retreat is a response to

warm climate; melting near the termini exceeds ice transport down

the outlet glaciers. The map (Fig. 12a) only shows the total change

in a 5 yr period but the ablation takes place mainly in the period

May–September. It follows that this ice thickness evolution at each

location can be described as a linear trend characterized by a slope

a (in m yr−1, this slope is the value of Fig. 12a divided by 5 yr)

and an annual cycle of amplitude a/2. Although the ice thickness

has not changed in the central part of the ice cap, an annual cycle

occurs within the Katla caldera. It is due to accumulation during

winter time and melting during summer of the superficial layer of

snow. The amplitude (maximum to minimum) of this cycle is 6–

10 m (Fig. 10).

4.2 Elastic modelling of seasonal effect

The annual ice load cycle is modelled in what follows as a disc load

of variable thickness in the central part of the caldera (Fig. 11a),
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Figure 10. Ice fluctuation: observed time-series within the Katla caldera.

Measurements are shown by crosses.

as well as a contribution from the average thinning measured be-

tween 1999–2004 (Fig. 12a). Snow accumulation is by far most

pronounced within the Katla caldera, and we assumed an annual

firm variation there of 6.5 m (maximum to minimum). Snow ac-

cumulation decays rapidly away from this central area. We model

this rapid decay as a peripheral area of 2.4 km width surrounding

the area of the main annual snow load, with half the snow load of

central area (see Fig. 11a). We consider a density of 650 kg m−3

for this snow. In addition to this, we take into account the contri-

bution to annual load cycle from uneven long-term thinning of the

ice cap. Yearly average thinning in the 1999–2004 period is con-

sidered (Fig. 12a). An amplitude (maximum to minimum) equal to

half the thinning per year is considered as a contribution to the an-

nual load variation with ice density set to 900 kg m−3. We modelled

both contributions as a sinusoidal function with an amplitude being

the sum of the two contributions we fixed the maximum ice thick-

ness to occur the beginning of May. We used this model for annual

load variations at Mýrdalsjökull to calculate expected annual vari-

ation in deformation fields. Considering the short time period of

the signal, we assumed a purely elastic behaviour. Predicted vertical

displacements were then compared to the vertical annual signal mea-

sured at two continuous GPS stations at the edge of Mýrdalsjökull,

in order to constrain the value of the effective Young’s modulus,

E, under the ice cap. The records from GPS stations SOHO and

HVOL favour respective values for E of 35.3 GPa and 22.7 GPa

in order to fit the data. Based on these values we conclude that

the value of E is 29 ± 5 GPa for the Mýrdalsjökull area. An er-

ror of 1 mm in the determination of the amplitude of the vertical

variation induces an error in the estimate of E smaller than 5 GPa.

The calculated signal, considering a Young’s modulus of 29 GPa,

is shown in Fig. 9 for the observed time-series from GPS stations

SOHO and HVOL. The phase delay for the vertical displacement is

smaller than 1.2 month. A reasonable fit is observed for the north

and vertical components. Figs 11(b)–(d) show the resulting elastic

response expected for the seasonal effect with a Young’s modulus of

29 GPa.

Our present estimation of E is based on the assumption that the

vertical component of annual displacement measured at SOHO

and HVOL is entirely due to ice-loading variation occurring at

Mýrdalsjökull which is the closest ice cap. However, part of this

signal could be caused by seasonal change at other ice caps

(Eyjafjallajökull, Vatnajökull). Even snow load outside the ice cap

might influence the displacement at the stations we used. Our model

may therefore underestimate the load amplitude. For instance, if we

add the effect of a seasonal load variation at Vatnajökull ice cap

modelled by a 50 km radius disc load of 1.5 m ice, the inferred

value of E becomes 50 GPa. Grapenthin et al. (2006) derived the

values of 40 ± 15 GPa for the Young’s modulus based on a com-

parison of seasonal variations in Icelandic continuous GPS stations

and the predicted displacements induced by annual snow load on

Iceland’s four largest ice caps. Furthermore, part of the observed

cyclic signal in the continuous GPS data could be an artefact due

to atmospheric effects. It follows that the value of 29 GPa has to be

considered as a minimum value. Using a minimum value for E in

the following calculations give us an upper limit for estimated dis-

placements. Despite uncertainties, a consideration of the seasonal

effect appears to be the best way to constrain E as it is a short-term

effect and therefore the response is expected to be elastic through-

out the underlying Earth structure. This seasonal effect is largest at

the centre of the ice cap and its lateral extension is smaller than the

extension of the long-term signal induced mostly by ice thinning at

the edge of Mýrdalsjökull.
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Figure 11. Elastic response to a seasonal load at Mýrdalsjökull. Both the annual snow thickness changes occurring in the central part (a) and the apparent

annual cycle induced by the long-term retreat at the glacier edges (Fig. 12a) are considered for calculation. (a) Model used for the annual snow thickness change

in the central part of Mýrdalsjökull is a uniform disc load (centre at x = 493225, y = 347804 Lambert coordinates) with radius 7.2 km and thickness 6.5 m. It

is surrounded by a 2.4 km wide zone with half this thickness change. Density ρ ice = 650 kg m−3 is assumed. (b) Vertical displacement (U z expressed in m.) (c)

Modulus of the horizontal displacement (|U h| expressed in m.) (d) Ratio between horizontal and vertical displacement (|U h/U z |). Poisson’s value ν is fixed

at 0.25 and the Young’s modulus at 29 GPa. Black dots show location of GPS and tilt stations. Limit of the Katla caldera and outline of Mýrdalsjökull are also

shown.

4.3 Influence of long-term ice thinning

Fig. 12 shows the inferred instantaneous elastic displacement in-

duced by the ice loss measured between 1999 and 2004 whereas

Fig. 13 shows the inferred final ‘relaxed’ amount of displacement

induced by the ice loss.

As expected the displacements are much larger for the relaxed

state than for the instantaneous response, for the vertical displace-

ment there is a factor of 10 between the two end-members. In both

cases, for regions more than 10 km away from the ice cap edges,

the effect is axisymmetrical and quite similar to the one induced by

a circular load. On the contrary, close to the glacier outline, where

most of the GPS stations are located, the displacement field depends

strongly on the local ice load distribution which justifies the need of a

model based on integration of Green’s functions. The consideration

of the correct spatial load distribution becomes more important for

smaller elastic thickness. The value of the Young’s modulus mainly

influences the amplitude of the displacement: a minimum value for

E gives us a maximum estimate of the displacement.

Displacements induced by gradual ice thinning can be expected

to be a combination of the instantaneous elastic response and a part

of the final state as discussed in chapter 2.4. Making the assumption

that Mýrdalsjökull thinned at a constant rate ȧ during the last τ o

years and using eq. (A3) the current vertical displacement rate is

given by

U̇z(r ) = ȧ(e−τo/tR − 1)

∫
R

[
UzG∞ (�r − �r ′) − UzG H (�r − �r ′)

]
× ρ(�r ′)e(�r ′) d �r ′ + ȧ

∫
R

UzG∞ (�r − �r ′)ρ(�r ′)e(�r ′) d �r ′ (18)

where UzG∞ (r ) and UzG H (r ) are the Green’s function corresponding

to a unit point mass.

The maximum displacements are achieved for the relaxed state

(displacements shown in Fig. 13 for a 5 yr period). It corresponds

to the case where ice has been thinning at the same rate for a long

time or the relaxation time is very small (τ o → ∞ or t R → 0). The

minimum value is the instantaneous elastic response (displacements
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Figure 12. Elastic response to the long-term ice thinning at Mýrdalsjökull. (a) Model used for the ice elevation change at Mýrdalsjökull between October

1999 and October 2004 (density of ice is set to ρ ice = 900 kg m−3). (b) Vertical displacement (U z expressed in m). (c) Modulus of the horizontal displacement

(|U h| expressed in m.) (d) Ratio between horizontal and vertical displacement (|U h/U z |). Poisson’s value ν is fixed at 0.25 and E = 29 GPa. Black dots show

location of GPS and tilt stations. Limit of the Katla caldera and outline of Mýrdalsjökull are also shown.

shown in Fig. 12 for a 5 yr period) and is reached in the case the thin-

ning effect is beginning or the relaxation time is very large (τ o →0 or

t R →∞). When τ o = t R the effect is almost the relaxed effect scaled

by 0.6.

We calculated the expected current rate of displacement, assum-

ing the Mýrdalsjökull ice cap has thinned the same way during the

last 115 yr. This is the interval of general ice retreat at Icelandic

glaciers. After being at a maximum advance in the 19th century, the

glaciers started to retreat around 1890. The rate of thinning is ob-

tained by dividing the ice elevation change observed between 1999

and 2004 by 5 yr (Fig. 14a). This is a rather rough approximation of

long-term ice load history at Mýrdalsjökul but it allows us to esti-

mate an order of magnitude of the expected ongoing displacement

field in response to past ice reduction. Calculations are done with

an elastic thickness of 5 km. E is taken equal to 29 GPa as estimated

by modelling of seasonal effect (4.2). In order to obtain a model that

matches the observations (an uplift rate around the ice cap close to 4

mm per year), a very high relaxation time of about 7000 yr has to be

considered. As discussed later, it may be an overestimate. Results

are shown in Fig. 14. Many parameters can be adjusted that influence

the amplitude of the uplift rate, among them the elastic thickness,

the elasticity parameters (E and ν), the history of ice loading and

the mantle viscosity. From eq. (15), a relaxation time of 7000 yr

would correspond to a viscosity of 3.9 × 1019 Pa s. This viscosity is

already four times larger than the value inferred at Vatnajökull ice

cap (Pagli et al. 2005, 2006). By comparing with the solution for a

14 km radius disc load applied on an elastic plate lying over a vis-

cous medium derived from Sigmundsson (1990), the corresponding

viscosity would be 2.5 × 1020 Pa s. Deformation rates of the same

order of magnitude as the one shown in Fig. 14 would be produced

with a smaller viscosity if we increase the Young’s modulus (as our

estimation is a minimum value), increase the plate thickness H or

reduce the ice thinning.

The corresponding expected displacements between 2001 and

2004 at GPS stations AUST, ENTA, SOHO and HVOL relative to

HAMR are shown in Fig. 15(a) for comparison with the observed

displacement field (Fig. 6). We can note that vertical displacement

at the four stations are the same order of magnitude (≈12 mm at the
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Figure 13. Final (relaxed) state of displacements corresponding to the ice thinning observed at Mýrdalsjökull between 1999 and 2004. Calculations are obtained

considering a 5 km thick elastic plate lying above an inviscid fluid. (a) Model used for the ice elevation change at Mýrdalsjökull between 1999 October and

2004 October (density of ice is set to ρ ice = 900 kg m−3). (b) Vertical displacement (U z expressed in m.) (c) Modulus of the horizontal displacement (|U h|
expressed in m.) (d) Ratio between horizontal and vertical displacement (|U h/U z |). Poisson’s value ν is fixed at 0.25 and E = 29 GPa, a mantle density of

ρ f = 3100 kg m−3 is assumed. Black dots show location of GPS and tilt stations. Limit of the Katla caldera and outline of Mýrdalsjökull are also shown.

edge of the ice cap (SOHO and HVOL) and ≈18.5 mm inside the

cap (AUST and ENTA)) so that the residuals between observations

(Fig 6) and ice unloading model (Fig. 15a) shown in Fig. 15(b) have

a strong gradient with distance from the caldera centre. Horizontal

displacements induced by ice unloading are small (≈1 mm except

for HVOL where it reaches 5 mm) resulting in large horizontal

displacements for the residuals (Fig. 15b). Correcting the observed

displacements for the ice unloading effect results in increased values

for the ratio between the size of horizontal and vertical displacement

as shown in Fig. 8. The new ratio obtained is consistent with a

magmatic source located at about 3 km depth for the two closest

stations (AUST and ENTA).

5 D I S C U S S I O N

In chapter 4.2 we inferred a ‘static’ value of Young’s modulus around

Mýrdalsjökull ice cap from a comparison between continuous GPS

data and the seasonal ice load variations. Most estimates of the

Young’s modulus for the Earth rest on analysis of seismic velocities

and density variation, giving an estimate of the ‘dynamic’ value of

E. For Iceland, a profile of the dynamic Young’s modulus derived by

Gudmundsson (1988) based on a crustal model by Pálmason (1971),

shows variation in dynamic E from 14 GPa at the Earth’s surface to

57 GPa at ∼4 km depth. Values in the range of 100–130 GPa are

reached at a greater depth. Comparable values for the dynamic E
are obtained from consideration of a new seismic velocity model for

Iceland of Allen et al. (2002). Following the suggestion of Cheng &

Johnson (1981) regarding the difference in the dynamics and static

values, Gudmundsson (1988) applied a static Young’s modulus equal

to half the value of the dynamic Young’s modulus. From laboratory

measurements in undamaged rocks (Eissa & Kazi 1988), values

of static Young’s moduli appear on the other hand to be only 5 to

10 per cent lower than those of dynamic moduli. However this rela-

tion is still poorly constrained and could be quite different in case

of in-situ, damaged rocks. Some attempts to constrain the static

value of Young’s modulus in volcanic areas are based on comparison
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Figure 14. Inferred rate of current displacement resulting from the past 115 yr of ice thinning at a constant rate equal to that in the period 1999–2004.

Calculations are obtained considering a 5 km thick elastic plate. The relaxation time is fixed at 7000 yr, Poisson’s value ν is fixed at 0.25 and E = 29 GPa.

Value for the mantle density is fixed to ρ f = 3100 kg m−3. a) Model used for the annual rate of ice elevation change at Mýrdalsjökull during the last

115 yr (density of ice is set to ρ ice = 900 kg m−3). (b) Vertical displacement (U z expressed in m yr−1) (c) Modulus of the horizontal displacement (|U h|
expressed in m yr−1) (d) Ratio between horizontal and vertical displacement (|U h/U z|).

between mechanical models and observations (dyke sizes (Rubin &

Pollard 1987), deformation data (Beauducel et al. 2000)). A static

value of 3 ± 2 GPa is often used in mechanical models for volcanic

areas (Cayol & Cornet 1998; Pinel & Jaupart 2004), which corre-

sponds to a ratio of static versus dynamic value close to 0.25 (Cayol

& Cornet 1998). In the case of Mýrdalsjökull, such low values are

excluded based on the analysis in chapter 4.2. A value of E equal

to 3 GPa would lead to an annual cycle in deformation one order of

magnitude larger than observed (that fits E = 29 GPa).

The method to infer deformation due to load changes presented

in this paper is general and we use some geodetic data from Katla

volcano as an example for its application. With the Earth and ice-

loss models used, the area where ongoing deformation occurs ex-

tends some tens of kilometers outside the ice cap edge. In our case,

the HAMR GPS reference station is, however, outside the signif-

icantly deforming area due to ice load change at Mýrdalsjökull

(Figs 11–14). It may on the other hand be influenced by deformation

due to ice load change or magma movements at the neighbouring

Eyjafjallajökull volcano, which are not considered in our model. The

model predictions displayed in Fig. 14 depend on the ice-loss model

for retreat last century and the parameters of the Earth model used for

calculation, both of which are uncertain. The ice-loss model for past

century is particularly simple and assumes same thinning rates in

last century as in 1999–2004. Although this is an oversimplifica-

tion, it clearly demonstrates that vertical displacement rates around

the ice cap due glacio-isostatic response may be on the order of

cm yr−1, but horizontal movements are expected in range of only

few mm yr−1. An improved model for ice loss during last century

together with more extensive geodetic data will allow further con-

straints to be derived on the Earth model parameters. The geodetic

data to consider include some GPS data as well as the long time-

series of ground tilt inferred from optical leveling at several sites in

the area since the 1960s (Tryggvason 1973, 2000). These tilt series

may contribute to the understanding of the annual cycle in defor-

mation as originally suggested by Tryggvason (1973), but more fre-

quent observations are needed each year for this purpose. These tilt

data also suggest small long-term rate of tilt (<0.3 μrad yr−1), which

is the same order of magnitude as the tilt expected from the model
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Figure 15. Predicted displacements induced by ice unloading around Katla

from 2001 June to 2004 June. Uplift (red arrows) and horizontal displacement

(black arrows) are shown at AUST, ENTA, SOHO and HVOL relative to

HAMR. (a) Model of ice unloading (parameters used are the same as in

Fig. 14). (b) Difference between displacements observed (see Fig. 6) and the

ice unloading model. Outline of icecaps are shown.

presented in Fig. 14. Vertical displacement rate at the centre of ice

cap according to that model vary from about 1 cm yr−1 near the

centre of the ice cap, to zero at a distance of about 30 km, corre-

sponding to tilt of about 0.33 μrad yr−1. However this result has

been obtained using an eventually overestimated value for mantle

viscosity (2.5 × 1020 Pa s). Similar deformation rates can also be

produced using lower viscosity if ice loss is reduced (scales down

the amplitude of the uplift) or Young’s modulus is increased. If the

amplitude of ice loss is reduced by a factor 2 or if Young’s mod-

ulus is increased by a factor of 2, a good fit to data is obtained

with a viscosity divided by 5. It may be justified to increase Young’s

modulus as our inferred value is a lower bound, and the details

of the ice unloading history are uncertain. Considering both ef-

fects, it is possible to reconcile our results with a viscosity of the

order of 1019 Pa s as estimated at Vatnajökull (Pagli et al. 2005,

2006). Increasing the elastic thickness also helps to slightly de-

crease the viscosity. Using an elastic thickness of 10 km (with E =
29 GPa and unchanged ice loss), a value of 2 × 1020 Pa s is suggested

for mantle viscosity.

As discussed in Section 2.3, the ratio between horizontal and

vertical displacements is useful to discriminate between displace-

ment induced by ice thinning and uplift induced by magma inflation

at depth. Another way to discriminate such effects is to consider

their wavelength. For a chamber shallower than 5 km, the verti-

cal uplift induced at a lateral distance of 10 km will be at least

10 times smaller than the maximum uplift observed directly above

the magmatic source. A magmatic source at shallow depth under

Katla should not significantly affect vertical deformation outside

the ice cap. On the other hand, the long-term thinning effect which

is focused at the glacier edge induces displacements around the ice

cap, and uplift in a more uniform manner over the central area.

Based on the ratio argument and the lateral gradient of uplift ob-

served at Katla, we can conclude that the deformation observed at

Katla requires magma movements. Residuals shown in Fig. 15(b)

imply a large lateral gradient and important horizontal displace-

ments, which cannot be explained by the ice unloading effect. It

is however clear that ice thinning can greatly influence parameters

of magma sources (e.g. Mogi) inferred from inversion of geodetic

data, if the ice-loading effect is ignored. Ratios between horizontal

and vertical displacements measured at Katla and shown in Fig. 8

cannot be explained only by a Mogi model except for the station

AUST. If we now consider that part of the uplift is due to the ice

unloading effect, which has a small influence on the horizontal dis-

placement, new displacement ratios obtained after correction are

larger. Corrections have been done both considering a purely elas-

tic effect (Fig. 12) and taking into account the viscous relaxation

(Fig. 14). Corrected ratios are closer to the curves corresponding to

a Mogi model. The errors arising from the neglect of loading effects

depends on the data set used for the inversion: it will depend on the

component of displacements used, the lateral extension of the net-

work and the lateral distance to the reference station. At Katla, the

ice-thinning effect has a larger wavelength than a shallow magmatic

source. An inversion of vertical displacement only based on a Mogi

point source that would not take into account the ice-thinning effect

would tend to overestimate both the chamber depth and the volume

of magma involved.

Our results show the relevance of using Green’s function to model

ice-loading effect at Katla where some knowledge about ice thick-

ness exists, and most of the GPS stations are located near the edge

of the evolving ice load. The effect of ice unloading is of great in-

terest for Icelandic volcanoes but many other large strato-volcanoes

are covered by glaciers that are currently retreating because of cli-

mate warming. Furthermore, the Green’s function tool is potentially

useful for any place where a local mass redistribution occurs. Such

conditions are frequent in volcanic areas where large landslide or

erupted products emplacement often take place and can be quanti-

fied using satellite data.

We only considered the deformation induced by ice unloading

but large unloading events may induce large pressure change in-

side magma storage zone (Pinel & Jaupart 2005). Retreating ice cap

may also induce changes of pressure conditions inside the plumbing

system which in turn induces surface deformation. Studies on cor-

relation between glaciation and eruptions rate have been carried out

considering the loading effect either on magma generation condi-

tions (Jull & McKenzie 1996) or on storage conditions (Sigvaldason

et al. 1992; Jellinek et al. 2004).

Our indicators and modelling efforts of seasonal effects on land

elevation at Katla volcano can also be compared to seasonal effects

in seismicity. Katla volcano has for at least 40 yr shown a pronounced

seasonal cycle in earthquake activity, with much more activity in the

latter half of the year. Einarsson & Brandsdottir (2000) point out that

both the direct effect of ice load change and the resulting change

in crustal pore pressure beneath the glacier could lead to seasonal
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correlation of earthquakes. Comparing the two effects, both their

likely size and phase, they conclude that the pore pressure effect

is the more likely cause of the correlation at Katla. Such seasonal

effects have been observed at other volcanoes as well; Christiansen

et al. (2005) conclude that seasonal seismicity occurs at many of the

western United States volcanic centres. Correlation of earthquake

and magmatic activity with long-term and annual load changes is

the task of a further study.

6 C O N C L U S I O N

Measurements of crustal deformation fields on active volcanoes are

of prime importance together with seismic monitoring, in order to

understand magma movements. Ground inflation is a common indi-

cator for magma flow towards shallow depth. However, many factors

may influence the deformation signal recorded around volcanoes,

including variation in surface loads that can be an important fac-

tor. In a general context of climate warming, this phenomenon may

become important for ice covered volcanoes. Using observations

and modelling of the Katla volcano, we show that knowledge of ice

thickness evolution can be used to model displacements induced by

ice load changes and identify its influence on the measured signal.

This leads to better constraints on both the local crustal behaviour

and the estimation of shallow magma movement.
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Res., 103, 18 025–18 037.

Cheng, C.H. & Johnson, D.H., 1981. Dynamic and static moduli, Geophys.
Res. Lett., 8, 39–42.

Christiansen, L.B., Hurwitz, S., Saar, M.O., Ingebritsen, S.E. & Hsieh, P.A.,

2005. Seasonal seismicity at western United States volcanic centers, Earth
planet. Sci. Lett., 240, 307–321.

Comer, R.P., 1983. Thick plate flexure, Geophys. J. R. astr. Soc., 72, 101–113.

Einarsson, P. & Brandsdottir, B., 2000. Earthquakes in the Mýrdalsjökull
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A P P E N D I X A : T I M E – S PA C E

C O N V O L U T I O N O F T H E G R E E N ’ S

F U N C T I O N S

We call h(�r , t) the ice load at position �r and time t, ∂h
∂t (�r ,0)

is the

load applied at t = 0 at position �r . From eqs (3), (13) and (17), the

vertical displacement rate at a given time t > 0, induced by a given

distribution of load applied at t = 0, is expressed by:

∂Uz

∂t
= − 1

tR
e−t/tR

∫
R

[
UzG∞ (�r − �r ′) − UzG H (�r − �r ′)

]
× ρ(�r ′)

∂h

∂t ( �r ′,0)
d S(�r ′) (A1)

At t = 0, the displacement rate can be considered to be equal to the

elastic instantaneous response, so that the general equation for the

vertical displacement rate is given by:

∂Uz

∂t
= − 1

tR
e−t/tR

∫
R

[
UzG∞ (�r − �r ′)

−UzG H (�r − �r ′)
]

ρ(�r ′)
∂h

∂t ( �r ′,0)
d S(�r ′)

+ δ(t)

∫
R

UzG∞ (�r − �r ′)ρ(�r ′)
∂h

∂t ( �r ′,0)
d S(�r ′) (A2)

The rate of vertical displacement, at any time t, is obtained by

convolution of eq. (A2) with the load history. In the case h(�r , t) =
e(�r )a(t), tR is a constant and this convolution is expressed by:

U̇z(�r , t) = − 1

tR

∫ ∞

−∞
e−τ/tR ȧ(t − τ )

∫
R
[UzG∞ (�r − �r ′)

− UzG H (�r − �r ′)]ρ(�r ′)e(�r ′) d S(�r ′) dτ

+
∫ ∞

−∞
δ(τ )ȧ(t − τ )

∫
R

UzG∞ (�r − �r ′)ρ(�r ′)e(�r ′)d S(�r ′) dτ

(A3)

The two components (x, y) of the rate of the horizontal displace-

ment are calculated in the same manner.
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