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Abstract. The geomagnetic field variations measured at the
surface of the Earth are composed of both internal and ex-
ternal parts. The external field arises from the sources in the
magnetosphere and ionosphere, whereas the internal field is
generated by the currents induced within the Earth. The in-
ternal part may in some situations comprise a notable part of
the measured total field and thus a blind usage of geomag-
netic field recordings potentially produces significant errors
to estimated ionospheric currents. In this paper the role of ge-
omagnetic induction in auroral ionospheric studies is inves-
tigated by modeling the induction using simultaneously the
realistic ionospheric source and a realistic three-dimensional
Earth conductivity structure.

The modeling results imply that the effects of the lat-
eral ground conductivity anomalies on ionospheric equiva-
lent current patterns are, though clearly detected, less severe
than anticipated for fields varying with periods from 5 to
120 min. However, the amplification of the determined cur-
rents caused by induction is significant, leading to an over-
estimation of up to 30% of the main current flow intensi-
ties, with the overestimation increasing sharply when moving
away from the region of the main flow.

In addition to the 3-D modeling, a simple method is intro-
duced to help estimate the internal contribution to the mea-
sured variations of theIL index (local variant of theAL in-
dex). A test with the 26 June 1998 substorm event indicates
that the method can help to extract the internal contribution
from theIL index.

Keywords. Geomagnetism and paleomagnetism (Geomag-
netic induction)

1 Introduction

The magnetic effect arising from electromagnetic induction
inside the Earth contributes to the total magnetic field mea-
sured at the surface of the Earth. Depending on the indi-
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vidual situation and the accuracy with which the conclusions
are drawn from the data, it may be acceptable to disregard
the internal effects. For example, in ionospheric studies the
effects of the induction are often neglected. Studies where
the internal effects are negligible include, in particular, in-
vestigations of temporally relatively steady current systems
that do not induce notable currents in the Earth - induction
is a time dependent phenomenon. However, when more dy-
namic situations are concerned, neglecting the induction may
lead to erroneous interpretations. In some cases, for exam-
ple in particular solid Earth studies, separated field compo-
nents are needed as a starting point for the entire investigation
(e.g. Berdichevsky and Zhdanov, 1984, p. 191). Earlier in-
vestigations have shown that neglecting telluric effects may
cause significant errors of up to 40% in the estimation of the
ionospheric current intensity (Viljanen et al., 1995; Tanska-
nen et al., 2001), or even notable errors in the determination
of some global magnetospheric indices likeDst (Häkkinen
et al., 2002). As finer spatial and temporal scales are inves-
tigated both in ionospheric and magnetospheric studies and
more accurate estimates of the physical parameters are pur-
sued, errors of 40% become significant and cannot be blindly
neglected. It is thus clear that geomagnetic induction should
be taken into account in detailed studies of ionospheric and
magnetospheric dynamics and further understanding of the
distorting effects of geomagnetic induction, especially in re-
gions with strong conductivity gradients, is needed.

Earlier efforts on the modeling of geomagnetic induction
have been limited in terms of two typical approximations.
In solid Earth-oriented studies, where the complex ground
conductivity structures may have been utilized, simplified
ionospheric source fields, typically a plane wave, have been
used (e.g. Kaikkonen, 1998; Beamish et al., 2002). However,
also non-planar source effects have been considered (e.g.,
Mareschal, 1986; Engels et al., 2002). On the other hand,
in space-oriented studies, where more realistic sources have
been applied, the ground conductivity structures have been
fairly simple, typically one-dimensional (e.g. Pirjola, 1982;
Viljanen et al., 1999). Taking into account the complex-
ity of the auroral ionospheric current systems (e.g. Kamide
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Fig. 1. Location of magnetometer sites used for the derivation of the
original source currents (black dots) and the location of sites used
for the derivation of the currents used in the comparison (circles).
Geographic coordinates are used.
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Fig. 2. The local variant ofAL, IL index computed from the mea-
sured IMAGE magnetometer array data for 26 June 1998. The
dashed lines indicate 01:00 UT and 03:00 UT, respectively.

and Baumjohann, 1993) and the non-one-dimensional na-
ture of the Earth’s crust (e.g. Heinson, 1999, and references
therein), the approximations seem quite crude, thus impos-
ing limitations to the conclusions drawn from these earlier
investigations. Here, for the first time, a realistic three-
dimensional (3-D) model of the ground conductivity is com-
bined with a geometrically varying and arbitrarily moving re-
alistic ionospheric source. Comparisons between the original
ionospheric source and the ionospheric source deduced using
the ground magnetic field “contaminated” by the modeled

induction enables us to estimate the effect of the induction
more realistically than in earlier investigations. Olsen and
Kuvshinov (2004) have used a similar approach to study the
coast effect of geomagnetic storms, i.e. a global conductivity
model was excited with magnetic field variations produced
by the ring current. Their study, however, due to its global
nature, is not directly comparable to the regional study car-
ried out here.

In Sect. 2, we describe the modeling procedure that en-
ables the combination of the 2-D ionospheric source and 3-D
geomagnetic induction. In Sect. 3, we carry out a detailed
analysis of the modeled data and the impact of 3-D induc-
tion on the determined ionospheric equivalent currents is es-
timated. Also, a new, simple method for estimating the inter-
nal effects on geomagnetic indices, likeIL (the local variant
of theAL index computed from the IMAGE magnetometer
array data; see Kauristie et al. (1996)), is introduced. The
theoretical basis of the method is given in the Appendix. Fi-
nally, in Sect. 4, summary and concluding remarks with gen-
eral implications of the study are given.

2 Modeling procedure

A volume-3-D induction code by Avdeev et al. (2002), com-
bined with the new field separation technique introduced by
Pulkkinen et al. (2003b), provide efficient tools for the treat-
ment given in the paper. The four-step modeling procedure
is as follows:

1. Data from the Baltic Electromagnetic Array Research
(BEAR) project during which both the electric and mag-
netic field were recorded in a dense array covering
Fennoscandia (Korja et al., 2002), combined with IM-
AGE magnetometer array data, are used (black dots in
Fig. 1). First, the geomagnetic data are separated into
internal and external parts to obtain the best possible es-
timate of the ionospheric equivalent source (Pulkkinen
et al., 2003b).

2. A two-hour event from 26 June 1998, 01:00–03:00 UT,
part of a relatively intense substorm event (see Fig. 2),
was selected for 3-D modeling in the frequency domain.
Code inputs are the external source model and the in-
ternal conductivity Earth model. Step one provides the
ionospheric equivalent current systems in time domain,
which are Fourier transformed to frequency domain and
represented by electrical dipoles after projection and in-
terpolation in the modeling grid at 110 km height. The
Fennoscandian conductivity model is based on the con-
ductance maps by Korja et al. (2002). The 3-D crust
consists of 8 inhomogeneous layers increasing in thick-
ness with depth and representing the upper 60 km (see
Fig. 3). Below, a layered 1-D Earth model describes
the normal structure of the Fennoscandian shield ac-
cording to Varentsov et al. (2002) (Table 3, ENG model
without asthenosphere). In Varentsov et al. (2002) the
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Fig. 3. Log10 of the average taken over the Fennoscandian crustal
(0–60 km) conductivity [S/m] model used in the volume-3-D induc-
tion code.

construction of the 3-D model is also described in de-
tail. Modeling frequencies are 24 harmonics of the se-
lected two-hour event, resulting in a period range from
5 to 120 min. All model cells have a 20-km base length
and the total modeling area extends to 168×180 cells
(3360 km×3600 km), surrounded by the 1-D normal
section.

3. The output of the modeling code consists of the elec-
tromagnetic fields for each modeling cell in frequency
domain. After inverse Fourier transformation back into
time domain, two magnetic data sets are extracted for
the continental IMAGE magnetometer locations (circles
in Fig. 1): one with the total and another with the exter-
nal part of the magnetic field. The northernmost IM-
AGE sites are not applicable due to their vicinity to the
volume-3-D modeling boundary.

4. From the two sets of magnetic field data, we derive
two sets of ionospheric equivalent currents (on equiva-
lent currents, see e.g., Untiedt and Baumjohann, 1993),
using the spherical elementary current system method
(Amm and Viljanen, 1999; Pulkkinen et al., 2003a). The
currents are derived to 110 km height. Only the horizon-
tal components of the magnetic field are used. This is
due to the fact that the horizontal field can always be
explained by a source only in the ionosphere, or in the
ground (for a more detailed discussion, see Pulkkinen
et al., 2003a). Thus, the vertical component of the mag-
netic field is not treated in this investigation. Finally, the
difference between the two sets of equivalent currents is
analyzed and the impact of induction in the ground on
the equivalent currents is estimated.
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Fig. 4. Standard deviation of the modeled geoelectric field varia-
tions at the Earth’s surface at some of the grid points of the volume-
3-D code. The maximum standard deviations are indicated in the
titles of the figures.

3 Analysis

Let us first see if the modeled fields have features arising
from the non-uniform ground conductivity. We also check
if the modeled total magnetic field corresponds to the obser-
vational data. Figure 4 shows the standard deviation taken
over the time series of the modeled surface geoelectric field
at selected grid points of the volume-3-D code. The coast-
line effect, driven by the large conductivity contrast between
the sea and the continent (e.g. Beamish et al., 2002), causes
very large electric fields variations. Also, other inhomo-
geneities are seen, for example, notably smaller surface elec-
tric fields are obtained at the diagonal well-conducting band
going across the modeling area. In general, variations in stan-
dard deviations clearly coincide with the inhomogeneities of
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Modeled std(Htot),std(Hext), max 357.9 nT, 261.6 nT
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Fig. 5. Standard deviations of the modeled and the measured hori-
zontal magnetic field variations. Light and black circles on the top
panel correspond to standard deviations of the external field and the
total field, respectively. The maximum standard deviations are indi-
cated in the titles of the figures.

the ground. Figure 5, in turn, shows the modeled and mea-
sured standard deviations of the horizontal magnetic field.
The measured data was low-pass filtered to contain only pe-
riods of 5 min and above, to correspond to the periods in-
cluded in the modeled data. It is seen that the magnitudes
of the standard deviations and the spatial patterns of the to-
tal modeled and the measured field variations coincide very
well with each other. Furthermore, as seen by comparing
the external and the total modeled magnetic field variations,
induced fields amplify the external field variations, as ex-
pected. Finally, as can be verified by comparing Figs. 6 and
13, the modeled and the measured 5-min low-pass filteredIL

index, respectively, the modeledIL coincides well with the
measurements, yet there is another indication of a realistic
Earth response. Thus, it can be concluded that the modeling
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Fig. 6. Top panel: modeled external (dashed), internal (thin solid)
and the totalIL (thick solid) index. bottom panel: ratio between the
externalIL and the totalIL. time is minutes from the beginning
of the modeling period of 26 June 1998, 01:00 UT. The dashed line
indicates the time 01:55 UT.

procedure produces both 3-D and an realistic Earth response,
and thus the modeled fields can be assumed to reflect the true
characteristics of the investigated phenomenon.

The question we aim to answer is “How much does geo-
magnetic induction in a realistic 3-D Earth affect the derived
ionospheric equivalent current magnitudes and their spatial
patterns?”. The question is addressed in Figs. 6−13. In
Fig. 6 we show the contribution of the internal and exter-
nal modeled magnetic fields to theIL index. Note that due
to a 20% tapering of the source data prior to the Fourier
transformation, 10–15 min from both ends of the modeling
period are not usable in the analysis. In general, exclud-
ing about a 5% difference in the peak internal contribution
to IL, the results presented in Fig. 6 are very similar to
those in Fig. 7 of Pulkkinen et al. (2003b), where the sepa-
rated components of the measuredIL for the same substorm
event are depicted, another indication of realistic modeled
fields. The low-frequency component of the internal part of
IL starts to gradually increase from the time of the substorm
onset, reaching the maximum roughly at the end of the ex-
pansion phase when the internal part comprises about 30% of
the observed signal. After the expansion phase, the internal
part starts to gradually decrease. An important observation
to make from Fig. 6 is that the ratioILext/ILtot also has
the high-frequency component and that the relative contribu-
tions of external and internal parts can vary quite strongly
around the average, a feature also seen clearly in Pulkkinen
et al. (2003b). We note that the peak internal contribution
of 30% to the totalIL is about 10% smaller than what was
reported by Tanskanen et al. (2001) for the average over a
number of substorms, and, as mentioned above, 5% smaller
than that reported by Pulkkinen et al. (2003b). This may in-
dicate that the conductivity model is slightly too resistive.
Here a 1-D model without the asthenosphere was utilized;
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Fig. 7. Ionospheric equivalent currents (J ext ) determined from the
external part of the modeled magnetic field. Magnetic field data
from the continental IMAGE array locations for time 01:55 UT are
used (see Fig. 6). The maximum current amplitude is indicated in
the title of the figure.
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Fig. 8. Ionospheric equivalent currents (J tot ) determined from the
total modeled magnetic field. Magnetic field data from the con-
tinental IMAGE array locations for time 01:55 UT are used (see
Fig. 6). The maximum current amplitude is indicated in the title of
the figure.

the asthenosphere variant with an increased conductance at
200–300 km depth would enhance the internal contribution
on the order of 5–10%. However, the usage of a slightly too
resistive conductivity model does not affect the basic conclu-
sions of the study.

In Figs. 7−10 we show a snapshot of the derived iono-
spheric equivalent currents and their relative differences for
the time when the peak internal contribution toIL occurs.

Equi. diff.(int.), max 667.9 mA/m
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Fig. 9. Difference between the ionospheric equivalent currents de-
termined from the total and external parts of the modeled magnetic
field. Magnetic field data from the continental IMAGE array loca-
tions for time 01:55 UT are used (see Fig. 6). The maximum current
amplitude (difference) is indicated in the title of the figure.
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Fig. 10. Log10 of the relative difference 100·|J tot−J ext |/|J ext |.
See Figs. 7−9.

Although not shown here, the view is also very similar to
earlier times and later to the depicted time. The very basic
feature is the amplification of the equivalent currents due to
induction. As already seen from Fig. 6, an overestimation
of about 30% of the current amplitude is made in the region
of the main flow. As we move outside the region of the main
flow, the overestimation increases sharply to 100% and more.
This is explained by the fact that the induced currents are dis-
tributed latitudinally to a wider area than the source currents.
Accordingly, the horizontal component of the ground mag-
netic field created by the telluric currents does not decrease
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Fig. 12. Penetration depth of the periods from 5 to 120 min for aver-
age conductivities in Fig. 3. Thin lines correspond to conductivities
10−0.5, 10−1.5, 10−2.5 and 10−3.5 S/m from the bottom to the top.
The thick line indicates the 60 km penetration depth, i.e. the bottom
of the 3-D crust used in the modeling.

as rapidly as that of the ionospheric currents (for a more de-
tailed discussion on this see, e.g. Tanskanen et al., 2001).
Varentsov et al. (2002) found strong electromagnetic sound-
ing parameter-related distortions caused by the same 3-D
crust model. Thus, it is surprising that the overall equiva-
lent current pattern is not very severely distorted in the re-
gion of the main current flow, i.e. gradients in Fig. 10 are
relatively small. There are, however, features that clearly re-
late to inhomogeneities of the model, for example, the band
of conductivity enhancement through the center parts of the
model, as well as the currents induced in a well-conducting
sea channel, as seen from Figs. 9 and 10. Also, the patch

of the conductivity enhancement in northern Fennoscandia
clearly creates distortions to the equivalent current patterns.

Features observed in Figs. 7−10 are also reproduced in
the mean behavior of the relative difference taken over the
whole modeling period depicted in Fig. 11. Excluding the
impact of the complex 3-D structures in northern Fennoscan-
dia, which cause some observable distortions even under the
main current flow, the pattern-distorting effects of conduc-
tivity anomalies are seen even less in the mean values. The
regions with a large relative difference correspond mainly
to areas where the mean current amplitude is small. It is
thus clear that for the investigated periods (5 to 120 min),
the strong inhomogeneities in the crust (0–60 km) affect the
basic equivalent patterns relatively little, even during very
dynamic events such as substorms.

The reason for the small effect of the 3-D crust structures
is that the electromagnetic field, especially for the lower fre-
quency portion of the external variations that comprise the
majority of the observed signal, penetrates to depths greater
than 60 km. At these depths, in terms of the horizontal con-
ductivity variations, the smoother upper mantle creates a spa-
tially smooth response in the surface geomagnetic field. This
is illustrated in Fig. 12, where the penetration depths for av-
erage conductivities of Fig. 3 for periods used in the mod-
eling are shown. The light shading indicates the portion of
the field penetrating below 60 km, i.e. to depths having 1-
D conductivity, where dark shading, in turn, indicates the
portion penetrating to less than 60 km. As seen, the major
part of the relatively low-frequency source field created by
the varying ionospheric equivalent currents does not “see”
the upper crust inhomogeneities because of the large depth
to which it penetrates. Thus, spatially smooth induced fields
are to follow. Furthermore, in comparison to the geoelectric
response, the geomagnetic response “integrates” information
from larger areas. This results in smoother overall field pat-
terns, as seen by comparing Figs. 4 and 5.

Based on the findings above, it is clear that in most of
the ionospheric investigations the amplification of the deter-
mined current amplitudes, due to geomagnetic induction, is
probably a more severe problem than the actual spatial dis-
tortion of the computed current patterns. This and the wide
use of different indices derived from geomagnetic recordings
encouraged us to seek a useful relation that could be used in
estimating the internal part, for example, of the measuredIL

index. The details of deriving such a relation are given in the
Appendix; the final result is

ILint (ω) = ILtot (ω)
α

2(α + p)
, (1)

whereILtot is the measured signal,α=h+L is the sum of
the heighth and 2L half-width of the electrojet. For a homo-
geneous Earth we have

p =
1

√
iωµ0σ

, (2)

whereω, µ0 andσ are the angular frequency (2πf ) of the
variations, the vacuum permeability and the Earth’s conduc-
tivity, respectively. To apply Eq. (1) one just needs to Fourier
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transform the measured signal, carry out the multiplication
and invert the internal part back to the time domain.

Let us make a few observations from Eq. (1) that character-
ize some of the very basic features of geomagnetic induction.
First, as the conductivity increases, the internal part also in-
creases: for a perfectly conducting Earth, the internal part is
exactly half of the measured signal. Secondly, the increas-
ing width of the electrojet also increases the internal part: for
α≫|p|, i.e. the source is planar, the internal part is again ex-
actly half of the measured signal. Obviously, withω=0 there
is no induction in the Earth and the internal part vanishes.

To test the new method, we separated the measured, 5-
min low-pass filteredIL index for the 26 June 1998 event.
An effective conductivity of 10−2 S/m (and for comparison
with conductivities 10−1 S/m and 10−3 S/m) andα of 610 km
were used. The choices are good estimates for the present
situation, as can be verified from Figs. 3 and 7. To have
the best possible correspondence with Fig. 6, only the con-
tinental IMAGE stations were used. The result is shown in
Fig. 13. The similarity with Fig. 6 is clear: after the onset
of the substorm, the internal part increases, reaches its max-
imum of about 30% at the end of the expansion phase after
which a gradual decrease follows. Thus, although a more
thorough analysis of the performance of Eq. (1) is needed,
the simple method seems to produce a very realistic internal
field for the 26 June 1998 substorm period. However, keep-
ing the approximations made in deriving Eq. (1) in mind it
should be emphasized that a reliable estimation of the inter-
nal part from the measured magnetic field variations requires
2-D array data and the application of rigorous magnetic field
separation methods (see Pulkkinen et al., 2003b).

4 Conclusions

In this investigation, a combination of a field separation tech-
nique (Pulkkinen et al., 2003b) with a volume-3-D modeling
of geomagnetic induction (Avdeev et al., 2002) was intro-
duced. The combination was applied using a unique data
set of geomagnetic recordings and a realistic model of the
Earth’s 3-D conductivity (Korja et al., 2002). The model-
ing results were used to study the impact of induction in the
Fennoscandian region on the auroral ionospheric currents de-
termined from the geomagnetic field recordings.

It was seen that despite the strong 3-D anomalies con-
tained in the conductivity model, the overall spatial patterns
of the determined ionospheric equivalent currents were not
severely distorted. Although the effects of the 3-D induction
were identified, the majority of the induced currents (for peri-
ods from 5 to 120 min) flowed in the depths below the strong
crustal conductivity anomalies, thus resulting in spatially rel-
atively smooth, magnetic field variations. However, despite
the small spatial effects of the 3-D conductivity, otherwise
significant induction effects were observed. During the stud-
ied substorm onset, the amplitude of the current was overes-
timated by about 30%. This is a number which can certainly
affect, for example, estimations of the total ionospheric Joule
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Fig. 13. Top panel: the measured total (thick solid) and the com-
puted internal part of the 5-min low-pass filteredIL index for the 26
June 1998 substorm event. Bottom panel: ratio between the external
IL and the totalIL. Only continental IMAGE stations were used
to compute the index. The dashed curves in both panels correspond
to fields computed with conductivities 10−1 S/m (lower curve) and
10−3 S/m (upper curve), respectively. See the text for details.

heating and thus may also impact the estimations of the total
magnetospheric energy budget (e.g. Tanskanen, 2002). Fur-
thermore, the rapid increase of the internal part relative to the
total magnetic field when moving away from the main iono-
spheric current flow was underscored. Accordingly, special
care should be taken when interpreting data outside the main
flow. In summary, though the spatial effects were found to
be smaller than anticipated, it is clear that geomagnetic in-
duction should be taken into account in detailed ionospheric
investigations.

It should be noted that the conclusions made here are
strictly applicable only for the source used and the conduc-
tivity model used, generalizations to other situations should
be made with care. For example, the well-conducting sea is
rather shallow in the western coast of Fennoscandia; steeper
boundaries between deep seas and continents are more likely
to also distort the spatial patterns of the computed iono-
spheric equivalent currents. Likewise, the study is strictly
valid only for periods used of the field variations, i.e. periods
from 5 to 120 min. The higher-frequency electromagnetic
fields which do not penetrate as deep may be distorted more
severely by the 3-D conductivity anomalies in the crust. If
the high-frequency component is not critical for a specific
study, it may be worthwhile to low-pass filter the data to
contain only frequencies that can be assumed to penetrate in
the ground down to depths with smoother conductivity vari-
ations.

Motivated by the fact that the amplification effect domi-
nates over the spatial effect, we, in addition to the described
3-D modeling work, derived a simple relation that can be
used to estimate the internal part of the measuredIL, or
similar index. Despite some very broad assumptions made
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in the derivation of the relation, application to IMAGE ar-
ray geomagnetic data of the 26 June 1998 substorm event
produced very reasonable results. Thus, especially under a
well-defined, one-dimensional electrojet (no significant vari-
ations in they-direction), with good approximate estimates
of the effective ground conductivity and the electrojet width,
the method can significantly improve the estimates of the ex-
ternal part in theIL index variations.

Appendix A

Here the derivation of Eq. (1) is presented. The setting is
as follows: 1. We assume a one-dimensional, infinitely long
electrojet at heighth having current distribution with the flow
to they-direction given by

jy(x) =
I

π

L

x2 + L2
, (A1)

whereI is the current amplitude and 2L is the half-width
of the distribution. The magnetic field at the Earth’s surface
produced by the distribution in Eq. (A1) is equal to the field
of a line current at heighth+L (Maurer and Theile, 1978).
2. We assume a homogeneous Earth with conductivityσ ,
and as usually in geomagnetic investigations, variations are
assumed to be slow enough to justify the neglect of the dis-
placement currents.

Using the complex image method, which is an extension
of a classical method of images (e.g. Jackson, 1999, p.57),
for an infinitely long line current (Boteler and Pirjola, 1998),
we obtain an expression for the total magnetic field at the
surface of the Earth directly below the line current (x=0)

B tot
x (x = 0) =

µ0I

2π

(

1

α
+

1

α + 2p
,

)

, (A2)

whereα=h+L and p represent the complex depth of the
image current which reduces for a homogeneous Earth to
(Schmucker, 1970)

p =
1

√
iωµ0σ

(A3)

whereω andµ0 are the angular frequency (2πf ) of the vari-
ations and the vacuum permeability, respectively. Note that
Eq. (A2) is valid for any layered Earth conductivity, if a gen-
eral definition of the complex depth is used. The complex im-
age approximation is generally valid when|pv|3≪1 wherev
is the wave number of the horizontal field variations (Thom-
son and Weaver, 1975; Boteler and Pirjola, 1998).

Now, the second term in the right-hand side of Eq. (A2)
corresponds to the internal component produced by the im-
age current at depthh+L+2p, and thus the ratio between
the internal and the total components of the magnetic field
can be expressed as

B int
x

B tot
x

=
α

2(α + p)
. (A4)

The IL index is supposed, by definition, to measure the
maximum excursion of thex-component of the magnetic
field from the baseline level. Accordingly, if we assume
a 1-D electrojet as described above, the value enteringIL

is obtained directly below the center of the electrojet, i.e.
ILtot=B tot

x (x=0). Thus, we may interchange the two to
give in the frequency domain

ILint (ω) = ILtot (ω)
α

2(α + p)
(A5)

which is the result we were looking for.
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